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CHAPTER 4 
 

Basic Matrix Algebra and Applications 
 
 
 
Topics: Basic Matrix Algebra 
 
 
Outline: 
 

J Representation of system of equation by matrix notation 
J Multiplication of matrices 
J Determinant and singularity of matrix 
J Matrix Inversion 
J Cramer’s rule 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Complete
version
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Matrix Algebra 
 
Matrix is a rectangular array of numbers, parameters, or variables 
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  ,"-./)×&, 0 = 1,… ,4; 6 = 1,… , 7 
 
 
 
Benefits of using Matrix 
1. Matrix provides a compact way of writing an equation system, even an extremely 

large one  

 

2. Matrix provides a way of testing the existence of a solution by evaluation of a 

determinant. 

 

3. Matrix can be used to find that solution if exists. This is done by using Inverse 

matrix or Cramer’s rule 

 

Limitation: matrix algebra is applicable only to linear-equation systems. 

In some cases, we can transform variables so as to obtain a linear relation to work 

with. For example, the nonlinear function 8 = "9: can be transformed into: 

log(8) = log(") + ABCD(9) 
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A compact way of writing an equation system: 
 
A system of m linear equations with n endogenous variables: 
 

 

 
In matrix form: 

 
 

 

 
Note: Terminology 

  : column vector 

   : row vector 
 
 
 
 

Recapping some Matrix definitions 
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Example 

  

 
(EF)G = FGEG 
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Recapping some special types of matrices 
 

>> Square matrix  

 
 
>> Diagonal matrix 

 

 

 เช่น  

 
>> Identity matrix  

 

 

 
>> Null matrix 

 
 
 
 
 

2 0 0
1 0

0 3 0
0 1

0 0 4
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>>Triangular matrix 
A matrix “A” is upper triangular if  it is square and , and lower 
triangular if it is square and  

 

 
>> Symmetric matrix 
A matrix is symmetric if . That is  เช่น 
 

 

 
 
We will learn the following matrix operation (Matrix Algebra) 
 
Æ Multiplication of matrices 
 
Æ Determinant of a matrix 
 
Æ Inverses 
 
 

Æ Multiplication of matrices 
 
The Multiplication of matrix  by matrix  is defined only if  

7 = H and is given by   

………………………………………………………………………………………… 
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Question:   
 
 
 
“dot product” 

 
 

   

 
 
 
 
Note:  A matrix is idempotent if    
 
…………………………………………………………………………. 
 

 

 
 
 
 
 

11 12 11 12 13
11 12 13

21 22 21 22 23
21 22 23

31 32 31 32 33

a a c c c
b b b

a a c c c
b b b

a a c c c

é ù é ù
é ùê ú ê ú=ê úê ú ê úë ûê ú ê úë û ë û

11 12 11 12 13
11 12 13

21 22 21 22 23
21 22 23

31 32 31 32 33

a a c c c
b b b

a a c c c
b b b

a a c c c

é ù é ù
é ùê ú ê ú=ê úê ú ê úë ûê ú ê úë û ë û

1 2 5 6
3 4 7 8
æ öæ ö

=ç ÷ç ÷
è øè ø

4 3 2 4 ?A B´ ´ =

[ ] [ ] [ ]1 2
2 1

9
3 4 3*9 4*7 55 55

7
u v uv

´
´

é ù
= = = + = =ê ú

ë û

2A A=

5 5
4 4

A
-æ ö

= ç ÷-è ø

g 0 Cos Azbiz1 Azzbez

Cgg Az43493252g

0070 0

I L L L

This multiplication is notpossible because n tp

AA A

AA f III EI A



C h  4  B a s i c  M a t r i x  A l g e b r a  s e m 2 / 2 0 2 0       P a g e  | 8 
 

 

Æ Determinant 
 

The determinant of a square matrix E, denoted by |E|, is a uniquely defined 

number associated with that matrix 

For 2 by 2 matrix , the 2nd order determinant is 
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nth-order determinant by Laplace Expansion 
 
Let A be a matrix in JK×K. The determinant of A or det A is given by |L|. 
 

 

 
If we choose row M,  
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If we choose column T,  
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>> We call UMT, Cofactor of VWVXVKY	[MT. 
 

>> UMT can be found by (−])M^T_MT 

 

`aV	XMKbc	bd	VWVXVKY	[MT,_MT, is the determinant of the matrix resulting from 

deleting row 0 and column 6 of matrix LK×K . In other words, a "minor" is the 

determinant of the square matrix formed by deleting one row and one column from 

some larger square matrix. 
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Example, find the following determinant: 
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The determinant & Non-singularity 
 
If|L| = e , square matrix LK×K is a singular Matrix 

 : A square matrix that is not invertible is called singular or degenerate. A 

square matrix is singular if and only if its determinant is 0 
 
…………………………………………………………………………………. 

