F st motvation

CTGQ— \rv\\i[po-l'(w.ﬁes (mulﬁ&egﬂh%m&es) % IR

srmw = Fo+ @.ﬁ'ﬁmesv%m'H Plﬁ’rimq,s__chk
+ 35 he_study + By past_ GPA + Bg gendar+y,
Ho: seot position doesn't have impack on QPA
Br =0 and B=0 > B =f.s0
Ha!: Seat position roattes
fo @ ot Pt O o leasy one of

or B +0 and py =0 the B, P2+ O
or e =0 dnd P,_*O
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7 Testing Multiple Linear Restrictions: The F-test

Suppose the model is specified by

y = Bo+ 8171+ Byxe + Byzs +u .
Hy 512 0 and B3>: 0 —v Want 4o Yeost \{ X
h\q_) Hy : Hjisnot true a'\d )(Z BOTH MVQ "o
impact on V.

We can use the F-test to test this type of "multiple hypotheses".

iq@ ™Mo
1. Our full model is called the "unrestricted" m(;gel (ur). Suppose it can be expressed

as: V= RotBX + B ot ¥+ U & true
P P F F& > =4 RQ{)Q()\‘ Yo

y = By + B1x1 + Boxa + B3xs + ... + Brrr + u

2. The model which takes out = (which we think its associated § = 0) is called the
restricted model (r). 4 & paall n‘\oda.l

b A POJ-F'\(,.\.UL ¢ drue <> Ao not ed Ho

—_

, aSsuppose thare ae Y Q' numoe of ot
\ NQPPNM(J like o postform O :)o'\m\-(-%‘\'ﬁs\~ ok =0

~- €4 inhis rmodel G = 2
97 Pt P epat ot Prg gt

Ho F)K%‘)A-l - Pk-aSn: ~ T Fk =0
(the last g P530)
H&\. Ho & not +rue.

Y = 'E::{?‘Xu*PzXz . Pkaﬁ(z-aﬁ 1 P“‘"v* lx‘(‘%‘(’ N 13K~%+)_%K-%*L"*F§:
QP

— Y \__/"'/

VNS TS s a,\wﬁvgﬁ‘\‘)

C ~ SSR bjc SSR (3SR,

- ("S/R C ‘A")AEV@‘,J -\—'\w\Lu\;-aA a\o\j

% 1 mae K,‘W& rnodel

. Wil be batter oxphingd

ZY\ -k *L)_/d\a o ur modal.

\)




. So, if every hme You add 1 more X Votf\'ablef(’(M
SCR¥ o R% 5 w\\d don't we jugh Keop e
odditiona) X in Yhe wrohel 19

=» Because @iy Hime we add { ot X Va\“@&

will InCeease | making —no. ?Q&\'d\'m of B less
pecice. So, we ony keep . addihion X,
it r\-/-(’kq\\j Catf%‘,\m?rom Ha mo de| ex\g«;gh

can ¥ SSR (%4 R*) @nougn.
£(F) can .S\ljt\i{::ccu\*bd SSR and 2R

Ho! =B,=...<0O
— FQQC}\’ Ha! P’:\o%\a} Nue

= {:UG’ n—-|

of Joint HypoH X
M‘lﬁ o =
&a - » F node

O glcc,riﬁ(al valugy "R T Ho
Oe' “O\rv\l\j N0

effect if
F >C
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3. Some useful facts
® Rue R, because ony add.itional X
V\)M(L incraLge  R? (]mP‘OV( '('H>
= SSRLU < -SSR('

©® By including more X, e vokel i
cortainly  betder Qxeuqu However  we
wadd“ e to teject No i€ e incluSion

of oxtra varia b\@g does ot ﬂ\i)wv( e
cmode | eromg
4. Other ways to calculate the F-statistics: ’_(-v RSS

2> Fom R*= 1- SSR
Q8T >TSS

Ne hove F = (R - Re)

# of 'Féﬁa’:o QJOB- (‘h—_ Rul\;)/m—\emﬁ

v
- T we want 4o +93+ NNy ovwal\ ; of jbf S\C’?e B
‘S‘jm@‘(&v\cﬂ %_& rode
Ho ’F P2 = k=0 = othuwise

