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7 Testing Multiple Linear Restrictions: The F-test

Suppose the model is specified by

y = B¢+ i1+ Byxe + Byws +u

Hy : PBo=0and 8, =0 — want to test if x and x,
Ho , Hy : Hp is not true Both have no impacb
We can use the F-test to test this type of "multiple hypotheses".
Big model
1. Our full model is called the "unrestricted" model (ur). Suppose it can be expressed
UWANNNNNMN
as: Y = Bot piX) + BXy tByXy tu —> s true

or Re;)ecf Ho
y =By + B1x1 + Boxo + Pyxs + ... + Brar +u

2. The model which takes out = (which we think its associated § = 0) is called the

restricted model (r). Y= fot BX + Yy — 15trve  or Do wnot VejeCf Ho
small model

)

+ Suppose tiere are °g" number of g that we wovld like to per form
@ joirrt -fest of -0
€9. In this model q=2

Y= ot ByXg T BXp+ BoXzt ..t Prog xk,% + Uy

Ho: Br-g41 = Pr-q+2 = ... = pr =0
(the lost ¢ Bs=0)
Ha: Ho is not frve



Y= Pot PiXy + B2Xa ot BrgXpgq t Br-qt Xg-gn T Prgr2 Xk-g 2 TU
\ v /
N (r) g )
ur X mare explanatory vavioble - less vesidua|

e This is always positive b/c SsRyr < SRy
F = (SSR, - SSRyp) Every time you add 1 mare X,

+he “model will be better explafmed. (ssR smaller, r? improve)
¥ but variance 0f each @ will be increase | they won't be predicted precisely
SSRyr

n-k-1
AN — degvee, of the “ur" madel

* So, every time you odd 1 mave x vaviable | the SSRe and R°¢
Why don't we just keep the oddition X in the modle
~ Becovse every time we add 1 mare x , var(s) will increase | making the prediction

af 8 less precise. So, we only keep the addition X3 if it/they cam improve the madel engugh

or can significantly vedvoe vesidva| and imprave R? can b SR (4R®) enough

£(F)

N Ho: = B;=0

Ha : Ho is not trve [ Unvestricted
F o~ F%' h-K-1 df of the ur. model
reject S5 o juint hypothests. being tested
We vgject Ho of jontly no effect if Foc

(no impqc’r

\
¢ (critical valve)
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3. Some useful facts

® R > &Y bl any additional X would increase R* (improve %)
2 SSRur < SSRy
® By increase more x the model is certuinly better exphined. However, we wald like
to reject to if the inclusion of extva variables do not tmprove the model enoygh.

4. Other ways to calculate the F-statistics:

RSS
> From R*= 1 - \SQR’G7
SST\% Tss

We have F= (&r- Rzrz
%
(‘l-— Rzur)
n-k-1

w W w
% of observation ) \ inter cept
¥ of slop p

> It we want to fest ovewl| si\gniﬁcavrr of the model
Ha: 'PI=‘P2 = . =‘PK=O
Ha: Othevwise
gquivalence o
Q2 & of the model x UR the “r' mode| has no X ot all.
F= 3
(1-g%)
n-k-4

Example: Suppose we are interested in understanding the determinant of a baseball
player’s salary.

salary = season salary
years = years in major leagues
?‘{ gamesyr = games per year in the league It we want to test whether pevfown ance
bavg = career batting average .
U hrunsyr = homeruns per year has any impact on sqlqyy
rbisyr = runs batted in per year Ho: Boavg = Bhrunsyr = Prbisyr =0

