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Extensions of the Two-Variable Linear 
Regression Model
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Regression through the origin

2i i iY X uβ= +
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Regression through the origin
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R-squared for Regression through 
Origin Model 
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Example  

Table 6.1 (P.151) gives data on excess returns          
on an index on 104 stocks in the sector of cyclical 
consumer goods and excess returns               on 
the overall stock market index for the U.K. for the 
monthly data for the period 1980-1999, for a total 
of 240 observations. 

Excess returns refers to return in excess of return on 
a riskless asset. 
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The slope coefficient is highly significant

If the excess market rate goes up by 1 percentage point, 
the excess return on the index of consumer goods 
sector goes up by about 1.15 percentage points.

If a Beta coefficient is greater than 1, such a security is 
said to be volatile; it moves more than proportionately 
with the overall stock market index
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Scaling and Units of Measurement

Consider the data given in Table 6.2, which refers to U.S. 
gross private domestic investment (GPDI) and gross 
domestic product (GDP) in billions as well as millions of 
(chained) 2000 dollars.

Suppose in the regression of GDPI on GDP one researcher 
uses data in billions of dollars but another expresses data in 
millions of dollars. 

Will the regression results be the same in both cases?
Do the units in which the regressand and regressor are 
measured make any difference in the regression results? 



ee325 2/2011 (Ajarn Kaewkwan Tangtipongkul)

1 2

*
1

*
2

ˆ ˆ ˆi i i

i i

i i

Y X u

where Y GDPI and X GDP
Y wY

X w X

β β= + +

= =

=

=

Where        and          are constants, call the Scale factors1w 2w



ee325 2/2011 (Ajarn Kaewkwan Tangtipongkul)

* * *
1 2

* * *
1 2 1

ˆ ˆ ˆ

ˆ ˆ, ,
i i i

i i i i i i

Y X u

where Y wY X w X and u w u

β β= + +

= = =



ee325 2/2011 (Ajarn Kaewkwan Tangtipongkul)

1 2

2 2

2
2

1 2

2

2 2

2
2

ˆ ˆ

ˆ

ˆvar( )

ˆvar( )

ˆ
ˆ

2

i i

i

i

i

i

i

Y X
x y
x

X
n x

x

u
n

β β

β

β σ

σβ

σ

= −

=

=

=

=
−

∑
∑

∑
∑

∑
∑

* * * *
1 2

* *
*
2 *2

*2
* *2
1 *2

*2
*
2 *2

*2
*2

ˆ ˆ

ˆ

ˆvar( )

ˆvar( )

ˆ
ˆ

2

i i

i

i

i

i

i

Y X

x y
x

X
n x

x

u
n

β β

β

β σ

σβ

σ

= −

=

=

=

=
−

∑
∑

∑
∑

∑
∑



ee325 2/2011 (Ajarn Kaewkwan Tangtipongkul)

* *

* 1
2 2

2

*
1 1 1
*2 2 2

1

* 2
1 1 1

2
* 1
2 2

2

2 2

ˆ ˆ

ˆ ˆ

ˆ ˆ
ˆ ˆvar( ) var( )

ˆ ˆvar( ) var( )

xy x y

w
w

w

w

w

w
w

r r

β β

β β

σ σ

β β

β β

⎛ ⎞
= ⎜ ⎟
⎝ ⎠

=

=

=

⎛ ⎞
= ⎜ ⎟
⎝ ⎠

=



ee325 2/2011 (Ajarn Kaewkwan Tangtipongkul)

Example

Gross Private Domestic Investment and 
GDP, United States, 1990-2005
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GPDIBL = Gross private domestic investment, billions of 2000 dollars
GPDIM = Gross private domestic investment, millions of 2000 dollars

GDPB = Gross domestic product, billions of 2000 dollars
GDPM= Gross domestic product, millions of 2000 dollars
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Both GDPI and GDP in millions of dollars: 
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Both GDPI and GDP in millions of dollars: 
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Both GDPI and GDP in millions of dollars: 
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Functional Forms of Regression 
Models

