9.1
(@

L =@x+2)(y+1) + A(20 - ax - 5y)
L =y+1-4a=0
€L =x+2-51=0
L =20 -ax -5y =0
(b) L =xyz+AS-ax-y-2)
L. =yz-ra=0
£,=x2 - A=0
L, =xy-A=0
g =5-ax-y-z=0
(©) @ = x5y05 + (g, ~ax - y)
@ = 05x%y% - Jha =0
2 =05x%y % -k =0
L, =g —ax -y =0
(d)

P = Aln(x"yPz") + A(g, - ax?-y* -z%)

A(clnx + Plny + ylnz) + A(g, - ax*-y*-2z?)

&Ex:ﬂ—Zaxk:O
X

@ -A40 5y -0
y

SEZ:A—Y—ZZ?L:O
z

L, =g —ax* -y -2z2=0
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()

D =xPryrez? + Mgy -ax-y-2)
L =2x-Lla=0
&Ey =2y -A=0
€, =2z-1=0
L =8 —ax-y-z=0
) 9= x-y+ 7\(go—ax°’5y°‘5>
@ =1-05%ax*y% =0
£, = -1 -0.5%ax%y% =0
9, = g, - ax®5y°5 = 0
@ L =ax+y +z+?L(gO—A1n(x‘”sz"))
= ax+y +z+?L(g0—A(oclnx+ [31ny+¥1nz)>
L =a-AMax'=0
&£, = 1-AABy ™t =0
9 =1-1Ayz7' =0
2, = 8 ~ A(alnx + flny +yInz) = 0
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9.2

@
0 1 -a
H=|1 0 -5
-a -5 0
- 1 -a 1 -a
A = 1) -a - 5a+5a = 10a > 0
-5 0 0 -5
(b)
0 2 y ~a ]
q - z 0 x -1
y x 0 -1
-a -1 -1 0
0 z -a
|H2| =z 0 -1 =-z(-a)-a(-2) =2az>0
-a -1 0
z Yy ma z y -a Z y -a
|A| = -2l x 0 -1|+y| 0 x -1|+al 0 x -1
-1 -1 0] |-1-1 0/ |x 0 -1

—z(-y(-1) + (-z+ax)) +y(@(-1) - y(-1) - ax) + a(z(-x) + x(-y +ax))

2

~zy+z*-axz-yz+y*-axy - axz - axy + a*x

= a’x?+y?%+z%-2yz - 2axz - 2axy, which should be < 0 for a max

The second-order conditions are not satisfied globally, but are satisfied at the values of x, y,

and z that solve the first-order conditions (see answer to problem (9.1a): x* = y* = z* = 5/3:

— = - —= - = —<0.

|H|:2_5_ﬂ+25 25 50 _ 50 _ -75
9 9 9 9 9 9 9
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(©)

31 11
-0.25x 2y? 025x %y %2 -a

H - L 13
0.25x %y 2 -0.25x%y 2 -1
-a -1 0]
Sl 1 31
025x %y 2 -a| |-025x %y? -a
Al = (-a) +
1 3 11
-025x%y 2 -1| |025x %y 2 -1
( 11 1 _g) ( 31 1 _1)
= -a\ -025x 2y 2-025ax%y %) +\025x 2y?2+0.25x 2y 2
= (D)) -+ () +(+)>0
(d) i 1
A a0 0 -2ax
xr
) o APy o gy
H = y?
0 0o AT -y g
2
-2ax -2y -2z 0
AC g 0 -2ax
i
|H2| - 0 AR5, -2y
2
y
-2ax -2y 0
: ( A —2a?u) (~4y?) - 2ax( —(—Zax)( AP —2&) )
2 )2

= (D)) - (D)) >0

9-7
Harcourt Brace & Company items and derived items copyright © 1996 by Harcourt Brace & Company.



(€)

AP 0 -y
2
y
| _Aa
‘( e 2“’“) o A 2 g
Z2
-2y -2z 0

20 0 -a —
S0 2 01
0 0 2 -1
-a -1 -1 0
2 0 -a
1B =] 0 2 -1|=2(-1)-a(2a) <0
-a -1 0
2 0 -1 0 0 -a
A =20 2 -1|/+a| 2 0 -1
-1 -1 0 0 2 -1

= 22(-1) - (2)) +a( -2(2a)) = -8 -4a’ < 0
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+ 2ax

-2z




Q)
0.25akx "15y%5  -0.25aix 05y 05 -0.5ax 035y 03
~0.25a0x 05y 05 0.25a)x05y 15 -0 5ax 05y 05
~0.5ax 05y 05 ~0.5ax %5y 05 0

sof

|A = -0.5ax °59°5(0.125a24y ! + 0.125a2)y !

