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Solution Part II: Exercise for Assignment 5

1. Let X ={1,2,3} and Y = {a,b, c,d}. Define relations
FiX Y by f={(1,0),(2.0), (3.0},
g: X =Y byg=1{(1,a),(3,c)}, and
BiX oY by h={(La), (2,0), (3,b), (3,)}.

Draw the arrow diagrams of f, g, and h.

(a)

(b) Show that f is a function, but g and h are not functions.
()

(d)

(e) What is f(3)7

¢) Find the domain of f, co-domain of f,and range of f.

What is the inverse image of a for the function f?

Solution:

(a) Draw the arrow diagrams of f, g, and h.

X f Y X g Y X h y
7N i N

1 1 1 3

2 2 2

3 3 3

Figure 1: Problem 1(a)

(b) Show that f is a function, but g and h are not functions.
f is a function because(i) every element in the domain is used and (ii) each x € X gets
mapped exactly once( for each x € X, there is a unique y € Y so that (x,y) € f, or if
(z,y1), (x,y2) € f then y1 = y2 ).

(¢) Find the domain of f, co-domain of f,and range of f.
The domain is X = {1,2,3}
The co-domain is Y = {a, b, ¢, d}.

The range is {a, c}.

(d) What is the inverse image of @ for the function f7
The inverse image of a are the elements in X that get mapped to a:

Inverse Image of a = {1, 2}.
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(e) What is f(3)7
Since (3,c¢) € f, then f(3) = c.
2. Let A={-1,1,2,4} and B = {1,2} and define relations R and S from A to B as follows: For

all (xz,y) € A x B,
zRy< |of =yl

and
xSy & x—yiseven.

State explicitly the sets A x B, R, S, RUS, and RN S.

Solution:
e Ax B={(z,y)lr € A,ye B} ={(-1,1),(1,1),(2,1),(4,1),(—1,2),(1,2),(2,2),(4,2)}
o = {(x,y) € Ax BH.’/U’ - |y’} - {(_17 1)7 (17 1)7 (2a2)}
e R={(z,y) € AXx Blz —yiseven} = {(—1,1),(1,1),(2,2),(4,2)}

RUS={(-1,1),(1,1),(2,2),(4,2)}
RNS={(-1,1),(1,1),(2,2)}

3. Let A = {1,2,3} and Z be the set of all integers. Let P(A) be the set of all subsets of the set
A, and
X ={zeP(A)] zn{1} #0}.

Define a relation r from X to Z as
r={(z,y) € X X Z| y = the number of elements in z}.
(a) List all elements in X.

(b) Draw an arrow diagram of r .

(¢) Is r a function? If so, find the domain, co-domain, and range of r.
Solution:

(a) List all elements in X.

Since P(A) = {(2), (1}, {2}, {3}, {1,2},{1,3}, {2, 3}, {1,2,3}},
X ={zeP(A)| zn {1} £0} = {{1},{1,2}.{1,3},{1,2,3}}.

(b) Draw an arrow diagram of r .

(c) Is r a function? If so, find the domain, co-domain, and range of r.
Yes, r is a function because(i) every element in the domain is used and (ii) for each z € X,
there is a unique y € Z so that (x,y) € r, or if (z,y1), (x,y2) € r then y; = y2 (i.e. each
x € X gets mapped exactly once).
The domain is X = {{1},{1,2},{1,3},{1,2,3}}
The co-domain is Z = { oy —3,-2,-1,0,1,2,3, ... }

The range is {1,2,3}.
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[
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Figure 2: Problem 3(b)

4. Define H : R xR — R x R as follows:
H(z,y) = (x+ 1,2y —3) for all (z,y) € R xR.

(a) Is H one-to-one? Prove or give a counterexample.
(b) Is H onto? Prove or give a counterexample.

(c) Is H bijective? If so, find H~!, the inverse function of H.

Solution:

(a) Yes, H is one-to-one. To prove this, we will show that for (z1,y1) and (x2,y2) in the
domaina if H(xb yl) = H($2, y2)7 then (xla yl) = (x27 y2) Suppose H(:Ela yl) = H(x27 y2)7
Then

H(zi,y1) = H(z2,y2)
($1+172y1_3) = ($1+17291—3)

and this is equivalent to x1 + 1 =29 + 1 and 2y —3 =2y — 3, or
r1+l=204+1 <& z1=1a9

200 —3=2y2—3 & 21 =2y S Y1=1Y2
ie., (z1,y1) = (x2,y2). That is, H(x1,y1) = H(x2,y2) implies (z1,y1) = (z2,92). u
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(b)

