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Chapter 9

Optimization with Equality Constraint with many choice variables

% Lagrange multiplier
% Conditions for optimization
% Maximize output level subject to cost constraint

)
% Minimize cost subject to output constraint

% ﬁ&’%}‘%‘& gfility subject to budget constraint

% Minimize total expenditure under the level of utility

%
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What if choice variables cannot be chosen freely? For example, what if a firm cannot freely

chooses quantities because of production quota? Firm will need to find constrained optimum value.

Suppose that a firm-has:two factories and is subjected to production quota of 950. The profit

maximization problem becomes:

Subject to Q; + @, = 950

,where Q;, Q, are quantity produced at factory 1 and 2, respectively.

Free Extremum vs. Constrained Extremum

*ﬂ maximum

Constra

o e d
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Qe Constainecl,

Economics is about finding the optimal allocation of scarce resources. Hence, the main problems

in economics can be studied as constrained optimization problem. The prototype of such problem
is:
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max imize( f(x,,X,...,X,)
Wy oy .
w ere(xl,xz,...,xn) must satisfy

g (X, %,5e0X, ) < by _ ‘
2 (%,%,,...x,) < b, ‘nequab{j Constraint

) am " ) . Y 1

Optimization with Equality Constraints :Two variables and One Equality Constraint

Let Mr. Musk have utility function U W 2@ P; = 4and P, = 2

Baht per piece, how many piece of good 1 and goo ill Mr. Musk choose to consume to

maximize his utility?

Swﬂo«:se et Mr. Musle hx e Gudget Conshaint
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Now suppose that Mr. Musk has the budget equal to 60 baht, how many piece of good

1 and good 2 will Mr. Musk choose to consume to maximize his utility?

- = (6]
(. sl 's Buctg et corst (s Ay T 2N, c’,_h_ = o 4K,
L—? )LL = 30 "7.3(1
) *[’2')(.1
20 - 2L
“Lagrange Multiplier” M?LX U= X'I(' !
1

“Lagrangian Function” g

M AKX L(x,,%,, 1) = f(x,x,) c—h(xl,xz)l
Mokzp Aol y — lr'
We will call 1 Lagrang& multiplier. ) ‘[&ﬁvans-z rulhp ‘f” )
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Lagrangian function for utility maximization problem when Mr.Musk has 60 baht is:

_ ,. A:_ _V,.,\»'h
Wk e petan, tALE ] e e
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Homework: Write Lagrangian function, first order conditions, and critical values of the following
problems:
(a.)

Max U(x,,x,) = x,x,
St. h(x,x,)=x+4x,=16

(b.)
Max z = xy

St. x+y=6
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%

Optimization with Equality Constraints : n variables and One Equality Constraint
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Lagrangian function is
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R Second-Order Sufficient Condition£6)

. . . . . NC\')(
Consider objective function: Ay, -y Wn J(x,%,..00X,)
St. R(x,%y,.0x,) =0,

B xmx)=c, ¢ & equolity tovets.
............................... '& [ﬁjlf"“"ffer 'Y"“H:Jfﬁ"ﬂ_

The Lagrangian
mMmaX L(x,, %y, X,) = f (X500 ) 0 [cl—hl(xl,xz,...,xn)]+,u2[cz—hz(xl,x2,...,x”)]+...
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Moy Pl IR
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First Order Necessary Condition: FONC

L =g =g ‘"/Lz“.:....f..r..t..i.:....T...}'F&.l’.‘..q ...... =9

X, ax] ......... 1-. .........
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Tade potiel dif £ 1 ade 1o,
We can divide Bordered Hessmn Matrqx into 4 parts/A 117 A4 ) xl )7 )LV]

Note: We evaluate Bordered Hessian at the critical values.
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Ceh A0

We can have submatrix H; with border, H;, and so on. Try to get the submatrix from H.
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I, 5 Hy inclading Al s abve
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Question:
How many submatrices do we need to consider?

Answer:

n — k matrices, i.e pading principle minors of matr@_.\
. D nyk

n is the number of choice variables and k is the number of constraints.

We need to focus since Hy 4. H‘ ’ HZ , H\3 y o ka | H‘b‘ ) )Hn
We need to check: hs NV ~ Q/_-\(_—_—J
Ay i, =11 drg O Ao

w Cnmfdonctia,  the losk waB
Example 1: the case of one constraint with two choice variables: stnb y\c("r'( ad

X 8

(AL, L.

S
L, XX %, || gn3

cat) <xC(2h)
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Number of choice variables (n) 3\-
Number of constraint (k) ....... 1.