If |L| ≠ e, matrix A is. a non-singular Matrix 

 

…………………………………………………………………………………. 
 
 

ÆThe inverse of A 
 

Assume that an 7 × 7	7C7g07DhB"i	4"ji09	E is given by: 
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To find the inverse of matrix E: 

1.)  Find det E,|E| , if |E| = 0, E is a singular matrix and the inverse of matrix E cannot 

be found. 

2.)  Find Minor (r-.) for all element of the matrix in row 0 = 1,… , 7 and column 6 =
1,… , 7 

3.)  Find Cofactor (s-.) from Minor (r-.) for all elements of the matrix in row 0 =
1,… , 7 and column 6 = 1,… , 7 

4.) Get the Cofactor matrix s in which each element is Cofactor (s-.)  of element "-.   
5.) The transpose of s is called Adjoint A (adjA)  

"m6E = ,s-./
G 

6.)  Multiple"m6E by scalar  #
tuv w adjA and we will get the inverse of matrix E, Ek# . 

 

Properties of the inverse matrix Ek# 

 

I.……………………………………. 

II.…………………………………….. 

III.…………………………………….. 

IV.……………………………………. 

 
 
Find Ek#  
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To find the solution for system of equation by using matrix 
 

We can use (1.) Inverse matrix (2.) Cramer’s rule 
 
Remind that: 

 

 
We can write this system of equations in the form of matrix as: 
………………………………………………………………………………………… 

………………………………………………………………………………………… 

………………………………………………………………………………………… 

………………………………………………………………………………………… 

………………………………………………………………………………………… 

………………………………………………………………………………………… 
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n n

n n

n n nn n n
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+ + + =
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!
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To find solution to linear system of equations:  
CHECK IF DETERMINANT OF MATRIX A IS NOT EQUAL TO ZERO. 
                                           Vector d 
 
                      Det A 

  
(homogenous  

equation system) 
 

(Linear independent eq) 
Matrix A is non-singular 

 

Unique solution 
 

e.g. 

 

 
 
 

Unique solution 
 

e.g. 

 

 
 
 
 
 
 
 

 
Matrix A singular 

 

Linear 
dependent eq. 

 

Infinite solutions 
(not including 
) 
e.g. 

 

 
 
 

Infinite solutions 
(including ) 
e.g. 

 

 
 
 
 
 
 
 
 

Inconsistent eq. 
 

No solution 

 

n/a 

 
Exercise: Consider the following system of equations and examine whether there 
is(are) solution(s) to the system or not. 
 

1.)                                           2.)                   
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y
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=ê ú ê ú ê ú

ë û ë û ë û
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1
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>> Use inverse matrix 

………………………………………………………………………………………… 

………………………………………………………………………………………… 

………………………………………………………………………………………… 

………………………………………………………………………………………… 

 
>> Use Cramer’s Rule: 
 
From,  

 
 
That is, 
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 is the determinant of matrix A when replacing column 1 of 
matrix E by vector d. That is, 
 

  

 
 
Likewise, 

 

 

 
 
Therefore, Cramer’s rule is 
 
………………………………………………………………………………………… 

………………………………………………………………………………………… 

………………………………………………………………………………………… 

………………………………………………………………………………………… 

………………………………………………………………………………………… 

………………………………………………………………………………………… 
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Example, 

 

Find the solution to this system of equations by (1.) Inverse matrix  (2.) Cramer’s rule  
 
………………………………………………………………………………………… 

………………………………………………………………………………………… 

………………………………………………………………………………………… 

………………………………………………………………………………………… 

………………………………………………………………………………………… 

………………………………………………………………………………………… 

………………………………………………………………………………………… 

………………………………………………………………………………………… 

………………………………………………………………………………………… 

………………………………………………………………………………………… 

………………………………………………………………………………………… 

………………………………………………………………………………………… 

………………………………………………………………………………………… 

………………………………………………………………………………………… 

………………………………………………………………………………………… 

………………………………………………………………………………………… 

………………………………………………………………………………………… 

………………………………………………………………………………………… 

………………………………………………………………………………………… 

………………………………………………………………………………………… 

………………………………………………………………………………………… 

………………………………………………………………………………………… 

………………………………………………………………………………………… 

………………………………………………………………………………………… 

………………………………………………………………………………………… 

………………………………………………………………………………………… 

………………………………………………………………………………………… 

………………………………………………………………………………………… 

………………………………………………………………………………………… 

………………………………………………………………………………………… 

.1 5 3 30

.2 6 2 8
Eq x y
Eq x y

+ =
- =

as Inverse matrix
I 3 j L
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iii i.ie n st ii i
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y 40 180 5

6 8 28
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