Ha: Othevwise is tyve

e the unrestricted model (ur) is defined by



Y

UrVﬂadCI. regress log salary years gamesyr bavg hrunsyr rbisyr
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Source 55 df MS Number of obs = 353) same observation
F( 5, 347) = 117.06
Model 308.989208 5 61.7978416 Prob > F 0.0000 623352 of the variables y
Residual 183.186327 347 .527914487 R-squared = 0.9%19 — Was %PMMM
Adj R-squared = 0.6224
Total 492.175535 352 1.39822595 Root MSE = .T72658
£ <194 the more x
vaviables
log_salary Coef. S5td. Err. t B>|t]| [95% Conf. Interval] +he more Rz
years| .0688626 .0121145 5.68 0.000 .0450355 .0926898
gamesyr2 .0125521 .0026468 4.74 0.000 .0073464 .0177578
bavg3 .0009786 .0011035 0.89 0.376 -.0011918 .0031459
hrunsyr4 .0144295 .016057 0.90 0.369 -.0171518 .0460107
rbisyr | .0107657 .007175 1.50 0.134 -.0033462 .0248776
_consT 11.19242 .2888229 38.75 0.000 10.62435 11.76048
/’ !
intercept  K=5
e the restricted model (r) is defined by
Y
regress log salary years gamesyr
Source 55 df MS Number of obs = 353
F( 2, 350) = 259.32
SSE Model 293.864058 2 146.932029 Prob > F = 0.0000
SSR Residual 198.311477 350 .566604221 R-squared = 0.5971 -
Adj R-squared = 0.5948
SST Total 492.175535 | 352 1.39822595 Root MSE = .75273
log_salary Coef. Std. Err. t P>|t] [95% Conf. Interval]
years .071318 .012505 5.70 0.000 .0467236 .0959124
gamesyr .0201745 .0013429 15.02 0.000 .0175334 .0228156
_cons 11.2238 .108312 103.62 0.000 11.01078 11.43683

Now, our Hy and H, becomes

* But when performing an F-test, performance has joint impact

TABLED.3 UPPER PERCENTAGE POINTS OF THE F DISTRIBUTION (Continued)

df for
denom- df for numerator N;
% inator
F H gsse _ ssg ) = jﬂ$:1] - 153 1 g N 1 2 3 4 5 6 7 B 9 10 1 12
25 1.40 1.48 147 145 1.44 142 141 1.40 1.39 139 138 1.37
% \3 10 205 256 235 222 213 206 201 197 193 190 188 185
2 05 430 344 305 282 266 255 246 240 234 230 226 223
01 795 572 482 431 399 376 359 345 335 326 318 312
SSR ur I'% 3 A %b 25 130 147 146 144 143 141 140 139 138 138 137 135
— A -~ 10 293 254 233 219 210 204 198 194 191 188 185 183
n- K_1 353-5-1 05 426 340 301 278 262 251 242 236 230 225 221 218
01 782 581 472 422 390 367 350 336 326 317 300 3.03
25 138 146 145 144 142 141 139 138 137 137 136 135
~ 2 10 291 252 231 217 208 201 19 192 188 186 184 181
~n q 55 05 423 337 298 274 259 247 239 232 227 222 218 215
01 772 553 484 414 382 350 342 320 318 309 302 295
-F (F) 25 138 146 145 143 141 140 139 138 137 136 135 134
N e | 10 289 250 220 216 205 200 194 1% 187 18 181 179
.. 05 420 334 205 271 256 245 236 220 224 219 215 212
Le'l"s vse § Y4 Ievel GF S vnﬁcanf 01 764 545 457 407 375 353 336 823 312 303 296 290
3 25 138 145 144 142 141 139 138 137 136  1.35 135 134
s | 10 288 249 228 214 205 1% 193 188 185 182 179 177
. . 05 417 33 202 260 253 242 233 227 221 216 213 209
ReJect q‘l’ 57 01 756 539 451 402 370 347 330 317 307 298 291 284
25 136 144 142 140 139 137 136 135 134 133 132 131
w0 10 284 244 223 200 200 193 18 183 179 176 173 171
05 408 323 284 281 245 234 225 218 212 208 204 200
o1 731 518 431 383 351 320 312 299 289 280 273 266
25 135 142 141 138 137 135 133 132 131 130 129 129
s | 10 278 239 218 204 195 187 182 177 174 171 168 166
05 4.00 3.15 276 253 237 225 217 210 204 1.99 1.95 1.92
N o1 708 498 413 385 33 312 295 282 272 263 256 250
° - - 4 F 25 134 1.40 139 137 1.35 133 131 1.30 129 128 127 126
F3 00 = c=2.6 o | 10 275 235 213 199 1% 182 177 172 168 165 162 160
) 05 392 307 268 245 220 217 209 202 195 191 187 183
W 2 01 6.85 4.79 395 348 317 296 279 266 256 247 240 234
H . F = 8 . . 25 133 130 138 13 13 132 131 120 128 127 126 125
Sl nce F = Q55 7 2.6 We re ed. HO Cﬂ' 10 273 233 211 197 188 180 175 170 166 163 160 157
% ] ] 200 05 380 304 265 242 226 214 206 198 193 188 184  1.80
. l | d l d fh ﬁ’ es o1 676 471 388 341 31 289 273 260 250 241 234 227
2 57 leve QYI conclvae [ PeV rmanc 25 132 130 137 135 138 131 120 128 127 125 124 124
(1 -R ) 10 271 230 208 194 18 177 172 167 163 160 157 155
et ef&d, I x 05 384 300 260 237 221 210 201 194 188 183 179 175
n-k-1 have JOI on Sq q':y . 01 663 481 378 332 302 280 264 251 241 232 225 218
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8 How the Hypothesis Testing is done in Practice

