EE320 Lecture Note
Chapter 4: Linear Model, Basic Matrix Algebra
and Application

1 Terminology and Type of Matrix

@11 Qi2 - Qin

Q21 Q22 -+ Q2
Am><n =

Am1 Am2 - Amn

mXxn

Subscript of each a;; indicates dimension of particular element in the matrix:

m X n = row X column

Example Boyo = F 21 = [bn bm]
2x2

bgl == 3
bao = 4
Types

1. Square Matrix : no. of rows = no. of columns
1 11
ex. Agxg =11 11
1 11

2. Identity Matrix: square matrix with diagonal elements being equal to 1 and the rest
equal to 0

ex. ]13 =

o O =
O = O

0
0
1

diagonal elements = 1
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3. Column Vector: A = [1 2 3]1X3 when n=1

4. Row Vector: B = when m =1

S W W~

1x3

2 Matrix Operation

2.1 Basic Operation

2.
A= ij
[a ]}mxn } same direction
B = [bij}mxn
A j: ]B = [aij]mxn j: |: Z'jj|’m><’rl - |:a7‘~7 :i: bij}mxn
%A:_l 1} A+B:[5 4}
4 41 —3 -3
B=14 3} A :{—3 —2}

3. If o is a real number, then cA = a [a;;]

11 5 5
%5A_5{1 1}_{5 5]

4. Rules of matrix addition and multiplication by constants:

1) (A+B)+C = A+ (B+C)
2) A+B = B+A

3) A+0 = A

4) A+(-A) =0

5) (a+ B)A = aA+ pBA
6) alA+B) = aA+aB

mxn
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2.2 Matrix Multiplication

Suppose A = [aij]mXﬁ and B = [bij]ﬂxp ,then the product C = AB = [Cij]mxp

n
Cij = Dy Wirbrj = @irbij + aigbaj + -+ - + Ainbn;

b b b
ex. Ajyo = [all al?] Baxs = {b; b;; b;i]

Cixs = A1x2Baxs = [anbn + a12b91  a11b12 + arabae  aibiz + @12523} 1x3 = [011 C12 013}

D =B - A not possible since column # row

1
ex. A= |:2:| B = [4 3]1><2
2x1

4 3| (1x4 1x3

S
2Xx2 2x2

(I1x5)+(3xT7)=rc1 (1x6)
Coxo = Agyo - Bayo = l(2x5)+(4x7>2021 (2><6)

«aof] mefy

S

3 4 3

10 1
I = [0 1} IoA = [3 4]

- Al =TA = A but AB # BA

[\

Identity matrix is the matrix that when it is multiplied by the other matrix, the result
is that other matrix multiplied.

Rules for matrix multiplication

1) AB # BA in general
2) (AB)C = A(BC)

3) (A+B)C =AC+BC
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2.3 Matrix Transposition

A=lay], .
A, = AT = [a”]nxm
1
ex. A = _QLI —AT=11 2],

1 2
wn-f, o]
_3 42><2 2 42><2

Rules for transposes

1) (AT)T = A

2) (A+B)T = AT+ BT
3) (AB)T = BTAT
4) (aA)T = aAT

31 5 92
& A‘L 7} B_{es 0}

o2 f e[

ror [~5 6] [3 4]  [-9 22
S B R P
3 System of Linear Equation

31’1 +4CL’2 =5
71’1 +4I’2 =2

Write this two equations and two unknowns in matrix form: AX = b

A X b
P4l B
_7 4 9%2 i) 2x1 2
-3I1 + 4232 . 5)
_7ZE1 + 4?1)2 - 2

So if we have m equations and n unknowns :
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ay1r1 + a10rs + -+ - + a1, = b1 (D

a21%1 + A2xs + -+ - + a2, Ty = by @)

Am1T1 + Am2T2 + -+ Amnln

b @

A X b
11 Aa12 Q1n b
a a a T1 !
21 22 2
" ) — b2
T, by
Am1  Am2 Amn

Consider general form of two equations with two unknowns:

D _anzy + aprs = b

@) __ ag w1 + agers = by

a1
a21

1

@XCLQl
@XCLH
@D-@

(G12a21 - a11a22)x2

Ty =
] =
ex. r+y = 10—
2z +vy 5 @
O-@ -= 5
r = 95
y = 15
I 1 fxz| _ |10
or 2 1| |y| ~ |5
AX = b
ATAX = Al
X = AW

Q11A21%1 + @12021T2

1102171 + A11022T2

by
by

T
X2

a12

) | A |= a11Q22 — A12021
a2

] =

a21 517@
@nbzi@

as1b1 — a11by

az1b1—ay1by

12021 —0A11G22

ajaba—agoby

12021 —011G22
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4 Matrix Inversion
AAT = ATA =T, , A™ is defined iff A is square matrix
Properties
1) If Al exists, If (A1) = A
2) If AB is invertible, then (AB)! = B'A!
3) (AT)" = (AT
4) (cA)! = (c'A1) where ¢ # 0
If a square matrix A has an inverse, A is said to be non singular.
If a square matrix A is not invertible, then A is called a singular matrix.