Yes, H is onto. To prove this, we will show that for any (u,v) in the co-domain R x R,
there exists (z,y) from the domain R x R such that H(z,y) = (u,v).
Suppose, temporarily that, there is (x,y) such that H(x,y) = (u,v). Then,

H(z,y) = (u,v)
(r+1,2y—3) = (u,v)

ie., wemust havex +1=u <& and2y—3=v & |y=42|

Since u,v € R, then x =u— 1,y = ”TH’ €R.
That is, for any given (u, v) in the co-domain RxR, we can find (z,y) = (u — 1, %52) € RxR
in the domain, such that

Huwy:H<u—L“;3):H<u—1+L%”;%—3>:(mv+3—$:cmw,

and hence H is onto. [ |

From (a) and (b), since H is both one-to-one and onto, then H bijective.
To find the inverse function, H ', of H, we recall from the definition

H ' (u,v) = (z,y) & H(zy) = (u,y).

Since we have from (b) that

H <u -1, M) = (u,v),
2
and hence the inverse function H=': R x R — R x R is given by

H Y (u,v) = (u— 1,1)2—'—3> .
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5. Define functions f; : [0,2) — R as
fi(z) = 2
and define f5 : [2,00) — R as
fo(z) =3z — 2.

Let F :[0,00) — [0,00) be a function defined by using f; and fa:
F(z) = fi(x), for z€]0,2), and F(z)= fo(x), for =z € [2,00). That is,

(a)
(b)

()
(d)

[ 2 z €[0,2)
Fla) = { 3r—2, w€[2,00).

Find the domain, co-domain, and range for each of the functions f;, fs, and F.

Construct the composite functions fi o fa, fa o f1, and fi o F' (if possible). Determine the
domains and ranges for these composite functions.

Are f1 and f5 injective? Explain.

Is the function F' bijective? If so, find the inverse function of F.

Answer

(a)

The domain, co-domain, and range for each of the functions fi, fo, and F.
The domain of f; is Dy, = [0,2), and the range is Ry, = [0,4), which comes from:

0<z<2 = 0<z?<4 = 0< fi(z) < 4.
The domain of fs is Dy, = [2,00), and the range is Ry, = [4,00), which comes from:
2< = 3z —2>4 = f(z2) > 4.

The domain of F'is Dp = (00,2) U (2,00) = [0,00), and the range is Rr = [0, 00), which
comes from:

For z =€[0,2),0<z<2 = 0<z’<4 = F(z)€]0,4).
For x =€ [2,00) = 2<z = 3r-2>4 = F(z) € [4,00).

Construct the composite functions fi o fo, fa o f1, and f1 o F' (if possible). Determine the
domains and ranges for these composite functions.

f10 fa can be defined only when Dy N Ry,.
From the previous part, we have Dy N Ry, = [0,2) N [4,00) = (), so we cannot construct

fio fa.

|
f2 o f1 can be defined only when Dy, N Ry,.
From the previous part, we have Dy, N Ry, = [2,00)N[0,4) # (0, so we can construct fao fi:
for x € Dy,,

(f20 fi)(@) = fa(fi(x)) = fa(2?) = 32% — 2.
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For the domain Dy,.y, of f2 o fi, we must have Dy,.r, C Dy, and also for x € Dy, to have
fa(fi(x)) well-defined, we must have fi(x) € Dy,:

fi(z) >2 = ) = r>vV2o0rz < —V2.

So the domain Dy,o, is {(—00, —v2] U [v'2,00) } N Dy, = {(—00, —V2] U [V2,00) } N[0, 2] =
[v/2,2]. From (fa 0 f1)(x) = 32% — 2, for x € [v/2,2],

V2<2<2 = 32-2<3:2-2<34-2 = 4<322-2<10 = (feof1)(z) € [4,10]

and the range of fs o fi is [4,10]. |
f1 0 F can be defined only when Dy, N Rp.
we have Dy, N Ry = [0,2) N [0,00) # (), so we can construct fi o F: for x € Dp,

(fio F)(x) = f1(F(x))

and we have to choose the formula for F'(x) such that

F(z) € Dy, & 0< F(x) <2 & F(z) = 2%
Note that if we use F'(z) = 3z — 2, we will have F'(x) > 4 because x > 2. Hence,
(fi 0 F)(@) = fi(a?) = o
The domain can be obtained from x € Dp,
F(z)eDy & 0<2’2<2 & 22-2<0 & (@V2)@E+V2)<0 & —V2<z<V?2

which implies that the domain Dy, of is [0, 00]N(—v/2,v/2) = [0,v/2). From (fioF)(z) = z*,
for z € [0,v/2),
0<z<v2 = 0<a'<4

and the range of fi o F'is Ry or = [0,4).

