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CHAPTER 4

Basic Matrix Algebra and Applications

Topics: Basic Matrix Algebra

Outline;:

Representation of system of equation by matrix notation
Multiplication of matrices

Determinant and singularity of matrix

Matrix Inversion

Cramer’s rule
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Matrix Algebra

Matrix is a rectangular array of numbers, parameters, or variables
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Benefits of using Matrix

1. Matrix provides a compact way of writing an equation system, even an extremely

large one

2. Matrix provides a way of testing the existence of a solution by evaluation of a

determinant.

3. Matrix can be used to find that solution if exists. This is done by using Inverse

matrix or Cramer’s rule

Limitation: matrix algebra is applicable only to linear-equation systems.
In some cases, we can transform variables so as to obtain a linear relation to work

with. For example, the nonlinear function y = ax? can be transformed into:

log(y) = log(a) + blog(x)
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A compact way of writing an equation system:
A system of m linear equations with n endogenous variables:

a, X, +a,x, +-+a,x, =d,

1n""n

Ay X, +ayux, +-+a,x, =d,

a,x, +a, x,+-+a, x =d

m

In matrix form:

Ax=d
a, 4ap a, X d,
a a a X d
21 22 2 2 2
A = . " X = . d = .
aml amZ e am" mxn x" nxl m _1mx1
Note: Terminology
X
X,
x=| . : column vector
n _Ipx1
z=(z z, - z,), :TOW vector

Recapping some Matrix definitions
Definition 1

Two matrices A=[q, |eR*"and B=[}, |eR™ gre
equal, written A =B it m=p and n=q, and

a;, =b; foralliand j
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Definition 2

Given a matrix A4 |sR™ and a scalar ¢ = R
the scalar multiplication of matrix A by
the scalar ¢ is given by cA=[ca, [eR™

Example

Definition 3

The additional of two matrices 4=[a,]<R™
and B=[5|<rR"™* is defined only if m=p
And n=q, and is given by

A+B =|:a_:_,]+[by]= Iia;, +b_,__,] c R

Example
{4 9} [2 o}
— =
2 1 0 7

Transposition of a Matrix

Definition 6
Let A=[4,|<R™" The transpose of A s
given by,

AT = [aﬁ.f] eR™" wherea, = a,

When a matrix is transposed, the rows becomes
columns and vice versa

a a a
( 11 12 13
( j
Ay Ay Gy ),

a13 a23 3x2

Example
3 8 9

A: A':
11 0 4
3 4

B: B':
117

(AB)T = BTAT

Page |4
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Recapping some special types of matrices

>> Square matrix
A matrix a=[q]sr™ isa if
mzn. That is, the number of rows is equal
to the number of columns

Example
13 47 la, a, a; a.]
lay an a; a
A=|2 4 5| B=| © -
la;, a, a; a
52 9] . -
- a, a, a; a

>> Diagonal matrix
The diagonal elements of a square matrix
AeR™ are the elements

. ay..... 4,

m

A diagonal matrix is a square matrix
A=[q,]erR™
where o -o0ifi=;

1 0
wu l = B=

>> |dentity matrix
An identity matrix is a diagonal matrix I,
of order nxn whose diagonal elements
being ones. An identity matrix is thus
necessarily square.

Lo 1 00
12{ } L=[0 1 0
0 12><2 0 0 1

3x3

S O N
S W O
~ O O

>> Null matrix
A matrix A=[q,|sR™" isa
if all of its elements are zeros. We

write A =0

Example e

oS O O
oS O O



Ch 4 Basic Matrix Algebra sem/2020

>>Triangular matrix
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A matrix “A” is upper triangular if it is square and a, =0if i > j, and lower

triangular if it is square and a, =0if i< j

2 00 1

2
L=/1 3 0 U=|0
6 5 4 0

>> Symmetric matrix

. . . . T _ . _ . . 1
A matrix is symmetric if 4" = 4. Thatis a; =a, foralli,j wu