+ 0.5ax %%y 05(-0.125a%x 1 - 0.125a%x 1) < 0

Ac o A«
x? x
o 240 o AP
- y
A - Y
0 Ay Ay
2z
_Ac AP Ay 0
X y z
Aae o _Ac
X X
- A AP
=] 0 AT
y y
Ao AP
X y
_ | pAx AP Ac lAz‘xﬁ <0
2 y2 X 2
9-9
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}LA_B _Ap 0 0 _Aa

y? y x

_ A A
|A| - 24¢| o xﬂ-A_Y+A_ﬂﬂkE o -A4B
x? 72 Z b y y

D Ay 0 AT _AY

y z 72 z
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9.3

dx" /0a A
@ H|dy /3a|=|0
GA" [3a X
A1 -a
0 0 -5
ox' _ |x _5_ 0] _ ?“(_25):“"(_5) - (< since |H| > 0 by SOC.
3a A A (+)
0 A -a
1 0 -5
dy" _|l-a x 0] _ (-1)(ax) - a(-5}1)
da b | A
_ Zax * Sah _ Sak v 2d + Sak Guoe x - 5) - 2 by FOC
A Al
= E = (+) > O
gl (+)
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-ax“/aa-

]
_| 3y /oa 0
(b) H =
3dz" /2a 0
| OA" [3a | LX)
Az y -a
0 0 x -1 0 x -1 zZ'y -a
0 x 0 -1 Al x 0 -1]-x|0 x -1
ox" _|x -1 -1 0] _ |-1 -1 0 x 0 -1
Ja A A

_ MDD = (1) - x@(H) +x(yray) | Axtixrzx’+x’y-xla

Fi A
= M since ax =y by FOC = x?% = ax?
|4l

_ Ef; <0 since |H| < 0 by SOC.

04X y -a

z 0 x -1 Ay -a 01 vy

y 0 0 -1 y|0 x -1|+] z 0 x
dy" _|-ax -1 0] _ |x -1 0 -a x -1
T g

_ YW rx(yran) + (z(-A-x) - a(n)
Al

-Ay —xy? +ax?y + zZA + xyz - dax

A
= xyz|—_|?tax since -xy? = ax?y and Az = iy by FOC
H|
— xyz| __?La‘x = 0 since xyz = Aax by FOC.
H
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dx " /2a
() H|3y"/3a]| =
dA™ [3a

®x O =

Ao 025x 70505 -4
0 -025x%y°15 -1

ax " _|x -1 0 _ A(-1) + x(_o‘zsx—O.Sy—O.S_O’Zsaxo,sy-u)
a“ A A
: % <0 since |A] > 0 by SOC.
.

-0.25x 1%y0%5 % -a
0.25x%%0% 0 -1

dy" _ -a x 0] _ (-a)[0.25x%% %) + (-0.25x °%y %5 + a))
%a |4 |4l
ak _ak, ai
- 2 | —2| -0
I H
since A = = |% = L |2 by FOC - 025ax%%05 = 025570505 - &
2Ny 2a\x 2
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-ax“laa- 2xA
. 0
O @ dy " /3a _
az" /3a 0
NI
2xA 0 0 -2ax
0 if—zx 0 2y
y
0 0o AT 9 2
ZZ
dx” _ | x? -2y -2z 0
da |ﬁ|
A 0y 0 0 2ax
Y N R
DA 0 TAY gy g XY
¢ 0o A 2
_ -2y -2z 0 z*
A
250 —Zy( —2y(A_“2*’ +2x)) +2z( —2z( —A—E’ —21)) )
A
xz( —2ax( —A—E—zm)(—“‘—j—zx))
i} y z
A
_ (DI D DU IE) =(H)D) = (D) ICE) (D) -CN(=) - (+)]

|4

% <0 since |A| < 0 by SOC.
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TAC 5 2. 0 2ax
x2
0 0 0 2y
0 0 AT 2 2
2
Z
dy" _ -2ax x? -2z 0
da |[-j|
TAC 5 2 0
x2
2y 0o AY 9
2
Z
_ -2ax x? -2z
A
—Zy(ﬂ + 2&) (xz( SELp 2a?L) + 4ax2?t)
2 2
A

2y AL 20 (~Aa - 2ax20 + 4ax2).)
Z2

= 0 since Aa = 2ax2)A by FOC.

|4l
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-ax“ /aa-

N
_|3y*/3a 0
e H =
dz" /3a 0
|OA" [3a| %]
A 0 0 -a
0 2 0 -1 2 0 -1 00 -a
0 0 2 -1 A 0 2 -1/-x{2 0 -1
ax* |x -1 -1 0] _ |-1 -1 0 02 -1
e |l@ 4]

_A(24(-2) - x(-ad)) _ -4\ +4dax
| Al |4l

the numerator of which cannot be signed even using the FOC.

2 A 0 -a

00 0 -1 0 0 -1 A0 -a

00 2 -1 210 2 -1|+a|0 0 -1
dy" |-a x -1 0] _ |x -1 O 02 -1
a  la |

+

_2(:(2) + a(()@Y) _ 4x+2ah
|4l | A

- E ;<o since | A < 0 by SOC.
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dx" /3a -0.5x 703y 03
() H|3y'/3a| =|-0.5x%%05
dA" [2a -x 03y 03

-0.5x —0.5 0.5 —02561706 —O.Sy -0.5 -0.5ax -0. 5 0.5
-0. 5x05 -0.5 O.ZSG?LXO'S -15 -0. 5613605 -0.5
ax " _xO.SyO.S OSaxOS -0.5 0

da | H|

x50 [(2)(=) ~ (+) ()] + 0.5ax 5y 05 (0.25a - 0.254)
A

- & )(((”) (%)) 5 0 since |A| < 0 by SOC.