So we need to check the last n-k = 3*— 1 Lo 1 ....... Matrix, which is:

H- i} _

By, :@ ~h, L. L. |=H
__hxz szxl szxz B
Example 2( 3 choice variable an@
1
[0 —h | —h_ —h_| _
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Number of choice variables (n) ..7........

Number of constraint (k) ....1...... ‘&ge{ T /&) O‘IOP "“N_'FFIS‘\‘ A

So we need to check the last n-k = ..... 3 o= 3\ ........ Matrix, beginning at H kel = H 14) " A 2
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We need to observe pattern of the determinants of leading principal submatrices as the
following.

The objective function will be at the log he last (n-k) leading principal minors have

— )
alternate signs with ’|FI:Ik+1| has the same sign as
JUgYS,

The objective function will be at t the last (n-k) leading principal minors have
the same sign as (—1)* for every bordered Hessian that we need to consider.
X SOC of 2 choice variables + 1 equality constraint so

0 -h —h,
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X X% XX,
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® FOC, SOC ves n choice variables + 1 equality constraint s
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W%‘O[he productiorp frgr‘lac[h%vr} lg'e 8:4 P(%, K) MiNnjLaH o
P rbLes
CEMP)

The total cost is:
TC=wL+rK =C

Question:

I—giw will firm choose L and K to maximize output level, given that the total cost must
be C baht.

.......... Mo A
A, LK
Step 2: First-Order Condition (FONC):
922 Cn M . =..g..Znerkec —
X
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SL 2L
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Economic Interpretation
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Step 3: Second-Order Sufficient Condition 9 = 9 % k) - Y‘)\
3.1 Construct Bordered Hessian U Pl
Zy =0 ZHo="N =

H=|zp="N zi, =40z = %
Zgy =V ZKL = Qe ZKK T Chq( (vw&) xcmk)

0O - -
H=|—W TR 7'e
¥ T 1
= TR

3.2 Check the last n-k leading principle Minor
We need to check the lasth’l'< leading principle Minor, which is [Hjﬁ-(-l \ = l H 149 l = , H 2 |
=a-1=1

-£. 19
nees Yo hove the shwme sign G ()= () =176

—
) [aw o diriniing P 0P,
HW. M & =0Tk st 3L +4k = 0¥
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Minimizing cost given a level of output:

Page |16

Least Cost Combination of Inputs and Conditional Input Demand

at a firm needs to produce output equal nits from production function
0 = F(L,K)), and the firm would like to choose thedevel of capital and labor that minimize the

min TC = WL * rk

Cest mininizahicn
..................................... N A
/ rBepm CCMPD
5+ ............ FQL-)K):QO ................ F

52 = & ~FLLK) = 0% FLk)=Gs'!)
T < S IO O N, ==

2% = — cC = )M[.’)L =W (2-)
L 0 S 1 T S S M G el M s
2 = VY - A9FuK) = O = Amp v

S5 K

/e T

MPK -
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Economic Interpretation

N
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Step 3 Second-Order Sufficient Condition D G@ 9 Qo
?\«crsmc\ﬁ cc,g‘f‘d[: Prca(u.ch&q lk\
&
3.1 Construct Bordered Hessian C"FTWIW\'\ stwte A > G
Zx = ZL = Zk =
H =z = ZLL = ZLK =
Zxn = ZKL = ZKK =
Q —FL _FK
- —AF
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3.2 Check the last n-k leading principle Minor

n= N k= 1
We need to check the last &~1 = 1 leading principle Minor 1iufie lH’hﬂl = [Ha\ = IR
|
Nith  the s'\g,n of (‘l)&=c-() {0
— _ - 92 A
Bl = ARRFu TARRFq FTARI, v AR Ry <0
nER © . & S S
- - X
OGuwen N et hogpen With KX hen
The Expansion Path A ! we expmcd  {he Pp.mﬁaj
Expansion Path is the least cost combination between L* and K* given many leyels of given C2
outputs. o (2
K,
Coin Output exporsien poth
¢ a CELK
Vin
-—Fr @ ﬂ.ke_,'%lt
S RN [QQS\' (,°5+
g I smbinetus
o O T e
W -—
If Isoquants are strictly convex, expansion path can be foundvf\;om the first order
conditions.
If a firm has Cobb-Douglas production functio
MRTS, ., = MPL =
............................. RIS e 2P0 = A M
.................................. e .
s Lk - N S5 AR —(4)
...............................................................—.- ................................................ T "t .............
In this case, the optimal ratio of capital to labor is constant and is equal to K+ = ?W
) P p q ﬁ I
‘ 1 %
Output  €xpuns|h PG% s k% = g ¥ (5D

linesn expuws‘;ltrpo‘ih for Cobb Dengf<s
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> =t CA, % P, Qo)
Conditional factor demand vs. Factor demand
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Cost minimization problem vs. Profit maximization problem

