Answersto Chapter 5 Exercises

1. Consider the following consumption and portfolio choice problem. Assume that U (C ,t) =
o'laC,-bC 2], BW.,T)=0, and y, #0, where & =ﬁ and p >0 is the individual’s subjective rate
of time preference. Further, assume that n=0 so that there are no risky assets but there is a single-
period riskless asset yielding a retum of R, =1/J that is constant each period (equivalently, the risk-
free interest rate v, = p). Note that in this problem labor income is stochastic and there is only one
(riskless) asset for the individual consumer-investor to hold. Hence, the individual has no portfolio
choice decision but must decide only what to consume each period. In solving this problem, assume
that the individual’s optimal level of consumption remains below the “bliss point” of the quadratic
utility function, thatis, C’ <1a/b,Vt

a. Write down the individual’s wealth accumulation equation from period t to period t+1.
Answer: W,.,=R,][W + yt—cr:]=%[wt+ v.-C.J (1)

b. Solve for the individual’s optimal level of consumption at date T —1 and evaluate JW._ ,, T —1).
H int: this is trivial.
Answer: We assume throughout that the individual is below the maximal ‘bliss point” of the
quadratic utility function, thatis, C* < a/b. The solution at date T —1 is trivial. Since

there is no bequest function, in the last period the individual consumes income and
remaining wealth, C* =W __, + y__,. Since we define

T-1
J( _,t) =max E[ZU C.,9+ B(WT,T)]

st

=max E[gﬁ[ac—bc:l}

(2)

IW ., T-1)=6"1]ac;, -bc?,]

‘ i 3
= OTHl[a(W'?fI + ¥ ) =W, + yT*‘)-]

¢. Continue to solve the individual’s problem at date T —2, T —3, and so on—and notice the

pattem that emerges. From these results, solve for the individual’s optimal level of consumption
for any arbitrary date, T —t, in terms of the individual’s expected future levels of income.

Answer: Using

JW ,9=max[U(C,D)+E[IW,,,t+D]] C))

t+1?
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atdate T —2 we have

2

JW._,,T ‘2)='.‘?3X‘5[_2 EaCT-z —bC. Zr

o , )
+E, [0 [a(W ,, + ¥, ) bW ., + v, ,) 1]

Substituting in W, = ];[W + 2+ ¥ ,—C, ,]in(5) and taking the first order condition
with respect to C_ ,, we have

0" [a=2bC, ,]+6™" 1,201 4 Vs —Cr)+E L[y ,1||=0 (6)
- ) Sl 4 2 ]
Thus,
et =t W, 4y, +0E Lyl 7
T-2 1+(5 T-2 yr—z T-2 yl -1
and therefore from (5)
J(W,_,, T —2)=5""2]aC}_, —bC;_,?] 8)

2
+‘5T4ET Z[a(%[WT 2t Y z_C; z]+yr l)_b(%[wmz+yT72_CT*-2]+yT—I) i|

=572 {lfé [W. s+ v, +SE. v, ]]- a +b5)2 [w cat Vi, +OE,, [y.u]]z}

b

S(1+6)

1+6 MWtV +5Yr-|)2:|

+5T_IET Z{L(WT 2T Y 2+‘5y1' =

— ST-2 _ b 2
=5 [a[WI._Z+y:,_2+5E!.L._2[yl_l]] 5(l+5)[w,r_l+y:._2+5E.1_2[y[._]]]]

Next, considering the problem at T -3, we have

T -3)=max5"3[aC, ,~bC, ,|" +E, [I0W, ,,T -2)] )

Cra

IW s,
Substituting (8) into (9) and then substituting (7) forw _, =1[w_,+ vy ,-C_,], we
can then take the first order condition with respect to C__,. This leads to

1

CT:s:m(wf—s‘* Yot Epalov g +tw (10)

By now, we can see the pattem for the optimal consumption rule:

1 m-1 )
z(sry’f—nw:H (11)
=0

C'_m=—W PN £ T
1984 L +¢5”“[ R

The rule is to consume a proportion of current ‘“‘permanent income’” where m is the
number of years remaining in one’s lifetime.