A=

W N =

23
4 5
56

6

35
0 4

We will learn the following matrix operation (Matrix Algebra)

@ Multiplication of matrices
@ Determinant of a matrix

# Inverses

@ Multiplication of matrices

The Multiplication of matrix 4 = [ai/] by matrix B = [by]

n = p and is given by AB :{

..................................... [ 3512 IR N

rxq

is defined only if

Example
(@ ‘
12 12
a. a 11 blZ bl3 :| c
21 22 21 22
a a b22 b23 c c
31 32 31 32
13
Y K2

RO

Ca=

I\

n

oo + 4,0

21

'('\\"O/Vl W‘l Q:‘F %C'G'V\"'

¢

CD‘ 1 GF‘H’\C beche
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2 b21 22 b23 g @ 2
KR Gy Gy Cs3
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ay Sy ! blz :|: Gy Gy Cp C“’3 -
1 2)5 6) 1(5) + 2($) 106D + 2C%)
3 47 8)

25) + 4@ 3(6) ¥4k )

Question: 4, B, , ="?

ab

2t 2

Ay b(&

-

Thie muttiplication (5 et possible because N #P

“dot product”
Definition 5

When a row vector is multiplied by a
column vector, the product is called dot
product or inner product. That is, if

ab = [av_ a,

b, |

u=[3 4], v=m w=[3%9 + 4*7]=[55]=55
2x1

Note: A matrix is idempotent if 4° = 4

2x2

Page |7
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@ Determinant e system of Squistion
use (n 'Gmﬂng fhe jrven e

The determinant of a square matrix A, denoted by |A|, is a uniquely define

number associated with that matrix

a, a
For 2 by 2 matrix 4 = ( " IZJ , the 2" order determinant is
ay dy

p
!
o
]
]
N

|A|=\

12
3 4

Evaluating a Third-Order Determinant

A= , its determinant is

\ Z Rring e Bt fwo cdumns fo the back,

IAl=

+ O O'baqll

- Q,, OL‘LQ?_(

Ta s T ST T
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n"-order determinant by Laplace Expansion
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Let A be a matrix in R"*™. The determinant of A or det A is given by |A]|.

f n
Zaijcij

=1
[4]=4"

n
Z a,;C,;

Li=1

i=1,2,...,n (expansion by i"row)
Sum GCISS

j=1,2,...,n (expansion by j"column)
Swh Ovoss Yew

If we choose row i,

rdi1
az,

If we choose column j,

rdiq
azq

ai;
az,

2V
az,

anj

aTlTL -

ann -

nxn

nxn

|A\ = Q{.\CL'I -+ aCzCCL+ """Q(jcég t.f Q"-ﬂcc'n

Al

= 4

>> We call C;j, Cofactor of element a;;.

>> C;; can be found by (—1)"*/M;

+ G, C. .. ta:C.+.. +a.C.

G J2 73 VY "Nony

Qny Yo, oy lwmn

will 3?\/9- Hhe Sume det-

The minor of element a;j, M;j, is the determinant of the matrix resulting from

deleting row i and column j of matrix A,., . In other words, a "minor" is the

determinant of the square matrix formed by deleting one row and one column from

some larger square matrix.

G q
_ 2 B | _ Olmq”— qsz.s\

Gy Gy
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Example, find the following determinant:
15 (7)) 9
2 (56| = * 611 * gc’zz +* O 632
aw 12 2t2 [ I 9
- 2 [ 9
= T (=) ° + S (15 \
g (2 q 12
- %
-~  -3Q-s¢ T 5 L wo =50
= 305
15 * 49
— 2)@)
_ ¢y — ole)us)— 12 C
q o2 9C5)(9)
Fe5

r}

‘Pr'oper"ries of Determinants

Property I
The interchange of rows and columns
does not affect the value of a
determinant. In other words, the
determinant of a matrix A has the same
value as that of its transpose A’, that is

