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Chapter 10
Inequality Constraints Optimization

The optimization problem with m inequality constraints
is written as

max f (X)
st.h(x) <b.

where h: R* -» R™,

Definition A constraint h'(x) < b; is binding (active, or
effective) at a solution X, if h'(Xy) = b;, and not binding if
hi(XO) < bi'

We will first discuss the case of one inequality
constraint,

max f (X)
st. h(x) < b.

then state the results for the general case.

10. 1 First-Order Sufficient Conditions: One
Inequality Constraint

Theorem Ifx”is a local maximum point and the constraint is
binding at X*, we have

V(") —pu'Vh(x") =0
u*=0.

Sketch of Proof: If the constraint is binding, we have exactly
the same situation as in the equality-constraint case; so the first-
order  condition  applies. The  reason  that
u* = 0 comes from the fact that the gradient of a function points
to the direction the value of the function increases at the fastest
rate.



Thanet Makjamroen 2) Chapter 10
10/ 1 /2022 Inequality Constraints Optimization

Vf(x*)
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Contour lines of f(x)

Figure 10.1 The gradients Vf(x*) and Vh(Xx*) at an
maximum solution x* when h is binding.

We can just write the same Lagrange function

L&, w) = fx) = u(h(x) - b),

as in the equality constraint case and the local maximum point
x* must also have the gradient VL(x*, u*) = 0 with the value of
u* is required to be nonnegative.

Theorem Ifx”is a local maximum point and the constraint is
not binding at X*, the gradient Vf (x*) = 0.

Proof When the constraint is not binding at X*, it means that x*
is in the interior of the feasible set. The point x* is thus a local
maximum point for the unconstrained maximization of the
function /. By the first-order condition of in the unconstrained
optimization, the gradient Vf(x*) = 0.4

—_— Contour lines of f (x)

Figure 10.2 The gradient Vf(x*) at an maximum point X"
when h is not binding.

Assuming that the point X* is a local maximum point of
the function f under the inequality constraint h(x) < b, the
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following two exclusive and exhaustive cases according to the
two theorems above,

a) If h(x*) = b, then u* > 0, and
b) If h(x*) < b, then u* =0,

can be shown to be equivalent to the so-called complementary
slackness condition

w(h(x*) —b) =0,and u* = 0.

This condition replaces the condition that the partial
derivative of £ with respect to u is zero at a local maximum
solution X* in equality constraint optimization. We state this in
the following theorem.

Theorem (Simon and Blume [1994], Theorem 18.3, page 427)
Suppose f'and / are functions in C! and x* is a local maximum
point under the constraint h(x) < b. Write the Lagrange
function

L(x, 1) = f(x) — p(h(x) — D).
Then there exists a constant u* such that,
a) vxLa(X*rM*) = Vf(x") —u'Vh(x) = 0,
b) o L&, p) = —p'(h(x") —b) = 0

c) u* =0, and
d) h(x*) < b.

HW Rewrite this theorem for the maximization of f(x) with
h(x) = b ; minimization of f(x) with h(x) = b; and then
minimization of f(x) with h(x) < b.

Example Simon and Blume [1994], Example 18.7.
Maximizing f(x,y) = xy, subject to g(x,y) =x2+y? <1,

the points (x*y5,u) =
101 1 1 1 1) (1 11

(E'E'E)'(_E'E"E)'(ﬁ'_ﬁ'_z)' and

(—%, — %,%) are found to satisify the four conditions in the

Theorem 18.1.

HW. Simon and Blume [1994], Example 18.8. If we
maximize a utility function subject to the inequality budget
constraint p,x + p, ¥y < B, the optimal solution will be the same
under equality budget constraint. Why?

10.2 First-Order Sufficient Conditions: Several
Inequality Constraints
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Theorem (Simon and Blume [1994], Theorem 18.4, page 430)
Suppose f and h are functions in €', where h: R® - R™
h(x) < b, and x* is a local maximum point. Assume without
loss of generality that the first b constraints are binding at x*
and the last m — b are not. Write the Lagrange function,

L(x,p) = f(x) — p'(h(x) —b),
where p € R™. Then there exist a vector p* such that

a) Vi L(x*, n*) = Vf(x*) — Vh(x")Tp* = 0,
b) ui (Ri(x*) —b;) =0,i=1.2,..,m,

c) B =0, and

d) h(x*) <b.