The log-linear model
Semilog models
Reciprocal models
The logarithmic reciprocal model
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The log-linear model
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The log-linear model
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The log-linear model

The slope coefficient       measures the 
elasticity of Y with respect to X, that is, the 
percentage change in Y for a given (small) 
percentage change in X

2β
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Percentage change vs. Percentage point change

Example –The unemployment rate
The unemployment rate of 6%, if this rate goes to 
8%, we say that the percentage point change in 
the unemployment rate is 2

The percentage change in the unemployment 
rate is (8-6)/6, or about 33%
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Example 

Expenditure on durable goods in relation to total 
personal consumption expenditure 

We wish to find the elasticity of expenditure on 
durable goods with respect to total personal 
consumption expenditure. 
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As these result shows , the elasticity of EXPDUR 
with respect to PCEX is about 1.63, suggesting that 
if total personal expenditure goes up by 1 percent, 
on average, the expenditure on durable goods goes 
up by about 1.63 percent 

Thus, expenditure on durable goods is very 
responsive to changes in personal consumption 
expenditure. This is one reason why producers of 
durable goods keep a keen eye on changes in 
personal income and personal consumption 
expenditure

ln 7.5417 1.6266lnt tEXDUR PCEX= − +
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Semilog Models

Log-Lin model

Lin-Log model

1 2ln i i iY X uβ β= + +

1 2 lni i iY X uβ β= + +
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The Log-Lin model

1 2ln i i iY X uβ β= + +
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2
relative change in regressand
absolute change in regressor

β =

2 is known as the semielasticity of Y with respect to Xβ

2100* is known as the semielasticity of Y with respect to Xβ
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Example 

We want to find out the growth rate of personal 
consumption expenditure on services for the data 

The regression results over time (t) are as follows:
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Over the quarterly period 2003-I to 2006-III, 
expenditures on services increased at the 
(quarterly) rate of 0.705 percent. Roughly, this is 
equal to an annual growth rate of 2.82 percent

ln 8.3226 0.00705tEXS t= +
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Lin-Log models

The absolute change in Y for a percentage change in X

1 2 lni i iY X uβ β= + +
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2
Change in Y

relative change in X
β =

/X XΔ

20.01*β

The absolute change in Y for a percentage change in X

If                   changes by 0.01 unit or 1%, the absolute change in Y is 
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Example 
Food expenditure in India example
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As this figure suggests, food expenditure increases more 
slowly as total expenditure increases, perhaps giving 
credence to Engel’s law

The slope coefficient of about 257 means that an increase 
in the total food expenditure of 1 percent, on average, leads 
to about 2.57 rupees increase in the expenditure on food of 
the 55 families included in the sample 
(Note: we have divided the estimated slope coefficient by 
100)

1283.912 257.2700lni iFoodExp TotalExp= − +
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Reciprocal models

As X increases indefinitely, in term              
approaches zero and Y approaches the limiting or 
asymptotic value 
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Example

Child mortality and per capita GNP – 64 countries
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As per capita GNP increases, one would expect 
child mortality to decrease because people can 
afford to spend more on health care, assuming all 
other factors remain constant

The relationship is not a straight line one: As per 
capita GNP increases, initially there is a dramatic 
drop in child mortality but the drop tapers of as 
per capita GNP continues to increase

181.7944 27,237.17i
i

CM
PGNP

⎛ ⎞
= + ⎜ ⎟

⎝ ⎠
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As per capita GNP increases indefinitely, child 
mortality approaches its asymptotic value of about 
82 deaths per thousand 
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The logarithmic reciprocal model
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The logarithmic reciprocal model

Initially Y increases at an increasing rate and then 
it increases at a decreasing rate 

E.g. short run production function
Microeconomics – if labor and capital are the 
inputs in a production function and if we keep the 
capital input constant but increase the labor input, 
the short-run output-labor relationship will 
resemble in the logarithmic reciprocal model
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Choice of Functional Form


