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Exercise 10

Differentiation of function with several variables: Partial derivatives/ Chain Rules

1. Calculate the partial derivatives (i.e. % and %gjj ) of the following functions.

(a) f(z,y) = 5y + 4aty + 3223 + 229* + 20+ 3y + 5

Solution
OF _ 16ady + 6ay® + 24" + 2
et 7y + 6ry” + 2y° +
0
8—f = 25y* + 42* + 922y + 8xyd + 3
Y
2
Yy
b =
() F@.9) = 3
Solution
of _ Py’ +1) —ay?(2zy’) _ y°(1— 2%
O (223 + 1)2 (2293 + 1)2
Af  2xy(x®y® +1) — 2y’ (Bz%y?)  ay(2 —2%y?)
dy (22y® +1)2 (2% 4+ 1)
(¢) flz,y) = («%y + 1)(xy® + 1)
Solution
OF o 88 1) S0
500 vy + 1) +y7(@7y +1)
0
8:5 = 2% (zy® + 1) + 8z (2% + 1)
2. Find all second derivatives (i.e. %, a%%xv , %, and giy'; ) of
z = 5:527; + 3$2y2 + 5y3.
Solution
0
e _ 10zy + 62y
gx
a—; = 522 + 6%y + 1597
0%z 0 [0z 0 9 9

0%z 0 [0z 0 9
D90s — 0y (893) (10zy + 62y*) = 10z + 12zy

~ oy
2
9%z _ 9 (8z> - 8895 (5x2 + 622y + 15y2) = 10z + 12zy

0xdy x \ Jy
0%z 0 [0z 0
T2 = 2 (22 = 2 (522 + 622y + 15y%) = 622 + 30
% 8y<8y> 8y(gchgchr y?) = 62% + 30y
3. Find g—; at (0,1) for z = e~ " cos(y). Ans: g—; = —cos(1)
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Answer the following questions.
(a) Express the volume of a right circular cylinder as a function of two variables: its radius r
and its height h.

(b) Show that the rate of change of the volume of the cylinder with respect to its radius is the
product of its circumference multiplied by its height.

(c) Show that the rate of change of the volume of the cylinder with respect to its height is
equal to the area of the circular base.

Ans: (a) V(r,h) = 7r2h, (b) %—‘7{ = 2mrh, (c) % = 72,

. Find f3, for z = In(z —y). Ans: fyy = ﬁ
. Given f(xaya Z) = zyz, find fzyya f:cyaza and fyy:z:~ Ans: fwyy = facya: = fyya: =0
Given f(z,y) = 2% + 2 — 3zy + y* — 5, find all points at which f, = f, = 0 simultaneously.

Ans: (z,y) = (i, %)7 (1,1)

9%z 9%z

. Show that z = e” sin(y) satisfies the equation — + — = 0.

0x2  Oy?
Ans: 2z 4 9z _ e?sin(y) — e*sin(y) =0
D oar t o = y) — e%sin(y) =

. A Cobb-Douglas production function is f(z,y) = 2002%7y%3 where 2 and y represent the

amount of labor and capital available. Let x = 500 and y = 1000. Fin % and % at these

values, which represent the marginal productivity of labor and capital, respectively.
Ans: 1 at (500,1000) = 172.36, 5 at (500, 1000) = 36.93.

d
Let w(z,y,2) = xycos(z), where = t, y = t?, and z = arcsin(¢). Find di; (the answer can be
given in terms of z, y, z and t)
xysin(z)
V1 —t2
If w=>5x%+2y% 2 =—-3s+t, and y = s — 4t, find %—g’ and %—@” by using the chain rule.
Ans: %—g’ = —30x + 4y and %—%’ = 10z — 16y

d
Ans: di: = ycos(z) + 2tz cos(z) —

If f(z,y) = xy, x = rcos(f), and y = rsin(d), find g—{ and express the answer in terms of r and
6.
Ans: % = rsin(20) (note: sin(20) = 2sin(0) cos(0))

d
For the following exercises, find el using partial derivatives (i.e. using the theorem on implicit

dz
differentiation).
(a) 22 —2zy +yt =4 AHS'd—y: y— L
Cdxr —x+ 23
d Y
(b) €™ 4 ye¥ =1 Ans: 2 ye

dr ~ ze™ + ev(1+y)
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14. If z = zye®/Y, 2 = rcos(f), and y = rsin(f), find 0z and oz when r =2 and 0 = %

5 5 or 06
9% 3.8 9F g V3
Ans: 5 V3e ' 50 (2 — 4V/3)eV?,

15. Let u = u(x,y, z), where x = z(w,t), y = y(w, t), z = z(w,t), w = w(r,s), and t = t(r,s). Use

U
a tree diagram and the chain rule to find an expression for — .

.
o Q0w (00w 0r 00\ Ou (Oydw  dyor\ | ou (0:0uw 0z
"9 T 9z \ow or | ot or Oy \Ow Or Ot Or 0z \Ow Or ~ Ot Or
16. For the following exercises, find gz and gz (Hint: use the theorem on implicit differentiation)
x y

(a) 2322 —bay’z = 22 + 33
L0z _ 2x—3x22245y5z 92 _ 3y*+25xytz
Ans: & = == e ot

Or —  2x3z—bxyS 0y 2x3z—bxyd
(b) 2?sin(2y — 5z) = 1 + ycos(6zx)
Ans: 9z __ 2xsin(2y—5z)+6zysin(6zz) gz _ _ cos(6zx)—2z? cos(2y—52)

dr — bxZcos(2y—5z)—6yxrsin(6zx)’ Oy ~ 6xysin(6zz)—5x2 cos(2y—5z)