1. Check the values of t — statistic reported by the statistical software (i.e. STATA,
SPSS, SAS)

= These t — statistics are to test Hy: 5, =0

2-table

= If the d.f. > 30, then when t > 1.96, we can reject H with 57 Siahiﬁcqvﬂ' level
VAANAN

= When ¢t > 1.96, we can say that (3, is statistically significant at 5% level.
(value of 3, # 0)

= When ¢t < 1.96 we can say that [, is not statistically significant at 5%
level.

= Ift < 1.96 we can drop z; from the model

= After we drop z;, we estimate the new regression function and obtain a new set
of 5.

. We can also perform other hypothesis testings of interest.

or Hy:[B,=5 etc

or perform an F-test for testing multiple linear restrictions

3. Usually, in economics, the estimation results are reported using this form

17_incvease in_sales , will incvease solavy by 17

Dependen}& Variable: log(salary)

Independent Variables \ (€)) 2) 3)

‘es — log(sales) 224 %Lﬁi) 158 188

. i & (340) (.040)
log(mktval) —_— 112 100

ofher com pany the impact get cavry by ather factors (.050) (.049)
PCYfOVW\GV\CC profmarg . R — —.0023 —.0022
(.0022) (.0021)

ceoten R e .0171
CEQ (.0055)
Chavacteristics comten S - —.0092
(.0033)

intercept 4.94 4.62 4.57

(0.20) 0.25) (0.25)

Observations 177 177 177

R-squared 281 304 353

i}

like a simple regression
with 1 x variable
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Multiple Regression Analysis : Further
Issues
1 Data scaling on OLS statistics

When we change the unit of measurment of a variable, the value of estimators would
chance accordingly. For example

b@t = Bo + Blcigs + Bzfa min c,
(9)
where
bwght = child birth weight, in grams.
cigs = number of cigarettes smoked by the mother while pregnant, per day.
famin ¢ = annual family income, in thousands of dollars.

* What is we vse the wage i ki|09vams
1 kg = 1,000 g.

W“ﬂ = mz\gh:ta Bo + B cigs _B2 faminc

1,000 1,000 1,000 1,000
N A . N .
XKy + A Cigs + otz faminc

= é\\ A N _ ) N _ A
0= &l , Aq = :é] ! X2 = éz
’I,OOO 1,000 ".000

* What if we v the faming in USD Cinstead of 1,000 USD)

U

bweght Bo + B, cigs + B, faminc
9nty po fi 9 P2 TaMINC ygp The walue of this variable is gaingto be
1000 Fimes larger than famine

N A .
Bo + Biclgs + B,famicy,

= 8:=_f2 in other words &

impacf of 1 usp 4 in income
4,000 (32

impac’r of 1,000 UsSD 4 in income

* What if we use bwegln’r in kg and income in THB

A . A .
bweght = Bo + B cigs +| _Bz_ |faminC 1,5
7,000 4,000 %000 " This value is ging to be 30,000 times mare than faminc
3,000

* unit of measurment doesn't change the implication of the estimation resutt
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2 More on functional forms

e Logarithmic Functional Form

Usuall}j means hotural Iog
log(y) = By + B log(x1) + Bywe + u

ay=Y17Yz

1 1 1
g = @ - ydy - g4y - 19yaY =y Note. dEnx = 4
W d Loy (x) 1 dx, % 4% 100 2 Ax 7 AX dx X
X| I AX|=X,I—X|2 d%x = 1_dx
with the €09y and €og X Format | the coefficient is going to be the X
e\qs’rici‘rg! (¥, elasticity of 9) ex price elasticity of demand
1 1
.y = 4l - vdy - ¥4y
dxXz dx, AXz 1
= If we wawt the upper term to be Zchange then 10082 = 190y 49
DX,
00B2 = 7A4Y
A%,
+ 100B, = 74 iny given that X, Increases by 1 unit.
e Models with Quadratics
> Copture increasing / decreasing vnqvginal effects (slope of the relq’rionship befween X&Yy
is hot constant)
ex  COVID-19 Decveasing returns ,
U O of cases) 2 Y=o+ BX+ gX7+ U A PrOfit (T =y = ot gaX, + B, X"+ U
® @ ©) Q
-0 +28,x d =8+ 28,x
dx w w‘;‘g’yé i dx & ﬁ mé
> x (days) i; > unit (9)

