
F - test motivation
⇒ We want to test the significance of a groupof hypotheses ( multiple hypotheses)
Grade
,as

=

pot pi # times -front
-1 pz #times- back

+ pshr- study -1134 past- OPA -1ps gender the
Ho : seat position doesn't have impact on 6pA

13 , = O and 132=0 ⇒ 13 , =p O

Ha : seat position matters

p , 40 and 13240
or pi to and p. - o } fhtekp.a.SI . eff
or p ,

= O and pale O
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7 Testing Multiple Linear Restrictions: The F-test

Suppose the model is speciÖed by

y = "0 + "1x1 + "2x2 + "3x3 + u

H0 : "1 = 0 and "2 = 0

H1 : H0 is not true

We can use the F-test to test this type of "multiple hypotheses".

1. Our full model is called the "unrestricted" model (ur). Suppose it can be expressed
as:

y = "0 + "1x1 + "2x2 + "3x3 + :::+ "kxk + u

2. The model which takes out x (which we think its associated " = 0) is called the
restricted model (r):

2 3
→ want to test if X ,

Ha,
and Xz BOTH have no

impact on Y
.[

+ =p. .im:7?xIIsx7tu ÷:* .
↳

y Esp? PIET is true ⇒ do not reject Ho
-
- F

-

-

- o suppose there are
"

q
" number of p that

is
,

we would like to perform a joint -test of -O

e.g .
in this model of = 2

y = pot pix , tpzxzt - - - - -

+ pk.gl/k-q+U
Ho : Pk -q+ ,

= Pk -q+z= - . .

- Pk - O
( the last of ps

- o)

Ha ! Ho is not true
.

y = pot pix , -1/32×2 . . . - + pk-qXK-qtpk-q.li/k-qtItPk-qtzXk-qti-tPkXk
- tu
(r )
#

Ur This is always#

F = ( SS Rr - SS RurHbk ssrurcssrr.
- Every time you add9 1 more X

,
the model
- will be better explained.SS Rur

d.f. of the
"

ur
"

model
.



• So
,
if every time you add a more x variable

,
the

SSRI and RT
, why don't we just keep the

additional X in the model ??

=D Because every time we add a more X g
var Cfs)

will increase
, making the prediction of p less

precise .

So
,
we only keep the addition X,

if itthey can improve the model enough-

µ
" can significantIfs's8%89

.EE#eiecteIoaifEEBne# of joint Hypotheses"F "

% being tested
d.f. of

o#"oF thmeode!
We reject HoC ( critical value) ofjointly no
effect if
F S C
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3. Some useful facts

4. Other ways to calculate the F-statistics:

Example: Suppose we are interested in understanding the determinant of a baseball
playerís salary.
salary = season salary
years = years in major leagues
gamesyr = games per year in the league
bavg = career batting average
hrunsyr = homeruns per year
rbisyr = runs batted in per year

! the unrestricted model (ur) is deÖned by

① R'ur > RT because any additional X
would increase R

'

( improve fits .

⇒ SS Rur CSSRr

② By including more X
,
the model is

certainly better explained . However
,
we

would like to reject Ho if the inclusion
of extra variables does not improve the
model enough .

go Rss
⇒ From RZ = I - SSI

SST HTS5

We have IF = ( Dur - RT )
-

# of p that -09¥ pier , intercept.
are set to

"

O
" /

⇒ If we want to test the overall
P i # of slope p .

significance of the model # of Obs .

Ho : p , - 132=135 - - =pK
- O
, Ha = otherwise

F E R' R2 of the models UR

FREET the
"

r
" model has no X

at all .

y
If we want to test whether

performance has anyr { ur } impact on salary
Ho ! Pbavg =Phrunsyiprbisyr O
Ha : otherwise is true
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! the restricted model (r) is deÖned by

Now, our H0 and Ha becomes

ur model
(y Y X

D a

1

}
{ ¥
:* .w÷÷¥¥÷:÷¥¥T÷⇐.§§! ①

impact at s%

• But when performing an

F =cssrrEEEiT9igf¥¥,SSR
ur Icn

-K - D = ? ?
have joint impact .

= (198.311-183.186)/3 - 9.55

level ofsig .

If
-

- 955 Since f- = 9.55 > 2.6 ,
we

Mnm reject Ho at 540 level
T and conclude that performanceF ⇒0=2.6 s

3. a have joint effects on salary .
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8 How the Hypothesis Testing is done in Practice

1. Check the values of t " statistic reported by the statistical software (i.e. STATA,
SPSS, SAS)

) These t" statistics are to test H0 : "i = 0

) If the d.f. > 30; then when t > 1.96, we can reject H0

)When t > 1.96, we can say that "i is statistically signiÖcant at 5% level.
(value of "i 6= 0)

) When t < 1.96 we can say that "i is not statistically signiÖcant at 5%
level.

) If t < 1.96 we can drop xi from the model

) After we drop xi; we estimate the new regression function and obtain a new set
of "̂:

2. We can also perform other hypothesis testings of interest.

e.g. H0 : "i = "j

or H0 : "i = 5 etc.

or perform an F-test for testing multiple linear restrictions

3. Usually, in economics, the estimation results are reported using this form

←
Z-table

- -

with 5% Sig .

level

sales -0

other company {performance
CEO characteristics

p
like a simple regression with ix.
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Multiple Regression Analysis : Further
Issues

1 Data scaling on OLS statistics

When we change the unit of measurment of a variable, the value of estimators would
chance accordingly. For example

\bweght = b"0 + b"1cigs+ b"2famin c;

where
bwght = child birth weight, in grams.
cigs = number of cigarettes smoked by the mother while pregnant, per day.
famin c = annual family income, in thousands of dollars.

re
-

k k b

' n

)✓• What if we use bweght in kilograms ? ?
I kg .