(c) Are fi and fy injective? Explain.
Yes, both fi and fo> are injective. It can be shown that f; is injective as follows.
Let z1,22 € Dy, =[0,2). We want to show that

fi(z1) = fi(x2) implies 1z = z9.
Suppose fi(z1) = fi(z2). Then, for z1,z2 € [0,2),

filz1) = fi(z2)

2 = i
r1T = X9.
Note that we cannot have x1 = —xo since x1,2x2 > 0 . Hence, f1 is injective. [ |

It can be shown that fs is injective as follows.
Let x1,29 € Dy, = [2,00). We want to show that

fg(xl) = fQ(xg) implies r1 = X9.
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Suppose fa(x1) = fa(22). Then, for 1,22 > 0,

fo(z1) = fazo)
3$1—2 = 3$2—2

ry = X2,

by adding 2 and dividing by 3 throughout the second equality. Hence, fs is injective. W

Is the function F' bijective? If so, find the inverse function of F.
Yes, F' is bijective. This can be verified by showing that F is one-to-one and onto.

F' is one-to-one.
This can be shown as follows.
By definition, for x1, 29 € Dp = [0,00), F' is one-to-one if

F(x1) = F(xg) implies 1z = zo.

Since there are two formulas for F' depending on the value of x, we will consider 3 cases for
the values of x1 and za: (i) 21,22 € [0,2), (ii) 21,22 € [2,00), (iii) 21 € [0,2) 22 € [2,00).

(i) For x1, 22 € [0,2), we will use F(x) = 22 and, just like f;, we have

F(z1)=F(x2) = axi=25 = x1=22.

(ii) For x1,22 € [2,00), we will use F'(z) = 3z — 2 and, just like fa, we have
F(x1)=F(z2) = 3r1—-2=322—2 = 1 =x9.
(iii) For z1 € [0,2) and z3 € [2,00), we will use the contrapositive of the definition:
Ty # w2 = F(r1)# F(22).
In this case, since 1 and x5 are from a disjoint intervals, then x1 # z2. We see that,
1 €1[0,2) = F(z) =22 c[0,4)
as also shown in part (a) for range of F'. and
x92 € [2,00) = F(z2) =3x3—2¢€ [4,00).

That is, F(x1) # F(z2) because they are in two disjoint intervals [0,4) and [4, c0).

From cases (i)-(iii), we can conclude that F' is injective.

F is onto.

Since F' has two formulas and they give function values in two different disjoint intervals:
[0,4) and [4,00), as shown above and as also shown in (a), we will verify that F' is onto
using two cases.

Let y € [0,00), which is the co-domain of F.
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o If y €]0,4), we can find z € D = [0,00) as follows.
Set y =22 = xr =,/y. So,

Since 0 <y <4, then 0 < \/y <2, and x = \/y € [0,2) C Dy.
o If y € [4,00), we can find x € Dp = [0,00) as follows.
Sety=3r—-2 = z=%=. 50

Since y € [4,00) or y > 4, then%z%zz andw:yTHG[Zoo)CDp.

The above two cases cover all possible values of y in the co-domain [0,00) of F. That is,
for any given y € [0,00), we can find x € Dp such that F(z) = y and hence, F' is onto.

Since F' is one-to-one and onto, then it is bijective. |
We now will find the inverse, F'~!, of F', which satisfies

Flz)=y & Fl(y=ux

When we showed that F' is onto, we have
e For y € [0,4), there is x = |/y € [0,2) such that

F (5 =v.

e For y € [4,00), there is x = yT—i-2 € [2,00) such that

Y+ 2
Fiz
(557) -

That is, we can defined F~1 : [0,00) — [0,0) as

6. Let f and g be functions from R to R. Find fog, go f, and determine whether or not fog = go f
for the given formulas for f and g. Compute (f o ¢g)(2) and (g o f)(2).

