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Chapter 9
Equality Constrained Optimization:
Applications

9.1 Cost Minimization and Conditional Input

Demand A firm in perfect competitive product and
input markets minimizes its cost to produce a quantity q.

9.1.1 Sufficient Conditions The optimization with a
single equality constraint is given by

minwL + rK
st. f(L,K) =q

The Lagrange function is written as
L(LK,A)=wL+1rK—-Af(L,K)—q),
and the first-order condition is

OL(L", K* 1Y)
e f(LYK) +q=0

oa

aL(L*I K*yl*) * * *
T:w—/lfL(L,I’()=0 w  fi (L, K*)

oL(L", K", 1%) = T @k - MR
PO fet k) = 0

Test the second-order sufficient condition on the Bordered
Hessian

Y
H=|-1. _/1*f LL _A*fLK .
—fx —Afer —Afrk

That is the lastn — k = 2 — 1 = 1 leading principal minor of
H, which is H itself, has the sign (—1)* = (—=1)! = —1. That
is, we need

= —fL —fx L —fx
=il 2, 2l 2, h,
= fL(_/l*foKK - A*foKL) - fK(_/l*foLK - A*foLL)
= 1 (fu(f)* = 2fixfufi + frx (fL)*) <O0.

The optimal solution is L* = L(w,r,q) and K* = K(w,1,q),
written as a function of the input prices and the desired
quantity q of output level. We call L(w,r,q) and K(w,1,q)
the conditional input demand functions because it is
conditional on this desired output q.
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9.1.2 Comparative Static Analysis

Assume that the critical point is found at (wy, 1y, qo), and we
A" = Awy, 7o, qo) L* = L(wy, Ty, qo) and K™ = K(wy, 7, go) -
The first-order condition gives us the implicit functions

VL

L

(L(wo, 19, 90), K(Wo, 70, G0), AW, 70, G0); Wo, To, Go)

_f(L(WO: To, Qo) K(Wo, 7, QO)) + 9o

= |wo — A(wy, 19, QO)fL(L(W0: 70, 90), K(Wg, 19, %))

[To — A(wy, 19, QO)fK(L(W0: Tor 40), K(Wo, 7o, %))
—fK*) + qo

= |wy —AfL (L', K*)| = 0.

|70 — A" fx (L, K™)

Since

V2L(L(Wo, 7o, 90), K (Wo, 7o, 40), A(Wo, To, 40); Wo, To, Go) = H
is nonsingular, the Implicit Function Theorem gives

¥ 001
Vwi|L|=-H|1 0 0
[;]K* 010

0 —fi ~f ]l 01
=—|- Afu Xfx| [1 0 0
—fx “Nfa —Afxx| 01 0

By Cramer’s Rule,

—fi 1 —Nf
aL’ —fx 0 —Afkx|  (fi)?
ow H| |H|

—fi 0 —Afik
oL’ —fkx 1 —Afkk fufk
— = _ — =———=>0
ar H| |H|

—fi 0 —Afik
aL — 0 - A —
T fK _ fKK - _ (foLK_ foKK) >< 0?
aq [H| |H|

aL* . ) :
The last term é can be positive or negative depending on the

expansion path.

HW Baldani, p. 277,
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#10.1 (a,c) Conditional demand,
#10.2 (a,b,d,e.f) for 10.1 (a,c)

9.2 Utility Maximization: Log Utility Function
The consumer solves the problem

maxU(x,y) =Inx +Iny
st.pyx +pyy = L.

The Lagrange function is given by
L(x,y,2) =Inx+1Iny — Apyx + Dyy — D).
First-order sufficient condition:

—pxX" + YT + 1
L(x*y* 1) = 1/x* — APy =0,
1/y* - A*py

Via

x
y

1 .
which implies / x’/l / =X =P We can solve for
y*

x* Py

(x*,y*, A*) explicitly. The bordered Hessian is

0 —Dx —Dy
Ho|Pe Y 0

which is satisfy the second-order sufficient condition because
the lastn — k = 2 — 1 = 1 leading principal minor, which is
the determinant of H itself, is positive. That is,

_ ~Px ~Py —Px —Py
Hl=px| ¢ -1 —py|_1
1
=p§F+p§F>O

We can also do the comparative static analysis to see the
effects of changes in p,, p, and I on the optimal values of the
endogeneous variables x,y and A.