For system of linear equations: AX = b

ATAX = A'b

5 Determinant

To test whether matrix is invertible, we can use determinant.

Determinant of square matrix A , | A | , is a uniquely defined number associated with
that matrix.

| A [=]al=a
a a
|A2|: a; a;z = 11022 — A120a21

11 aiz2 a3

|A3|: 21 G22 (23
a31 Q32 a33
. A22 A23 21 A23 Q21 A22
(D Laplace Expansion = ay; — 12 + a3
32 as3 a31 ass a3y as2

11 a2 @13 aAi;x a2
@ Sarrus’s Law = A91 Q99 (A23 Q21 Q922
31 dzz 33 A3z1 (32
= (11022033 + @12023G31 + Q13021032 — A310A22013 — A320230A11 — A330A210A12
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@ Laplace Expansion

LetA be an n x n matrix.

ai

- The "minor” of the element a;; is | Ml | = |a;

an1

ay15-1 Q15 Qa1+1
Aij-1  Qij Qi1

Ungj—-1 Qngj Qngj+l

- The ”cofactor” of the element a;; is | Cj; | = (—=1)"+ | M,

| [A] =377 aij | Cij | expansion by the i row.

= Y%  a; | Cij | expansion by the j* column.

ail aiz Az
ex. A = |ax ax a

asy as2 ass
Prow :| A |= a1 | e11 | +arz | ez | +ais | eis |

1tcolumn :| A |= aqy | 11 | +az1 | ca1 | +ast | es1 |

= (_1)i+1 | My, |: (_1)2 22 Q23
agz2 as3

. a a
c1a = (—=1)F2 | My, |= (=1)% | 21 %

as1 ass
Properties of Determinants
1 2 , 1 3
1) | A= ‘3 4‘—4—6——2|A |= 9 4 =4—-6=

2) The interchange of any two rows (or columns) will alter the sign, but not numerical

value of determinant.

1 2
el|A|:’3 4':4_6:_2
3 4
|B | ’1 2' 6—d=—2
2 1
|A|:‘4 3‘:6 4=-2
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3) If all elements in any row (or column) is multiplied by a scalar k, the determinant
is multiplied by k.

1 2
%|A|—‘3 4‘—4—6——2
k=2
2 4
]IB%\_’3 4‘_8—12_—4
2 2
](C\_‘(), 4‘—8—12_—4

ik 4) The addition (or substitution) of a multiple of any row to (from) another row
will leave the value of the determinant unaltered.

1 2 1 2 1 2
s 3470 2|, .. |0 -2

Yl b e
2R2—4R,

"Row Operation” *not column
-1 2

1 2] [-1 2 .
e G I 0 R B S !

5) If one row (or column) is a multiple of another row (or column),
the value of the determinant will be zero.

ox. [1 2}_}‘1 2‘:4_4:0

= —4—(-2)=-2

2 4 2 4
"linearly dependent” — one row/column depends on another.
Note The condition of linear independence is a sufficient condition for non singular-

ity (invertible) of a matrix. For the rows (or column)to be linearly independent, none
must be a linear combination of the real

*Nonsingularity : | A |0 < there is row(column) independence in A is singular A
exist a unique solution X* = A"'d exists.
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6 Matrix Inversion (Cont’d)

If A, xn is a nonsingular matrix and | A |# 0

The inverse of A is A= = ﬁ adj.(A)
| e | [ e | | ¢ |
Cc C c
where adj.(A) = sz _ | ?2 | ?2 ! | Cna |
|Cln’ |02n’ ’Cnn‘
ai

arj-1 Arj G15+1

and | ¢;j |= (=1)" |an Qi1 Qij  Qijy1
Gn1 Apj—1 QGnj Qpj+1
1 -1 0
ex. Find inverse of A= |1 0 b
0 1 —d
1 -1 0
Step . Find |[A|=]1 0 b
0 1 —d

Step II. Find cofactors of all elements of A

a1n

Qn,n

= 0+04+0-0-b-d = -b-d by Sarrus’s Rule

0 b 1 -1
= -12]) = eal= 10y J[=-1
1 b -1 0
=17y 1 f=+a e = (1[5t = 0
10 10
o= 17y §] =1 Jenl= (17|} g ==
-1 0 1 -1
| Co1 |: (—].)3 1 —d' =—d | C33 |: (_]')6 1 0 ‘ =1
1 0 1 -1
Jenl= (1] Of=-a e
Step III. Take transpose
—b —d -b
cadi(A)=CT, = |+d —d —b
1 -1 1
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Step IV. A™! = r‘i‘adj.(A) =