— R? O'F“H'\L mode\ = UR
B R/K N\ g v mookQ,\ has no X

(l"R )/<f\~—\<“\) ot o\,
Example: Suppose we are interested in understanding the determinant of a baseball
player’s salary. I,(_‘ W W N\‘{' -l.o -(-QS_\. W»\@\'w
N salary = season salary
years = years in major leagues ‘P@FF o MN\AN (g hQS O\ﬂj
Y (AV 4 gamesyr = games per year in the league \m ach on SQ\ Q(
bavg = career batting average
hrunsyr = homeruns per year hewnsyy F b g (
rbisyr = runs batted in per year ? b&v\j ? \I ¥oi v

othuwise s true

e the unrestricted model (ur) is defined by



G

ur Mmook

6. Multiple Regression Analysis (Inference)

regress log salary years gamesyr bavg hrunsyr rbisyr

Source 55 \ df MS Number of obs = 353

F( 5, 347) = 117.06

Model 308.989208 5 61.7978416 Prob > F = 0.0000

Residual 183.186327 347 .527914487 R-squared = 0.627
Adj R-squared = 0.6224

Total 492.175535 352 1.39822595 Root MSE = .72658
log_salary Coef. S5td. Err. t B>t [95% Conf. Interval]
vears 4 .0688626 .0121145 5.68 0.000 .0450355 .0926898
gamesyr o) .0125521 .0026468 4.74 0.000 .0073464 .0177578
bavg:3 .0009786 .0011035 0.89 0.376 -.0011918 .003149
hrunsyr Y .0144295 .016057 0.90 0.369 -.0171518 .0460107
rbisyrs .0107657 .007175 1.50 0.134 -.0033462 .0248776
_cons 11.19242 .2888229 38.75 0.000 10.62435 11.76048

I
| e Whena cgn okac euo‘n
e the restricted model (r) is defined byO Qf\ NSy

. regress log salary years gamesyr

Yy X

par €or Anan. X
NoNe. ‘HMDM

F—*—'—\ \'YWqu“' ot S %o _
Source 55 df MS Number of obs = 353
F( 2, 350) = 259.32
SSE Model 293.864058 2 146.932029 Prob > F = 0.0000
SQRResidual 198.311477 350 .566604221 R-squared = 0.5971
Adj R-squared = 0.5948
QST Total 492.175535 352 1.39822595 Root MSE = .75273
log_salary Coef. Std. Err. t P>|t] [95% Conf. Interval]
years .071318 .012505 5.70 0.000 .0467236 .0959124
gamesyr .0201745 .0013429 15.02 0.000 .0175334 .0228156

_cons 11.2238 .108312 103.62 0.000

Now, our H,

—
—

and H, becomes

( SSRy ~ SSRu()/q{

Fa

of

one - #Of\e)
nas a S\jmﬂauﬂ

B whea T “"t‘ﬁ%ﬁ -
F_ﬁg pecformances[ W /T

(R/%)

73

e

o

= (118, 511—183 %6 /3

")

SSR ¢ 7/ (N-K-0)

(1-RY)/n-k-\
79

hawe <mn¥ww acy.

—» Reject
IF.: 9

F

?

3,90

—
FC=2.6

(183. ‘8(:)/(553, S5-1)
ot 5%  let's use ST
59 Sinw F=455% 2.6,

and  conclud, that

=~ 9.55
lavel UCSiS,

we

reject Mo Y §% level

a\'h‘W\a

howve Joint effecks on SQld‘C‘J
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8 How the Hypothesis Testing is done in Practice

1. Check the values of ¢t — statistic reported by the statistical software (i.e. STATA,
SPSS, SAS)

= These t — statistics are to test Hy : 3; =0 E—+0—b\g

= If the d.f. > 30, then when ¢t > 1.96, we can reject Hy WO \"\*’\ S % Stﬂ |Q.V'C\

——

= When ¢t > 1.96, we can say that (3, is statistically significant at 5% level.
(value of 5, # 0)

= When t < 1.96 we can say that (3, is not statistically significant at 5%
level.

= Ift < 1.96 we can drop z; from the model
= After we drop x;, we estimate the new regression function and obtain a new set

of [3

2. We can also perform other hypothesis testings of interest.

or Hy:[5,=5 etc.

or perform an F-test for testing multiple linear restrictions

3. Usually, in economics, the estimation results are reported using this form

Dependent Variable: log(salary)
Independent Variables (1) (2) A3)
SQ‘QS —p | log(sales) 224 158 188
(.027) (.040) (.040)
log(mktval) s 112 .100
‘ ‘ CO(Vl an (.050) (.049)
j profmarg — —.0023 —.0022
PQ{ omar (.0022) (.0021)
ceoten e s 0171
\ CS (.0055)
Ce O C MY&d-”%‘t comten _— —_ —.0092
(.0033)
intercept 4.94 4.62 4.57
(0.20) 0.25) (0.25)
Observations 177 177 177
R-squared 281 304 353

| ike oﬁ&imp\e r%ressim with 1 X
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Printer: Ope

Multiple Regression Analysis : Further
Issues

1 Data scaling on OLS statistics
e

v
When we change the unit of measurment of a variable, the value of estimators would
chance accordingly. For example

¥ '4

bwtsz By + Bycigs + Byfaminc,

where

bwght = child birth weight, in grams.
cigs = number of cigarettes smoked by the mother while pregnant, per day.
famin ¢ = annual family incomeyin thousands of dollars. v

e What H we wse bwe\ﬁ\r\* A k'\logramg??
] k. = 1,000g.