4% — 15 :q

B- (4 5J=A' detB= 24 -IS5 =G

deth = detA
sl = &7
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Property IT

The interchange of any two rows (or any
two columns) will alter the sign, but not
the numerical value, of the determinant

A=<fa bﬁ detA= ad. —bc
c d
B= lc d detB= bo -ad

Property ITI
The multiplication of any one row (or
one column) by a scalar k will change the
value of the determinant k-fold

Example

k (ad-be) =kderA
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Property IV

The addition (subtraction) of a multiple
of any row to (form) another row will
leave the value of the determinant
unaltered

Example

A= a b] detA= ad. —bc
lc d

B=[a b J detB= ad.+ kab — | bC - kab
ctka  dikb _ adebe

- e

n
,A+ 2, A

Property V

If one row (or column) is a multiple of
another row (or column), the value of
the determinant will be zero
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Example

A=[a b] detA=

B= rza Zb} gng§= 2ab - ?_Qbf O

The determinant & Non-singularity

If|A| = 0, square matrix A4,,,, is a singular Matrix

: A square matrix that is not invertible is called singular or degenerate. A

square matrix is singular if and only if its determinant is 0

Ne connet find Aﬁi

oooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooo

& The inverse of A

lal £0
Assume that ar@ nonsingular matrix A is given by:

Az1 Qzz2 Qjy Azp

nxn

[Q]T i

1
-1
A | Al cadjA CL‘) C[)
e_&hVFa' J;
a1 A4gp
az1 dz2
ani a‘;’LZ

113

52

nxn
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To find the inverse of matrix A:

1.) FinddetA,|A]|,if |A] = 0, A is a singular matrix and the inverse of matrix A cannot

be found.

2.) Find Minor (M;;) for all element of the matrix in row i = 1, ...,n and column j =

1,..,n

3.) Find Cofactor (C;;) from Minor (M;;) for all elements of the matrix in row i =

1,..,nandcolumnj =1, ..,n

4.) Get the Cofactor matrix € in which each element is Cofactor (C;;) of element a;;

5.) The transpose of C is called Adjoint A (adjA)

ad]A = [CU]T

6.) MultipleadjA by scalar ﬁ adjA and we will get the inverse of matrix 4, A1 .

Properties of the inverse matrix A™1

Find A~1 o
a-[a b det A = od —be F
e d
Mn = M= “
=Q
M7—( = b Mn ;—H.C
_H"\ C = C*‘
G =) d G0
21 Co= L—\)ﬁla.
Cy =N b
b = o
cofAh = C = d -G
-b 0¥
AdjA = o' = [d -b
—C, a

>|
t)
-—
}L
!
6—

~pad £bC
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B 21 5 Ao % 0 -2 = o 1
A_[l 0 > A -9 [—t 3] [“L -3)y
da-19 114° Z] =1 ©°of =1

AA= [‘h, ”"Ll [1 o [o 1]

15 7 9 5 a
A=l2 5 6 . 505y + FEI@) £ a2
) . — o) UE) — 12 (2)@)

fl

= 9(5)(9)
q o2 . ,
>0 _  Fs5 FO0 hon5|r5u.lav mciK
)
15 7 9 15 7 9 15 7 9 S 719
+ 5 6| |2 6|t 5
2 5 6 2 5 6 2 5 6
9 0 12 9 0 12 9 0 12 CotA= 0 12 9 12 9 0

-

+ -

7 7 9 Ip 7 9

9 0 12 9 0 12 9 0 12 Jon

15 7 9 157 9 157 9 15 7 9 15 9
6 5 5 6

- +

9 0 12 9 0 12 9 0 12

6o 20 - ‘(75 X3 —K(‘_ 3

._‘ - -
L SO S B X Ao _ohA = 1 13 a9 -y
deta Fcs
-3 <32 b 45 by il
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To find the solution for system of equation by using matrix