Example Simon and Blume [1994], Exercise 18.9.
Maximizing f (x,y, z) = xyz subject to the constraints x + y +

z<1 , x=20, y=20 , and z=>0 , the point
(x*, %,z U3, U3, U3, Uy) = (i,gé,g, 0,0,0) is found to satisfy

the conditions in the theorem above.

Example Maximize x2x,, subject to x; + x, < 12 and 3x; +
X, < 18.

Solution:
Write the Lagrange function and the first-order sufficient
conditions as

L(x1, %5, 1y, Hp) = xfxz — p(xg +x, —12)
—U2(3x1 + x; —18)

10.3 First-Order Sufficient Condition: Mixed
Constraints

The first-order conditions for the inequality and equality
constraints are then combined to be the conditions for the mixed
constraints case. Then we will state the second-order sufficient
conditions for the inequality and mixed constraints later in one
theorem.

Theorem (Simon and Blume [1994], Theorem 18.5, page 435)
Suppose f:R®" >R , gR® > RF and h:R™ - R™ are
functions in €, and x* is a local maximum point of f on the
feasible set {x|x € R", g(x) =c h(x) <b} . Write the
Lagrange function,

LxAp =fx) -1 (gx) — ) —p'(h(x) —b),

where A € R* and p € R™. Then there exist vectors A* and p*
such that
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a) Vi L(x*, A", 1) = Vf(x*) — Vg(x*)"A" — Vh(x*)'p* = 0,
b) VL(x", A", w") = —(g(x") —¢) = 0,

o) ui(R(x") —b) =0,i=12,..,m,

d) u* = 0, and

e) h(x") <b.

Example Simon and Blume [1994], Exercise 18.10.
Maximizing f(x,y) = x — y?, subject to x> + y2 =4, x =0
and y = 0, the point (x*, y*, u3, 13, U3) = (2,0,%, 0,0) is found
to satisfy the conditions in the theorem above.

10.4 First-Order Sufficient Conditions:
Minimization under Mixed Constraints

If we maximize f(x) subject to h(x) < b, we require
that the multipliers p* > 0. The following theorem states that
when we minimize f(X) and wantp® > 0 we have to specify
that the inequality constraints are in the form h(x) > b.

Theorem (Simon and Blume [1994], Theorem 18.6, page 437)
Suppose f:R®" >R , gR® > RF and h:R®™ - R™ are
functions in C! and x* is a local minimum point of f on the
feasible set {x|x € R",g(x) =c,h(x) >b} . Write the
Lagrange function,

LxAp =f(x) -1 (gx) — ) —p'(h(x) —b),

where A € R* and p € R™. Then there exist vectors A* and p*
such that

a) VXL(X*,)L*, ll*) = Vf(X*) - Vg(X*)T)L* - Vh(X*)Tu* =0,
b) V;L(x", A%, 1) = —(g(x") — ) = 0,

o) ui(R(x") —b) =0,i=12,..,m,

d) u* = 0, and

e) h(x*) > b.

Proof By direct application of previous theorem and see the
next problem.U

HW Show that we can obtain the above theorem by applying
the previous theorem to the problem of maximizing —f subject
to —h(x) < —band g(x) = c.

Example Simon and Blume [1994], Exercise 18.10. Minimize
f(x,y) =2y —x? subjecttox? +y?2 <1, x=>0andy = 0.

10.5 Second-Order Sufficient Conditions: Mixed
Constraints
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This result obviously is applicable also for the
optimization problems with only equality or inequality
constraints.

Theorem (Simon and Blume [1994], Theorem 19.8, page 466)
Consider the maximization of f in the feasible set {x|x €
R", g(x) = ¢,h(x) < b}, where f: R" - R, g: R* - R* and
h: R" - R™ are twice-differentiable functions. Write the
Lagrange function

Lx,Ap =f(x) -2 (gx) — ) — p'(h(x) —b).

Suppose at a given point X*, the following hold.

a) There exist vectors A" and p* such that all the first-
order conditions are satisfied.

b) Without loss of generality, assume that the first r
inequality constraints are binding at X* and that the
last m — r are not. The Hessian VZL(x*, A*, W) is
negative (positive) definite under the restriction of the
linear constraints

[Vg'(x*)"]

Vg(x*) ] d= |9 C e jEtr

Vh™ (x|~ [vAl(x")T

[ VA" (x*)T ]

That is, dTVZL(x*, A%, ni)d < (>)0, for all d € R",

d+0, and [vvl?r(?)