= 1,000g .

b.

bwegttkg-bw.gg#--.pgo-,poogcigs famine

= Iot I , Cigs t Iz famine

⇒ Io - E÷o . I --Rojo ,
I ;l÷o

• What if we use famine in USD ( instead of 1000USD)

bweghtg = pro t § , Cigs + Befamjgncus.
1000 The value of= Bot § , Cigs -1 £2 famine use this variable is

⇒ Ez = Be going to be
1000 times larger

in other ward 0£
,
= impact of a

usDPithanfami€
n income

1^32 = - 1,000 USD9 in income .

•
What if we use bweght in kg S income in

THB

bweghtkg-opogtwpjcigstfopfotfamp.in CTHB
- This value is going to
301000

be go,ooo times more
than famine
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2 More on functional forms

! Logarithmic Functional Form

log(y) = "0 + "1 log(x1) + "2x2 + u

! Models with Quadratics

Example : E§ects of Pullution on Housing Prices

log(price) = "0 + "1 log(nox) + "2 log(dist) + "3rooms+ "4room
2 + "5stratio+ u

by = Yi - 42
DX ,

= Xy. - Xu
← usually means natural log!
- •

-

-

• p , = dlogcy ) E
-

too x¥sY=%±
⇒i '¥,d=¥ - %*

IDK 100 AX ,

T
with the logy slog x format , the coefficient is
going to be the elasticity ? ( X , elasticity of Y )

(price) ( demand )

• 132 = d log ( Y ) = ytdy = ITSY- -

-d Xz dxz A Xz

⇒ if we want the upper term
to be To change,

then
loop , = 100 #by OA in YEE atx.

100132 = Toby increases by
1 unit .

( squares)
→ capture increasing 1 decreasing marginal effects ( slope
of the relationship between XSY is not constant.

Decreasing returns .

¥¥¥e§EF5 - potpie "f.'II:&.LI -- fat 213.2¥↳ et ' t )↳
(days,

Ct ) Ctfdays ⑧ assuunnietcao)
IT = ( P - MC )q ; me- 10
IT = ( today - so , of

Demand :P - too -q

F-
O

-
c ddIq=o=qoo€B .

is positive

←pz is C- )
- - - - -



← didn't -- I ⇒ dlncxs=y
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where
price = housing price
nox = level of pollution
dist = distance from downtown
rooms = number of rooms
stratio = average student per teacher ratio
The estimation result is given by

Consider the e§ect of "room"

What wold be the % change in price when the number of room increases from 5 to 6?

(Ioniherthecaenriesrnasldudentscan apply to schools in
the area without hailing
to take any test .
So
,
the lower strati O

,

the better the school

logcpriu,
-8 Pilog ( NOX) pi

133
B4
135

It I > 1.908T P all < 0.05
→ all variables are significant

dlogcp = Pst 2134 rooms
= - 0.553 -1210.062) - rooms

d rooms
* at how many rooms dosekgcppria)

, additional room has a positive
impact on log ( price ) ? ?↳

p room,
O = - 0.553+20.062) . rooms

4.4 rooms = 4.4

? Answer =p at 4.4 rooms or more
•

at -75 rooms or more .

TT

• dlogcpr = - 0.553 t 210.062) - roomSH
d roomsioo.pri.apriaih.io#iio.:ss:iaiEEE. .

d rooms = 100 x 0.067 = increase .

→ What about to in price when # rooms increases*Mgo pti ? ? 100C - 0.553 t 210.062) - 67=19.1%0
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3 Models with Interaction Terms

Consider

price = "0 + "1sqrft+ "2bdrms+ "3sqrft% bdrms+ "4bthrms+ u

where
price = housing price
sqrft = house size (square feet)
bdrms = number of bedrooms
bthrms = number of bathrooms

⇒ Used when the impact
of one variable depends
on the value ( level ) of
Xs another variable .-

X, Xz X , . Xz Xz

price
D

se11ham.ge#Iaate.doPbrdicems=pztpssgrft↳began,
⇒ if pz > 0 then

,
an additional bedroom

would increase price more for a larger
house ?
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4 More on the Goodness-of-Fit and Selection of Regressors

! Adding more regressors ALWAYS improve Öt

Using adjusted R-squared to choose between non-nested models (one model is not a
subset of another).
Consider Model 1

\salary
=

830:63

(223:90)

+0:0163sales

(0:0089)

+19:63roe

(11:08)

n = 209; R2 = 0:029; 5R2 = 0:020

Consider Model 2

\log(salary)
=

4:36

(0:29)

+0:2751 log(sales)

(0:033)

+0:0179roe

(0:004)

n = 209; R2 = 0:282; 5R2 = 0:275

→ R2 always A
• But we lose the " degree of freedom

"

( d.f. = free data point used to estimate
the parameter )
→ i data point is sacrificed every time

we estimate a parameter .

• using RZ would not punish u having too

many regressor s .

"

• We use adjusted - R2 or pi ' when we
want to punish adding too many regressors.
R2 = I - §§R=,

= I - §§Rf⇒n
adj . R2 = I - ssRkn-k#

SSTICN - l )

↳ If we have more kg d.f . = n - K - I *
,

SSRKN - K - i ) A , adj - R2 to

←
27

.

590 of
variation in Y
is explained.
So
,
this model is

better ?