We can use (1.) Inverse matrix (2.) Cramer’s rule
n varidhles

Remind that: ,_\,H

a,x, +a,x, +--+a,x, =d,

rowC=7€c¢‘E
Gl j = Var)

Ay X, +apX, +--+a, x, =d,

n egs-
a,x, +a,x,+--+a,x =d

n

We can write this system of equations in the form of matrix as:
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To find solution to linear system of equations: Aanxmd = dnx1
CHECK IF DETERMINANT OF MATRIX A IS NOT EQUAL TO ZERO.
Vector d d.  +0 d. =0
(homogenous
Det A equation system)
| A| £0 Unique solution Unique solution
(Linear independent eq) x=A"d#0 x=470=0
Matrix A is non-singular e.g. e.g.
A7 exist 5 3[x] [30] |[5 3]|[x] [0
6 —2|ly| |8 6 2|yl |0
| A| =0 Linear Infinite solutions Infinite solutions
Matrix A singular dependent eq. (not including x =0 | (including x=0)
A™" does not exist |A"| =0, A| =0 1) cg.
e.g. 5 3|x| |0
5 3|lx _ 30 10 6|y 1o
10 6|y 60
Inconsistent eq. | No solution n/a
|4,|#0,|4]=0 5 3 x] [30
10 6||y| |65

Exercise: Consider the following system of equations and examine whether there
is(are) solution(s) to the system or not.

4x+y+2z=5 3x=12-5y+4z
1.) Sx+2y+z=7 2)) 6x=9+10y
x+z=1 8x=10+7y-3z
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>> Use inverse matrix
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....................................... Aﬁ:d«
- |
................................ A A K= K
4
........................................ Loom N
nx| min  Axl
>> Use Cramer’s Rule:
From,
anl An_xlndnxl
That is,
T
C'11 C12 Cln d
_L C21 sz C2n ;1
) : .
d,
Cnl CnZ Cnn
,Cijz(—l)wMU and

Cll CZI

X:L Ct]z 61'22
4]

Cln C2n

1

1
M(Cln

1 1
M(Cnd,+C21d2+---+Cnldn) —>C

1 n
Y= m(clzdl"'czzdz"'"""cnzdn) _ mzcﬂdi

d +C,

i=1,2,...,n (expansion by i"row)

j=1,2,...,n (expansion by j"column)

Cnl
dl
Cn 2 :
. dn
Cnn

n

.
%

i=1

nd2 +.”+Crmdn) ﬁicindi
i=1
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C,d +Cyd,+---+C, d, is the determinant of matrix A when replacing column 1 of

matrix A by vector d. That is,

dl

d2
Cd+C,d,+-+C d = :

Likewise,
ap,

n
a
21
Z Cﬂdi e
i=1 .

d

n

a,

ay

anZ

d, a,
d, a,, —|A |
: N R e’
dn ann
a, d,
ay, d, ny
an2 dn
- ‘A_\‘
XL ‘A-1
.7.(:1 .................. lA"l‘
U T =..].. LAl
. lan .
)] | Tal

a

n

a?” — |4 do loplace Qkpcmsiom over el 1

v a | _ det of modrix A when el 1 s
reglaceo l,\( vecter d,

det of modriv A uwhnen col o s replacd b\ﬁ-
veckr dL

det of metrix A then ol N (s wplacdl,ng
vecter d
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Example,
Eq.1 5x+3y=30
Eq2 6x-2y=8

Find the solution to this system of equations by (1.) Inverse matrix (2.) Cramer’s rule

;?,Lscz)..:'.?z.(..g.).r... F—BO‘Z%
-1% ~ —%
TE8) 5D | Ly 4
~2¥ —23
................................. g
(.2.) ........ x., ....... o I RN -—ccesssnne A 50—24* ......... 2.\3
................................. T TR
.................................. L PR TSP PR PR
g —l ---------
.................................. B
\‘j ........ S = 40.. 7. 1%9...... =..9....
.................................. R 1 2
.................................. P
e T