Ex. Q1 = @

Q¢ = a—bP
Q° = —c+dP

=  Q'-Q°+0P
Q' +0Q* + bP
Q'+ Q* —dP

1 -1
= 1 0
0

= A3z,3X351
Ag3A5x3X551
I35x3X3x1

X531

Qd*

LXP= Q| =AY

P*

1 —d

X*

_1
—(b+d)
=0
= a
= —C
Q* 0
Q| =]a
P —c
b3x1
-1
Agysbsxa
-1
A3><3bi3><1
—1
Agysbsxa
_ 1
R ()]
_ 1
T =(b=d)
ad—bcT
b+d
_ ad—bc
- b+d
a+c
b+d A

—b —d
+d —d
1 -1
[—b —d
+d —d
|1 —1
[be — ad
bc — ad
| —a—c
Qd*
— QS*
P*

—b
—b

1

10
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7 Cramer’s Rule

Given an equation system AX = b, where A is n X n nonsingular matrix, the solution
value of j*" variable can be obtained from

ayp @iz - dpocc-
a a .. d CEEEEY a
Xt — a;] | @21 22 2 2n
J [A|
Anp1 Ap2 - dn T Ann

where | A; | is the determinant of A when the j column is replaced by the constant
terms dy , --- ,d,

o« [oq b1=[

uw b
v d
By Cramer’s Rule: x* = — M| _ wd-bv
a b |A] ad—bc
c d
a u
« _ €U Al _ av—ue
Y = 1o ol = Al T adbe
c d

11
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1 -1 0] [Q? 0
ex. 1 0 b Q| =1|a
1 —d| |P —c
0 -1 0
a 0 b (1) (12t a b '
Qd* I 1 —d _auileir|+aiz|eis|+ais|es| —c —d _ ad—bc
- 1 —1 0 - —(b+d) —(b+d) - b+d
1 0 b
0 1 —d
1 0 O
1 a b 1y—12| @ b '
Q* = 0 —c —d _aleir|tais|erz|+ais|eis| —c —d _  ad=bc
T =1 0 - —(b+d) —(b+d) T b+d
1 0 b
0 1 —d
1 =1 0
1 0 a
P = 0 1 —C _auieri|+aiz|ciz|+ais|cis|
1 =1 0 - —(b+d)
1 0 b
0 1 —d
) e @
1 —c 0 —c —a—c _ atc
—(b+d) —(b+d) —  b+d #

12
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8 Matrix Algebra : Application

v’ Specific tax on producer

Qd — Qs
QY = a—bP
Q° = —c+dP—1)

= QI-Q*+0P = 0
QI+ 0Q°+bP = a

Q'+ Q°—dP = —c—dt
1 -1 0] [Q? 0
= 1 0 b Q| = a
0 1 —d| |P —c—dt
= Solve for Q* and P* using both matrix inversion and Cramer’s rule.
0 -1 0
a 0 b 1) (1)? a b '
- 1 —1 0 - —(b+d) - —(b+d) - b+d
1 0 b
0 1 —d
1 -1 0
1 0 a L1y 0 a ) 1 a
P 0 1 —c—difj 1 —c—dt 0 —c—dt
- 1 -1 0 B —(b+d)
1 0 b
0 1 —d
_ —at(=c—dt) __  atctdt
—(b+d)  — b1d

13
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v' IS-LM model

cC = CQ+CYD Md:Lo—{—llY—lgT
I = [O—jT MS:MO

G = Gy

Yp = Y

Y = C+I1+G
Solve for IS-LM equilibrium

@equilibrium in goods market :

Y = C+I1+C

Y = Co+CYD+[O—jT+G0

(1—C)Y+j7" = Co+[0+G0

@equilibrium in money market :

M? = Mo
L() + lly - lQT‘ = MO
lly — lQ’I“ = MO — LO

l—c¢c g Y| |Co+ 1)+ Gy
ll —lg T o MO_L()

Co+1Io+Goy

y* — Mo — Lo —l _ —12(Co+Io+Go)—j(Mo—Lo) __ l2(Co+Io+Go)+j(Mo—Lo)
- 1 —c j - 712(176)711j o 12(170)4»[1]'
L =l
’1—0 CO+10+G0
. l Mo—Lo |  (1—c)(Mo—Lo)—li(CotTo+Go) _ 11 (CostTot+Go)—(1—c)(Mo—Lo
- 1 —c ] - 7l2(170)7l1j - 12(176)4’[1]
L =l
ex. Solve for endogeneous variables Y, r , I, C simultaneously.
Y = C+I+G0 Y-C—-I1+0r = G()
C = Cy+cY —cY +C+0I+0r = C
MQ = LO + l1Y — lg?" lly + oC + 01 — lg’l“ = M() — LO
1 -1 -1 0 Y
N 1 0 0 gl
o o0 1 g4 I|
ll 0 0 —l2 r MO - LO

14