0.25a)x 1505 055 05y05 0 §gx 05,05
0.25a)x 05y 05 05505, 05 _( 54505 05

dy" | -0.5ax 0505 ~x05y05 0

da |7

-0.5ax "3y 93(0.25a - 0.25a) + x>y [(+)(-) - (-)(-)]
A

_ (D))
(-)

since | H| < 0 by SOC.
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[ ax* 13a | 1
_|dy " /a 0
(& H =
3dz" /2a 0
oA 13a ] 1O
1 0 0 -Ac /x
0 AB/y? 0 -ABly MBIy 0 ~Ap Iy
0 0 Ay Iz -Aylz 0 My Iz* -Aylz
ax" _ |0 -APply -Ayl/z 0 _ | APly -Ayl/z 0
%a |A] |A]
= E—_; since both the numerator and the denominator are

border—preserving principal minors of H

AMa/x? 1 0 -Aca /x
0 0 0 -ABly

1 O—O—Q\AA{—/—z%AA{—Lgi_
3" _ | -Aalx 0 -Aylz 0 | _
da | A
] (Aoc/x)(yz|4f|l3“{/(yzz)> ] E+; <0 since |A| < 0 by SOC.
" .
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9.4

dx"/dg,
_|dyT 13g,
@ A -
97" 19g,| | O
on 1ag,| L1
0 0 0 -2ax
0 _AZB - 21 0 -2y
y
0o o Aoy o
Z
ox” _ -1 -2y -2z 0
98 A
0 0  -2ax
AP 0
y
0 A g
A
—( —A—B—zx) (0—(—2ax)(—‘A2“f —2,%) )
_ Uy z
A

_ ‘(‘)[0(‘_§‘)(‘)] >0 since |H| < 0 by SOC.
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AT 5 0 0 -2ax
x2
0 0 0 2y
0 0 “AY o g
2
Z
dy” -2ax -1 -2z 0
98 bii
“AX 5 0  -2ax
x2
- 0 0 -2y
0 Ay _ 24 -2z
z2
| A
(A—‘f +2a?u) (o—(zy)(A—"z*’ +22L))
X Z
A

- D0 S g gince |A] < 0 by SOC.

(-)

9 -5
Harcourt Brace & Company items and derived items copyright © 1996 by Harcourt Brace & Company.



dx" /g,
oy rag,
(& H =
52" 13g,| | O
o1 19g, | L1
0 0 0 -a
0 2 0 -1 |0 0 -a
0 0 2 -1 |2 0 -1
x* _|-1 -1 -1 0| _|0 2 -1
980 |Ei |Eﬂ
- 2% 0 since | H| < 0 by the SOC.
A
2 0 0 -a
0 0 0 -1 20 -a
0 0 2 -1 -loo -1
dy’ —4=a =1 -1 0|0 =
ago |I§| |lﬂ
-2(2)

= ~2¥%) 5 0 since |A| < 0 by SOC.

|4
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9.5

g = Z;pixi + ;\(Uo - U(xl,,,,,xn>>

FOC: ¢,=p,- AU, =0 i=1,,n

sof

T

dx,

dx

L d) |

L, = U, - U(xl,_..,xn> =0
AU, AU, - -AU, -U,|
—}’LUZ1 —;’]LUZZ —;’]LUZn -U,

AU, AU, - -AU, -U

n

v, -U,  -U, 0

n
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Now let all exogenous differentials equal 0 except dp, :

-1 -AU, - -AU, -U,
0 -AU, - -AU,, -U,

0 -AU, — -AU, -U

n

ax; _dx1| |0 -u, - -U, o0
(dpy = -~ = dp, = dU, - 0) |H|

“AU,y, ~ —AU,, -U,

AU, - -\, -U,

n

The numerator is (-1) times a border-preserving principal minor of order n-1 of H, while the
numerator is a border-preserving principal minor of order n. By the SOC, the border-preserving

principal minors alternate in sign, so the numerator and the denominator have the same signs.
ax, 13p, > 0.
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Now letting all exogenous differentials equal zero except for dp,,

0 -AU, - -AU,

-1 -AU,, -~ -AU,, -U,
0 -AU, - -AU, -U,

0 -AU, - -AU, -U
ox; _ dx o -u, - -U 0

~— 7 = Ntap, dpy - —dp, - av,-0) = _
ap, dpz(pl ps ipy, = dU, = 0) | |

_?LUIZ _;)LUln -U;

AUy, - ~AUs, ~Us

AU, - -AU, -U

nn 14

U, - U 0

The numerator is not a border-preserving principal minor of H, so it cannot be signed.
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