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Chapter 9

Optimization with Equality Constraint with many choice variables

% Lagrange multiplier

% Conditions for optimization

% Maximize output level subject to cost constraint
% Minimize cost subject to output constraint

% Minimize utility subject to budget constraint

% Minimize total expenditure under the level of utility

%

TRANJSITION Or IbEA
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What if choice variables cannot be chosen freely? For example, what if a firm cannot freely

chooses quantities because of production quota? Firm will need to find constrained optimum value.

Suppose that a firm is subjected to production quota of 950, then the profit maximization problem

becomes
max (Qq, Q)
Q1,02 ez

Subject to Q; + Q, = 950

Free Extremum vs. Constrained Extremum

Free maximum

Constrained
maximum

Constraint

0

Economics is about finding the optimal allocation of scarce resources. Hence, the main problems

in economics can be studied as constrained optimization problem. The prototype of such problem

1S:
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maximize f(X,X,...,X,

where(x,,x,,...,x, ) must satisfy
g (%,%,,..,x,) < B,
2 (%,%,,..,x, ) < b,

Optimization with Equality Constraints :Two variables and One Equality Constraint

Let Mr. Musk have utility function U = x;x, + 2x;. [f P, = 4 and P, = 2

Baht per piece, how many piece of good 1 and good 2 will Mr. Musk choose to consume to

maximize his utility?
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Now suppose that Mr. Musk has the budget equal to 60 baht, how many piece of good

1 and good 2 will Mr. Musk choose to consume to maximize his utility?

“Lagrange Multiplier”

Let f and h be functions with two independent variables x4, x,

max f (xq,x5)
X1,X2

Subject to h(xy,x,) = ¢

“Lagrangian Function”
L(x,,%,, 1) = f(xl,x2)+,u[c—h(x1,x2 )]

We will call i Lagrange multiplier.

FONC:

oL
G_XIZfl — uhy (xlaxz)

oL
8_xzzfz — uh, (xloxz)
oL

ou

0

0
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Lagrangian function for utility maximization problem when Mr.Musk has 60 baht is:

Pomework: Write Lagrangian function, first order conditions, and critical values of the following

problems:

(a.)

Max U(x,,x,) = x,x,

St. h(x,,x,)=x,+4x,=16
(b.)

Max z =xy

St. x+y=6
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o

Optimization with Equality Constraints : n variables and One Equality Constraint
S (x,%y,.00X,)
St. g(x,%y,...,x,)=c

Lagrangian function is
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R Second-Order Sufficient Condition£0)

Consider objective function: S(x,%,,.0X,)
St. R'(x,%y,.x,) =0
B (%), %500 X,) = C,

n

The Lagrangian
L(x,%y,00X,) = f(X,Xy,000,X,) + 14 [cl —hl(xl,xz,...,xn)]+/12 [cz —hZ(xl,xz,...,xn)}+...

H, [ck —h* (xl,xz,...,xn)]

First Order Necessary Condition: FONC

L :G_L:O ......................................................................................................

ox,

Second Order Sufficient Condition: SOSC

“Bordered Hessian Matrix”........cccecevnvinennnnn.
We can divide Bordered Hessian Matrix into 4 parts:

Note: We evaluate Bordered Hessian at the critical values.
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(n+k)x(n+k)

(n+k)x(n+k)

We can have submatrix H; with bordered, H;, and so on. Try to get the submatrix from H.
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0 0 0 —h -k —h'
0 0 0 —h —h —h’
— |0 o0 0 —hf —h} —h
1 _hll _h12 _hlk Ll 1 Ll 2 Ll n
_h; _h22 e _h; Lzl Lzz e LG
1 2 k
__hn _hn e _hn Lnl LnZ o Lnn d(n+k)x(n+k)
0 0 0 -k -h —h']
0 0 0 —h> —i —h’
7|0 o 0 —hf —h} —h}
’ _hll hlz _hlk Ll 1 Ll 2 Ll n
_hzl _h22 _hzk L21 Lzz LG
1 2 k
__hn _hn _hn Lnl Ln2 Lnn J(n+k)><(n+k)

Question:
How many submatrices do we need to consider?

Answer:
n — k matrices, i.e. the last n-k leading principle minors of matrix H.

n is the number of choice variables and k is the number of constraints.
We need to focus since Hj 1.

We need to check:
Hk+1 ’ Hk+2 geeose Hn =H

Example 1: the case of one constraint with two choice variables:

0 -h  —h,
H = _hxl XX XX
__hxz XX XpXy |
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Number of choice variables (n) ...........

Number of constraint (k) ...........
So we need to check the lastn-k= ...l Matrix, which is:
0 ~h  —h,
Hk+1 = H1+1 = H2 = _hxl XX X1 Xy =H
__hxz XX XXy |

0 ~h,  ~h_ ~h]
[__I — _hxl XX XX Lx1x3
_hxz X)X XpXp L Xy X3
__ X3 X3 X3, l’x3x3 J
Number of choice variables (n) ...........
Number of constraint (k) ...........
So we need to check the lastn-k=.......................ll Matrix, beginning at H kil =

o b ] 0 ~h  ~h_ —h,
—h
— — — X XX XX X x
[{2 — _hx1 ” ” H3 — H _ 1 1% 1%2 1%3
_hxz XX Xo X X2 X3
__hxz XX XXy | _h
L X3 X3X) X3X X3X3 |
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We need to observe pattern of the determinants of leading principal submatrices as the
following.