Lagrange Multipliers associated with the r binding

]d =0, where p; are the

constraints, i.e., 0" = [l:)r]

Then the solution x* is a strict local constrained maximum
(minimum) of f.

Definition The point x* that satisfies the condition (a) of the
theorem above is called a critical point.

To check the condition (b), construct the Bordered
Hessian H

0 0 —Vg(x*)
= Vi LX) = 0 0 —Vh" (x*)
—Vg(x)T —Vh"(x)" VRL(X", A%, m;)

Hr
b

€ ]R(k +r+n)x(k+r+n)
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where ;. is the vector of the Lagrange multipliers of first r
binding inequality constraints.

Condition (b) holds if and only if the Bordered Hessian
H is negative definite. The Bordered Hessian H is negative
definite if the determinant of H has the same sign of (—1)" and
the last n — (k + r) leading principal minors alternate in sign,
and positive definite if the determinant of H and all the last n —
(k +17) leading principal minors have the same sign as

(_1)k+r'

If the Bordered Hessian H at the critical point
(x*, A", w¥) is neither negative nor positive definite, then the x*
is not guaranteed to be a local constrained maximum nor
minimum point.

10.6 Second-Order Necessary Conditions

The corresponding necessary condition that a
constrained maximum solution must satisfy is, of course, that
the Hessian V2L(x*, A*, u*) is negative semidefinite for all

Vg(x")
Vhr(x*)] d=0. The
characterization of constrained positive (negative) semi-
definiteness in terms of principal minors of the Bordered
Hessian H can be found in Theorem 5.5 of Sundaram [1996],
page 120.

direction d under the restriction [

10.7 Comparative Static Analysis: Sensitivity
Analysis

Suppose that the constrained optimization contains a vector of
parameters d, € R?. We write

max f(x; dg)
st.g(x;dy) =0
h(x;d;) <0,

where the parameters d, can be both in the objective function
and the constraints. The right-hand-side of the constraints are

now set to zero so that the parameters d, here could also be the
right-hand-side itself.

The Lagrange function is, for a given vector d,
Lxhwd) =f(xd) -2 (glxd) —c) — n'(h(x;d) — b).

Assuming the first r inequality constraints are binding, the first-
order condition is thus a set of implicit functions:
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ViL(x(d), A(d), u,(d); d)

Vi L(x(d), A(d), p.(d); d) = [V, L(x(d), A(d), . (d); d)

A
br V. L(x(d),A(d), pn,-(d); d)
—g(x(d); d)
_ —h"(x(d); d) = 0.

V,f (x(d); d) — V,g(x(d); d)"A(d) — V,h" (x(d); d) ", (d)

If (x*, A%, u*) is the optimal solution for the parameter
vector d, under the condition that

\Y Vil L(x5 A5 w5 dy) | = V3, L(x5 A5 w5 dy) = Hx', A5 p';dy)
My
X

A

Hr
b

A

Hr
b

is nonsingular, which is true if the second-order
sufficient condition holds, then there is a differentiable

[ A(d)
function | n,-(d) | such that
| x(d)
a) VraL(x(d), A(d), p,(d);d) =0, for |[d —doll <&
A(d,) A
b) [mr(do)| = [u; and
x(dy) X"
c) the gradient
Ad)|
Va [mr(do) [ = —[H&", A", w5 do)] 7'V [Vpa LG5, A%, p'5 dy)
x(d,) b
X
0 0 vg(x:;dy) |7t
— 0 0 Vh"(x*; d,)
Vg(x';dy)" Vh'(x%dg)" VEL(X, AT,y d,)
—Vag(x(d); d)
—Vqh" (x(d); d) :
ValVyf (x(d); d) — V,g(x(d); d)"A(d) — V4h" (x(d); d) ", (d)]
A(dy) A
We may write interchangeably Vg |- (dg) | = V4 [p; :
x(d,)

10.8 Kuhn-Tucker Formulation
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The most common constrained optimization
problems in economics are of the form,

max f (x)
sth(x)<b
x=>0.