T

(a) f(z) ==, gl@)=2"+1.
(b) f(z)=2° g(x)=2a'/>

Solution: First notice that all domains and ranges of f and g for both (a) and (b) are the set
of real numbers R and therefore it is possible to define f o g and g o f.
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(a) f(z) ="~ g(z) = 23 + 1. The function fog:R — R is defined by

3+ 1

(fog)(gg):f(g(ﬂf)): ($3+1)2+1

and function go f : R — R is defined by

(90 1)) = 9(f(x) = (ffﬂ)g i

12

2

3
So we have (fog)(Q)ZV%Z\/%and (9o f)(2) = (Tﬂ) +1=

that since (f 0 ¢)(2) # (go f)(2), then fog+# go f.
(b) f(x)=a° g(x) = 2'/5. The function fog:R — R is defined by

(o 9)(a) = flg(a)) = (+°) = .

and function go f : R — R is defined by

(9o N)(@) = g(f@) = («°)"/° =

_ 8+5v5 ;
N Notice

Notice that since (f o g)(z) = (go f)(z) for all z € R, then fog = go f. So we have

(feog)2)= (90 f)(2)=2

7. Let f:R—{1} — R—{—2} be a function defined by f(z) = 2L

(a) Compute f o f and determine its domain.

(b) Determine whether f is bijective. If so, find the inverse function f~! and fo f~1.

Solution:

(a) The composite function f o f can be defined when Dy N Ry # (. The domain of f is
Dy =R —{1}. To find the range of f, we have to find all possible values of y = f(x), which

can be found by first sety:f(x):%and then solve y in term of x:
2z +1
yzl—x y—yr=2z+1 & yr+2z=y—1 &

which implies that y can be any real number except —2 and the range is
Since Dy N Ry = (R—{1}) N (R — {—2}) # 0, we can define f o f as:

(f o)) =f<

- 1— 2¢+1 = 1—x—2x—1 — —3r

l—= 1—x 1—x

2% + 1) B 272196:;1 +1 74”1231% 3z +3 _ ozt 1

_y—1
Cy+2

Ry =R—{-2}.

X

X

The domain of Dy.s can be obtained from x € Dy = R — {1} and using the fact that: we

can evaluate f(f(z)), only when

f(x)e Dy = f(x)#1 or 21:U_+1

That is, the domain of fo fis Dy N (R —-{0}) =R —{0,1}

:E;é—l &S l—z=22+1 & 3r#0 <
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(b) The function f is bijective.
[ is one-to-one. Let 1,29 € Dy =R — {1}. We want to show that
f(xz1) = f(xo) implies 1z = z9.
Suppose f(x1) = f(z2). Then, for z1,z9 € R — {1},
flz) = [flx2)
2x1 + 1 - 20 + 1
1-— xI1 N 1-— €To
2z +1)(1—z2) = (2z2+1)(1 —x1)
201+ 1 — 22129 — 290 = 2290+ 1 — 22921 — T1
2r1 —x9 = 2290 — 11
3ZE1 = 31’2
r1 = I2.
That is, f is one-to-one. |

f is onto. For a given y € R — {—2}, which is the co-domain, we can show that f is onto

by first setting y = f(z):

_230—1—1
o 1l—=z

Y & y—yr=2z+1

& yr+2x=y—1 &

y—1
r=>—.
y+2

Since y € R — {2}, then y # —2 and z is well-defined real number in R. To show that
and we will see that

fE]R—{l},Wewilltlrytoset1:a::E

yT2

y—1l=y+2
. .. . _oy—1
which is impossible and so z = o

x:y;leDf:R—{l} such that

= —1=2,

# 1. That is, given y € R — {—2}, we can find

<2y—2+y+2>

y+2 _<3y>

v 2
ra=1("55) -

and, hence, f is onto.

To find the inverse, we can set y = f(x) =

_23:—1—1
o 1-—=z

Y & y—yr=2z+1

2x+1

11—z

&S yrt+2x=y—1 &

y+2 B
y+2—y+1 3 y
y+2 y+2

as we did earlier and

y—1
=",
y+2

which implies that the inverse function f~!: R — {-2} — R — {1} is given by

)

rz—1

or, equivalently, f~!(z) = e

that we can use the definition by using : f (

y—1

(by changing the notation of the variable from y to z). Note

-1 _ -1
)=y e =i =

10
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fof™
Note that Df = Rffl =R — {1} and Rf = fol =R — {—2}. So DfﬂRfﬂ =R-— {1} 7'é 0
and we can define fo f~1: R — {1} = R — {1} by

—1 20—2+a+2 3
z—1 _2<%3>+1_<Jﬁﬁ§ >_(ﬁ%>
xr+2/) 1_<@> - <x+2—m+1> - (i)
x+2 x+2 T+2

That is, | (f o f~!)(z) = x| is an identity matrix on R — {1}. Note that the above process
is similar to (1. [

=x.

(fof ) =1 (

11