{oeter -1
ondifion "demends o fa  Cmp. i
Loctor  depmonds ae  hem  PMp L Max (UKo
................................................................................. e
SN < O I < N 3.0 Y S S L
= -IC.bCr dC'hav\oL
...... L gy Semp ok, Mo o5t ot need fo

Trond mize ‘arbﬁ—]‘ becauge (o51 To Jlno"' e qu.ﬂo -

Duality . Waen OpHm’lz_a'Fm P"cblelvnsl sclutiens Con Qc V?%r_ol, 'Pms
ether ofF Hwo Persycc,ﬁvcs s

...... T AR ok i T
........ MK KK LD M0 TC RGO
K\)L_ KyL .
........... S +‘W|—-‘H{‘K:C’=TCMMS+QCK)L):'&OZQW
% * 7z 3
* = * e -
......... KOMPJOMPJ&WQ')(&OijLm?)TCn‘V‘“C
s X Femseme o] £ & = G, T 0MP

then &wak,... = Qo hen TC‘“"“" = C




EE320 Chapl Oplimization with equality constnaint, sem2/2020 Page |21

o

Utility maximization subject to budget constraint

Max  v=uwy U,U,>0)

3,4
St. @ y uﬁaclse-} Canst. !

Step 1: Lagrangian Function

Step 2: First-Order Condition (FONC):

RL: Ly =9l = B —Px —PyY = O DKy =f ()

..................... MR L O ORI SASc i 2
=Bl = 29 = AP s 6D MU, = AP (2)
ax R
....... L\{:BLb‘Qu—Pyno“?W\;-)‘ Py ()
'a\l ‘D\[
WINNRCS MRS = Mok = Px —)
......................................................... e

Combines  [Come K sdsTrufe
offects when pric
cl/tawéﬂs .
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Economic Interpretation
Interpretation 1 : Marginal utility per one baht paid
X
.................................................... M0; x‘lﬂ/‘l:A
1o Px Py . J
e wex O gt B e Wl Cese 5 Tt
.............................. MOs Fen. goch 1. kot Spent on cooheood,
SOOI - X . A0 V. -
Interpretation 2: Indifference Curve
T,
8
Py (s, = Waxs
/15;7 M KV A&ﬁ 7
_— U-—'b
U =0 7€
e = bx
P i P\j
® g
Px
Budel- lpe - Pux TPy . =6 A 1= f”“F: "
TCoi U2 VO =
OQ,U — QU dx + EU&\{ = d0 =0
................................................... 5 9\[
0(\{'&'-&0% ..........................
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H1¥=
U

Meaning of Lagrange multiplier f\/\
' 3
ek N+ TR =T Ry ]

= X - U o maging afiliy of Incae

‘a@ ............................................ ‘a%' ..................................................... Cw e/‘} hom-az
Step 3 Second-Order Sufficient Condition [-{: 6 T l? 9 VI,VIH‘ 3 @_)
3.1 Construct Bordered Hessian T mized M‘h\‘lb i [l (NCrease BD /\+
anirts .
Loa = Ly = Lyy = T
~ 9%U 92U
H= Lo = Lxxzﬁz nyzaxayz
02U 02U
_Lyl - Lyx = 0yox - Lyy = dy? - |
H =

3.2 Check the last n-k leading principle Minor
n=_ k=
Check the last leading principle Minor :
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Suppose tr@s utility function takes th :
1 1
U(x,y)=10x?y?

price of good y @Vhat will be the level of

Mr. Musk has m baht. Price of Good x

x and y that maximize the utility?
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SOC:

Minimize Total Expenditure Under the Level of Utility

Suppose now that a consumer would like to have utility U, . Her utility is U =U(x, ).
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Step 2 First-Order Condition (FONC):
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Step 3: Second-Order Sufficient Condition

3.1 Construct Bordered Hessian

T
I

3.2 Check the last n-k leading p;inciple Minor
n= k=

Check the last leading principle Minor:
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Duality: Utility Maximization Problem vs. Expenditure Minimization Problem

Other optimization problems:

WMuktiproduct firm with techvological constraint

Quantities of two products are x&y.
How many of x&y should the firm choeose +o produce +o mivimize the cost of

production subjecting o technological constraint?
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Multiplant firm who knows exact total market devmand

Let factory 1 produce Q with cost C; = C1(Q,); factory 2 produce Q, with cost
C, = C,(Q,); and let wmarket demand be Q.

To minimize cost, now many should the firm produce at each factory given that i+

wants +o meet the market demand?