Kuhn-Tucker formulation is a special Lagrange
method for this form optimization. Assume the rows of
the Jacobian Vh" (x*) of binding constraints are linearly
independent. Write the usual Lagrange Function:

L pv) =fx) —pihx) —b) +vx

The first-order conditions according to the theorem in
Section 10.2 are

a) VL(X', ', v*) = Vf(x") — Vh(x)"p" +v" = 0,
b) ui (Ri(x*) — b)) = 0,i = 1,2,...,m,

©) vixj =0,j =12,..,n,

d) h(x*) < b,

e) X" =0,

f) n* =0, and

g v =>0.

Definition The Kuhn-Tucker Lagrange function L is a

modified Lagrange function that does not include the
nonnegativity constraint portion. That is,

L w = f(x) - p"(h(x) - b).

Since L(x, 1, v) = L(x, ) + vTx, the condition
(a) at (x*, *) becomes

A) VXE(X*I p) = —-v',
this, together with (¢) and (g), we have

LOE
C) x; ox, 0,j=12,..,n
G) VX'LA(XI l'l) S 07

For any solution X,

ViL(x,m,v) = Vuﬁ(x, ) = —h(x) + b,

therefore, at (x*, u*), the conditions (b) and (d) become
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* l N —p.) = yF—= = | —=
B) p(h'(x") —b;) = i 5 =0,
1,2,..,m

D) Vuﬁ(x*, p) =0,

Thus, we have proved the first-order condition of the
Kuhn-Tucker Lagrange function as follows.

Theorem (Kuhn-Tucker First-Order Conditions)
Consider the maximization of f in the feasible set
{x[x € R, h(x) <b,x> 0}, where f:R" > R and
h: R" - R™ are differentiable functions. Write the
Kuhn-Tucker Lagrange function

L w = f(0) — p"(h(x) —b)

Suppose x* is a local maximum solution to the
maximization problem. Assume that the rows of the
Jacobian matrix of these binding constraints are hnearl
independent. Then, there exists a nonnegative vector | &
such that

a) V,L(x*,n*) <0,
« 0L

b)x —=0,j=12,..,n
c) VHL(X*, pn) = 0, and

« 0L .
d) ia_lli_O’l_1’2’ , m,
e)x* =0,
Hp =0,

HW Write the Kuhn-Tucker First-Order Conditions for
the maximization problem under the mixed constraints.

HW Write the Kuhn-Tucker First-Order Conditions for
the minimization problem under the inequality (=)
constraints, as derived from the first-order conditions of
the ordinary Lagrange function.

HW Write the second-order sufficient conditions, given
a point satisfies the Kuhn-Tucker First-Order Conditions
for the maximization problem under the inequality
constraints.

There are two advantages over the usual
Lagrange formulation. First it involves only n +m
equations and n + m unknowns, compared with 2n + m
equations and 2n+m unknowns in the usual
formulation. Second it shows a symmetry between the
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primal variables X and the dual variables p. This leads
naturally to the dual analysis in optimization. See
Chapter 22 of Simon and Blume [1994] and Cornes
[1992] for more duality discussion.

Example Duality in Linear Programming. Consider the
maximization problem

max f(x) = ¢'x
sth(x) =Ax—-b<0
x=>0.
The Kuhn-Tucker Lagrange function is
Lix,p) = c"x — u"(Ax - b)
If x* is a local maximum solution, it is a global

maximum solution (see the problem below), and noting
that

a,.
A=[24 a; an] =|a;
A

AT = a..Tj '

the Kuhn-Tucker conditions are

a) V,L(x",p) =c—ATp" <0,
b) x; (¢; — aEu*) =0,j=12,..,1,,
¢) V,L(x",n*) = —AX" + b > 0, which is just

Ax* < b, and
* 6£ * * .
d) u; PR =u;(@x" —b)=0,i=12..,m,
e)x" =0
f) p* = 0.

The variables p are called the dual variables. The
conditions (b) and (d) are the complementary slackness
conditions.
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HW Show that if x* is a local maximum solution of the
above Linear Programming problem, it is a global
maximum solution.

HW Show that the same four conditions in the example
of Duality in Linear Programming above can be obtained
from the minimization problem

minbTp
st. ATu > ¢
n=0,

using X as the dual variables. We can conclude therefore
that if we can solve one problem, we solve the other.

HW Write the dual LP of a maximizing primal LP
having
a. one greater than or equal constraint,
b. one equality constraint,
c. one variable is restricted to be nonpositive
d. one variable is unrestricted and it can take
positive or negative value.