M= (P-MC)g 3 mC =10

T = (100-¢;-10) g Dewmand : P = 100~

Example : Effects of Pullution on Housing Prices Foc, 21l = 0 = qQ- 2"%
0% - . .
By is positive B, is hegative

log(price) = B, + B, log(nox) + By log(dist) + Bsrooms + B,room? + Bsstratio + u
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where
price = housing price
nox = level of pollution
dist = distance from downtown
rooms = number of rooms
stratio = average student per teacher ratio —® In the Us or many covntries | studewrks can apply
The estimation result is given by o gthaols in the area with ovt having fo take any

test. So, the lower stratio | the better school

regress Iprice Tnox dist rooms rooms_sq stratio

source SS df MS Number of obs = 506
F(C 5, 500) = 155.62
Model 51.4933152 5 10.298663 Prob > F = 0.0000
Residual 33.0889098 500 .06617782 R-squared = 0.6088
Adj R-squared = 0.6049
Total 84.582225 505 .167489554 ROOT MSE = 25725
|03 (Pvice) Tprice coef. std. Err. t P>|t] [95% conf. Interval]
|03 (nox) Tnox |[B -.9767545 .0995938 -9.81 0.000 -1.172429 -.7810806
dist |g,-.0321972 .0094013 -3.42 0.001 -. 050668 -.0137264
rooms | pgs—.5528032 .1612965 -3.43 0.001 -. 8697056 —. 2359007
rooms_sq |gg - 0624697 .0124867 5.00 0.000 .0379368 . 0870025
stratio |g¢—.0486667 .0058131 -8.37 0.000 -. 0600879 —-.0372455
_cons 13.59154 . 5650901 24 .4\05 0. ?m 12.4813 14.70178
t1>196  [all<005

~ all vaviables are significant

Consider the effect of "room"

d£og Cprice) = B+ 2p,rooms = -0553 + 2(0062) vooms

d raams
A 4/ at how many rooms does 1 qdditioval ragm
Log Cprice) has a positive impact on log Cprice)
0= -0.553+2(0.002) - raoms
rams = 4.4
/ Answer: at 44 raoms ov wore
wWwW
5 rooms 5
24 ? rooms

What wold be the % change in price when the number of room increases from 5 to 67

- d Bog(price) = -0553 +2(0.062) -vooms

d rgams
100- _1_ dprice = 100 (-0553 + 2(0.062) +5) _
price - 10043 = 63 % increase total zaprice when ¥ vooms ¢
d rooms Wi from 5 10 3 is 63 +10.1 = 25.87

- What about # in price when % rooms increases from 5 to 3
7.aprice = 100 (0553 + 2(0.062) -6) = 191
W\
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4 More on the Goodness-of-Fit and Selection of Regressors

e Adding more regressors ALWAYS improve fit & R? alWays 4

. But we lose the ‘degvee of freedom’
(df = free data point used fo estimate the parameter)
~ 4 data point is sacrificed every time we estimate a parameter

* Using R% would not punisi “having to0 many regression "

. We adJus’red-R" or R when we wovit to punish adding oo many feqvessoKs
RR= 1-SR = 1- SR/w
SST SST/wr

Using adjusted R-squared to choose between non-nested models (one model is not a
subset of another). odj R? =

= 1 - SSR/(n-k-1)
Consider Model 1 SST/(n-1)
— If we have make kdf = nh-k-1 &, SSR/(n-k-n ¢ , ad. R* 4
salary  830.63 +0.0163sales +19.63r0¢
(223.90)  (0.0089)  (11.08)

n = 209, R*=0.029, R?=0.020
Consider Model 2

o —

log(salary) ~ 4.36 +0.2751log(sales) +0.0179roe

(0.29) (0.033) (0.004)
n = 209, R*=0.282, R? =0.275
Wanv

2357 of vavation inY is explqiv)ed
So, this model is better
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