e A N ‘ n _€ .
Broeant = l) Wwe 5\\1 9 = Eo 4 ? € lSS t 2 amMmme
J "9 1000 L0 00 \000 |00 0

- Syt R,CIgS + ocp“mmc
= 3\ = Ao OL = \ oL
34 0 CEO'O 9 \ _\%) 2. E_
o What F we use faminc i USD Cinstead of 1000 LSD)
bwegmj = '% + % (‘_(33 + ;E—‘@owmnc- D

7
‘po* Plc‘gﬁ 2 Raeiac e s variablm s

= oM 0 be
7 62 —E—‘LO ﬁwogJ timts larges
A

In other words =B = impact of 1usp? ,‘t\*\‘;\”z*;wi”‘ ne

A G U
Wh ot Ff we ka,Q, bNQ\gh‘f 1N Fﬂ S ncome N T™H
bw%H = B “'_P_Clﬂs +(_Bz__ mlnc.mb

(@00 \coo S qoin +o
30500 Ths value | g 3

Firmes
be 3"’%33" -Fm\ﬂc

®
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2  More on functional forms

e Logarithmic Functional Form

AX = Xy
/ Usually means vadwral le /

log(y) By + B1log(a1) + 52372 +u

w
:4

/
';C

d\/ = J—A\/ = 100\‘—\713'1__,"/0&5’
—_—_/
T x') dX1

L% 100 14=AX, T
with thae logy 3 la % ﬁxmad Hea coe%cm;«p& iS
oing o bo ' whe “elasheiy” (X, elastic N
S +3 (peict) HJ (o\a.gwwl)

= dlo (Y) = L-dy . A Ay
po- dlesty) - v . 4

dxl d)(), AX?.
=p F we  want L'LFP&/ Yerm YO be V. C)I\O\A%Q
than 100, = 100 LAY | 1008, > Yol Y

AXz | Oiven ot X

YoNY lnCeeases b\é,

1 unit.

e Models with Quadratics ( & 0100 S) AKXz
¥ Caphuce inCrensing / ACeead

mar\ﬁ\wd effocts C S\OPQ
of the re\a+ionghi‘o betweon X8Y is not Canstaat.
Covib-19 QMMPle

Dgcveqsim cetuns.
o (# of (ases) =y 5 poJ«P,X*F K+ U <>y F AP U
E ot ').EL)(

100 B, =

F+ l‘FzX

/‘ P (3:)( )b
- (PUAY
—y chas) (+) (+)oagS @ ASSUmL b
J ‘[\‘==(t-m()c§) ~rv\¢:=-l}O‘> so-
. . = (00"% (o) -1
Example : Effects of Pullution on Housing Prices

Bl K PDSI"{\\(

0.C (0
: 7:9% =0T P (S &)
log(price) = B, + 61 log(nox) + 62 log(dist) + ,33rooms + B room? + ﬁ5stmtzo +u



21:06 Mon 23 Mar T 42%@ )

& en.wikipedia.org

Derivatives of exponential and logarithmic functions |edit

d

T (c*) = ac* lnc, c>0
T

the equation above is true for all ¢, but the derivative for ¢ < 0 yields a complex number.

d

% (eaz) — aellil)

d (1 ) >0,c#1

— (log, x) = c c

dg © e zlnc’ ’

the equation above is also true for all ¢, but yields a complex number if ¢ < Q

Syt mse . Aoy o 1 5 {dino =

dx

dzx X x ‘;_(’

L (1nz)) = .

dz T

d ¢ xr

E(m ) =2z(1+Inz).

% ( f(w)g(’)) = g(z) f(z)@1 Z—i + f(2)9® In f(:c))j—i, if f(z) > 0, and if Z—i and g—z exist.

afi
, if ficn(x) > 0 and é exists.

21 =T9=...=Tpn==2

d 2\ ()@ "9 2 (-n(@n)
E (f1($)f2( ) ) — [Za_wk (fl(ml)f2( 2) )]

k=1

Logarithmic derivatives |edit]

The logarithmic derivative is another way of stating the rule for differentiating the logarithm of a function (using the chain rule):
!
(Inf) = 7 wherever f'is positive.

| nnarithmie diffarantiatinn ie a tarhniniie whirh 11eac lInnarithme and ite diffarantiatinn riillee tn cimnlifv rertain avnraccinne hafara
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here Tn Yhe uS o¢ Wur{:% \
price = housing price O“M‘ ca,ur\“(TlQS/ S \ =S
nox = level of pollution Can G.?Pl\'j To Cc hOolS (1
dist = distance from downtown NN area_ WwWrthoudt v\&\“\f\
rooms = number of rooms 4o -Mk{ an \j ~+e S+ \j
stratio = average student per teacher ratio ‘( .
The estimation result is given by ‘SO/ \O W ars 'S+ P&‘\'\ o J