HW Baldani, p. 278,

#10.3 (b,c) Hicksian and Marshallian demands
#10.4 for 10.3 (b,c)
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9.3 Utility Maximization Subject to Budget and
Time Constraints

A consumer purchases n products at constant prices and
consumes each at a constant time per unit to maximize his
utility. The problem is given by

max U (x)
st.pTx =1
tTx =T.

9.3.1 Sufficient Conditions The Lagrange function is written
as

uthgzugdeﬁk—n—14€x—T)
pTx—1
t'x—T

- (2

=mm—ﬂqpq&—un

=UX — [ 4]

The first-order sufficient condition is

[ —(p"x" 1)
* *\ To %
VUx™) = [p A~
- —(p'x 1)
- (th* — T)
") = Aipy = A3t | T
LU, (x*) — /{}pn — At

This implies

U;(x*) _ b — 3t
Ui(x*)  Aip; — A5t

MRS = ratio of values of x; over x;.

The last equality above is justified by noting that, as to
be seen later in the chapter of Envelope Theorem, the Lagrange
multipliers here is the rate of change of the utility when there
is a change in the right-hand-side / or 7.

The bordered Hessian has to be negative definite: the
last n — 2 leading principal minors have the sign (—1)™.
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0 0 —pT
H=|0 0 —tT
p t VUK
0 0 -p1 —p2 —Pn
O O _tl _tz _tn
_|=P1 —t1 U Up Uin
—p2 —tz Uy Uxp Uzn
l=pn —th Uni Unz - Upyl

9.3.2 Sensitivity Analysis Given (py,ty), the optimal
solution (x*,A") is found from the first-order sufficient
condition being the following implicit function.

—(ppx* —1)
VL);]L(X*J*; Po to) = — (tgx* - T)
VU(x") — [P0 to]d"
If H= VEX]L(X*’A* ;Po,ty) satisfies the second-order

sufficient condition, it is nonsingular and the Implicit Function
Theorem applies and yields

T[] = Ay 7yt

0 0 —pg —x*T 0

=—|0 O —tg 0 —x*
-1, =50

2 *
Po to VU xmez)

HW. For the case of n = 3, using the Cramer’s Rule to
find the sign of the partial derivative of the optimal
consumption x; with respect to p; and t, respectively.

9.4 Intertemporal Consumption

9.4.1 2-Period Case For a 2-period model, the problem
is given by
max U(cy, ¢c;) = ¢1Cy

to, +—2 =1
st.c; +— =1,
T 147 L

where 7 is the prevailing interest rate for both lending
and borrowing. The consumer has /; current income and
zero future income.
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C2
Q+nrL
L 1

Figure 9.1 Intertemporal constraint for /; current
period income and zero future income.

The Lagrange function is

c
L(cy, ¢ 4) = 0 — Acy + —2 - 1)

14+r
FOSC:
C;
—_ * - 1
(Cl + 1+r 1)
ViaiL(ci, ¢35, %) = c; — A" = 0.
Ccq . /1*
C —_
’ “ 14+r
We have C—Z =1+4randc; =2andc} = Sialy
ct 2 2
SOSC: The bordered Hessian is
0 1 1
_ 1+7r
H=| -1 0 1
1 1 0
14+r

which is negative definite.
HW Baldani, p. 280, # 10.21, 10.22, 10.23 (Income is

earned only in the seond period and sensitivity analysis),
10.24.
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HW Baldani, p. 281, #10.26.

HW For the case of n = 2, do the sensitivity analysis by
the Implicit Function Theorem to find the partial
derivative of the optimal consumption in each of the two
periods with respect to the income /; in current period.
How would the interest rate affect the consumption in
each period?
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