The objective function will be at the local max if the last (n-k) leading principal minors have

alternate signs with |Hy | has the same sign as (—1)**1.

The objective function will be at the local min if the last (n-k) leading principal minors have

the same sign as (—1)* for every bordered Hessian that we need to consider.

& SOC of 2 choice variables + 1 equality constraint s

0 ~-h  —h,
‘Hz‘ - _hxl XX XX
_hxz XX XX
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® FOC, SOC wes n choice variables + 1 equality constraint s>

J(x,%y,..05X,)

St. g(x,%y,...,x,)=c
L= f(xl,xz,...,xn)+Z[c—g(xl,x2,...,xn)]

FOC:

L=L=L=.=L=L,=0

SOC:
© MAX

‘H2‘>O; [_—13‘<O;[_—I4‘>0; ...........
© MIN

‘H2 H [——[3 ;[——[4 Seeed Hn‘<0

f
I
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o

Maximizing output level subject to cost constraint

Let the production function be O =¢(L,K)

The total cost is:
TC=wL+rK =C

Question: How will firm choose L and K to maximize output level, given that the total cost must
be C baht.

Step 1: Lagrangian Function

Step 2: First-Order Condition (FONC):

© 6 600000000000000060000000000000006000000600000000000000000000000000000000000000000000000000006000000000000000000000000000000
© 6 600000000000000060000000000000006000000000000000000000000000000000000000000000600000000000000000000000000000000000000000000
© 6 6000000000000000600000000000000060000000000000006000000000000000000000000000000000000000000006000000000000000000000000000000
© 6 600000000000000000000000000000060000006000000006000000000000000000000000000000600000000000000000000000000000000000000000000
© 6 600000000000000060000000000000060000006000000000000000000000000000000000000006000000000000006000000000000000000000000000000
© 6 6000000000000000600000000000000060000000000000000000000000000000000000000000006000000000000006000000000000000000000000000000

0600000000000 000000000000000000000000000000060000000000000000000006000000000000000000000000000000000006000000000000000000000
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Economic Interpretation

\ 4
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Step 3: Second-Order Sufficient Condition

3.1 Construct Bordered Hessian

T
I

3.2 Check the last n-k leading principle Minor
n= k=

We need to check the last leading principle Minor, which is
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o

Minimizing cost given a level of output:

Least Cost Combination of Inputs and Conditional Input Demand

Assume that a firm needs to produce output equal to Q, units from production function

Q0 =F(L,K), and the firm would like to choose the level of capital and labor that minimize the
cost.

-----------------------------------------------------------------------------------------------------------------------------------
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Economic Interpretation

v

Step 3 Second-Order Sufficient Condition

3.1 Construct Bordered Hessian

T
I
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3.2 Check the last n-k leading principle Minor
n= k=
We need to check the last leading principle Minor 1iufo

The Expansion Path
Expansion Path is the least cost combination between L* and K* given many levels of given
outputs.

v

If Isoquants are strictly convex, expansion path can be found from the first order
conditions.

If a firm has Cobb-Douglas production function Q= AL“K”,

In this case, the optimal ratio of capital to labor is constant and is equal to
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Conditional factor demand vs. Factor demand
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Cost minimization problem vs. Profit maximization problem
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o

Utility maximization subject to budget constraint
U=U(x,y) U,U,>0)

St. xP.+yP,=B
Step 1: Lagrangian Function

------------------------------------------------------------------------------------------------------------------------------------
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Economic Interpretation

Interpretation 1 : Marginal utility per one baht paid

Interpretation 2: Indifference Curve

v
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Meaning of Lagrange multiplier

Step 3 Second-Order Sufficient Condition

3.1 Construct Bordered Hessian

T
I

3.2 Check the last n-k leading principle Minor
n= k=
Check the last leading principle Minor :
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Suppose that the utility function takes the form of Mr. Musk:
1 1

Ux,y)= leEyE

Mr. Musk has m baht. Price of Good x is P,, and price of good y is P,. What will be the level of

x and y that maximize the utility?

Lagrangian function:

-------------------------------------------------------------------------------------------------------------------------------------
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SOC:

Minimize Total Expenditure Under the Level of Utility

Suppose now that a consumer would like to have utility U, . Her utility is U =U(x, ).

-------------------------------------------------------------------------------------------------------------------------------------
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Step 2 First-Order Condition (FONC):
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Step 3: Second-Order Sufficient Condition

3.1 Construct Bordered Hessian

T
I

3.2 Check the last n-k leading p;inciple Minor
n= k=

Check the last leading principle Minor:
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Duality: Utility Maximization Problem vs. Expenditure Minimization Problem

Other optimization problems:

WMaltiproduct firm with techvological constraint
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Multiplant firm who knows exact total market demand