Yo bettor Hee j?:AF\OW’\

regress Iprice Tnox dist rooms rooms_sq stratio

source SS df MS Number of obs = 506
F(C 5, 500) = 155.62
Model 51.4933152 5 10.298663 Prob > F = 0.0000
Residual 33.0889098 500 .06617782 R-squared = 0.6088
Adj R-squared = 0.6049
Total 84.582225 505 .167489554 ROOT MSE = 25725
log( pric)
~3¥ price coef. std. Err. t P>t [95% conf. Interval]
R _"1 nox 1 —. 9767545 . 0995938 -9.81 0.000 -1.172429 —-. 7810806
l05 C (\OX) dist -.0321972 .0094013 -3.42 0.001 -. 050668 -.0137264
rooms —. 5528032 .1612965 -3.43 0.001 -. 8697056 —. 2359007
rooms_sq 4- 0624697 .0124867 5.00 0.000 .0379368 . 0870025
stratio —. 0486667 .0058131 -8.37 0.000 -. 0600879 -.0372455
_cons s 13.59154 5650901 24.05 0.000 12.4813 14.70178

(> 1.461 T WU <00S
~p gl variables ose sl\gn.ﬁcm

Consider the effect of "room"
d logeprice) _ Ba F 2Py r0OMS = ~0.553 +2(0.0b2) 0

loaC ‘ﬁ(‘ooﬂ\s % OF Nhow moany CooMs dosSe |
J ‘ 1 additonal “room has & f°S\+'W€

\I\A\Scoms' impact on log((xic’z)??
> O = —0.5S8S31+t20(0.062)10as

P rooms

G4 Cooms = 4.
? Answec=p of 4.4 rooms of mone
= QT - § coomy OF wore.
What wold be the % change in price when the number 'of room Mcreases fro to 67
Eee———

° d(Oq(Priu) = -0S83y + 2 0062)’(000054) .
dcooms C Fotal o0 10 P71
 when # roomg B foms 103 1S 6-FHAN
100 .#&dP"& =100 (-0.553 + 2(0.062)+5

d rooms = o6 x 0.067F = @if\crease,
> What obout 7o in Fcicz whea # Cooms  (mcrense

trom & to + 99
DHAPHNQ = 100 (-0.553 + 2(0-062) “6){191%

N
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3 Models with Interaction Terms =W M&Q& N\'U?/\ ‘\’(’\(L M OLC/*
of ot variable ds

OX“ the value ( \Q\/Q,l> of
> NO i
2w ths vaciab\e.
price = B, + 51361)7&f75 + szd;(ms + Bysqrft x bdrms + B,bthrms + u

Consider

| 2 1 K >
where Pfi @ \ a(.%
price = housing price % AU Se
sqr ft = house size (square feet)
bdrms = number of bedrooms Sﬂﬂt“
bthrms = number of bathrooms co
dprice - + BySarft
—_— PZ F’a % o beA
O bdrms Voo

¢
> it PZ>O “Hr\lm/ an additonal bedcom

warld incregse pri@ o Tor & larges
harse V
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4  More on the Goodness-of-Fit and Selection of Regressors

2
e Adding more regressors ALWAYS improve fit ~P» R Ole“\/S %

o But we loge e ¥ ALSTQQ o freedom”
(df = fee data pownt ugd Yo eshovade
Yo Faxa.mm\e{) |
v data point is sacrifiad evey e
we eshimate o pasamet.

® UKS\\r‘% RS would not ?u\c\is\f\ " "\&Viﬁ% o0
mMany (@3(9550‘5.”

=2
o We ugee ad)uskd-R% or R~ when we

NP ) Fu(\\'sh &MI(\% ‘oo MM\j PQSCC.SSO(S.
2

R = 11— SSK = 1—$sR/¢
ST

SsT/ ja
: 2 = - S5 Q( Nn-k-
“}\) | ~—S3T/(n )

Using adjusted R-squared to choose between non- negzed models (one model is not a

sulésetq(fianﬁ/‘lchsr)ll -F wWQ hg\\,ﬁ ™o k d'p h—k | ¥
SSR/n-k-1) B aog- R™ ¥

salary  830.63 +0.0163sales +19.63roc
(223.90)  (0.0089)  (11.08)
n = 209, R*=0.029, R*=0.020

Consider Model 2

—

log(salary) ~ 4.36 +0.27511og(sales) +0.0179roe
(0.29) (0.033) (0.004) 03.8% of
n = 200, R®=0282, R®>=0275 Vaciofen n Y

IS explained,
So "M’\\‘SP N\’AQ'\ 5

\oeﬁ‘"’