26

George Pennacchi ¢ Theory of AssstP ricing

Consider the consumption and portfolio choice problem with power utility U (C ,t) =6°C//y and
a power bequest function B(W,,T) =6 W //y. Assume there is no wage income (v =0 V t) and a
constant risk-free retum equal to R, = R . Also, assume that n=1 and the retum of the single risky
asset, R _, is independently and identically distributed over time. Denote the proportion of wealth
invested in the risky asset at date tas w_.

a. Derive the first-order conditions for the optimal consumption level and portfolio weight at date
T-1,C;, and @, ,,and give an explicit expression for C ,.

Answer: Letting S = W_-C_and R = R, +®/(R,-R,)
Ur' =E'1‘—I[Bw R'L'—l]

o™ ICIN=E,, b‘TW i |= E,,[07 (8, R,y )77IRT—I] M

=0"E,, VR'?V-l MW 1.1 ~Cry )771

or

i

(‘SEr-l[RTy—l])r_'

CTv = LWTJ
1+(s8, ,[R2,])7 @
=1_?a|WT l=qWT 1

35 (TR el
7 1=(sE[R7,|]’" where E[] is the

J =

where ¢ =a/(1+3)and & =(5E,,[R, |
unconditional expectations operator. The unconditional expectation is the same as the
conditional one because the distribution of asset returns is assumed to be independent
and identically distributed. The first order condition with respect to the portfolio weight
implies
ET~I[BN Rr.T—I] = RfET—I[B'.'( ]
o° ET—I |:( ST—IR':AI )7 er.mlJ =4" R:’.T~IET~I I:(Slulqu)kliI
E., I:Rl):::Rr.T—I ] =Rir4Er, [R{::]

e[RE1R, .\ ]=R.p o [R1]

3

Equation (3) shows that the optimal portfolio weight is determined independently from
the level of wealth or consumption. It depends only on the distribution of retums on the
risky asset. Since this distribution is independent and identically distributed, we can
again replace the conditional with the unconditional expectations operator. Hence, all
individuals with the same constant coefficient of relative risk aversion,  chose the
same portfolio proportions for the risky and risk-free asset.
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b. Solve for the foomof J(W _,,T —1).

Answer : JW, ., T-1)=8"'C /y+5°E, .[:Ri (wo,-c; -)\Jy/?}
a ), Wy
_ g W dre SR | Ry A
[1+a,] r1/Y T—I|:RI—I }/(1_*_81)/} @)
L Wl o )
i CALLY)

=5""QW  /y

where b = (& +SE[RY, |)/(1+4,) =[a/(1+ aJJ’ 2

Derive the first-order conditions for the optimal consumption level and portfolio weight at date
T-2, C;, and @] ,, and give an explicit expression for C. ,

Answer: The optimality condition for consumption is

U (C;~2*T -2)= E'I‘A'.’[J;s’ W TS _I)Rl".’.]
crl=6"E_ ,[QW/IR,, ]

T-1"T-2

(5E,1.42 [b-(SrA;RH) _erfz:| (5)

=0 vZI:R'T—Z:I r-2—C ~z I

1
Ci

or

L
P

(SBE, ,[R7,])
1+(ShE, ,[Rz, )

e %
“Tra W,_, (6)

*
Cira=

L Wi
'4

=GW.,

o
Y7

where ¢, = &,/(1+2,) and a, =(hSE[R/, ||" = a}/(1+ 3) = 4G. The optimality
condition for the portfolio weight ©; , tums out to be of the same form as at T —1:

ET—z[Jw R 1= RfEr—.’.[J;v ]

Epcalbi(8 Reey)’ Riy J=RE, ({8, R,.,)"]
ET Z{QR“A}:_;.R:T 2J=R.‘ET z[blRfy_”

B[R 1R, 1] =R E[RE

)

Hence the portfolio weight . , is the same as ®; , and does not depend on wealth or
consumption, just the distribution of risky asset returns.
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d. Solve for the form of J(W _ ,,T —2). Based on the pattem for T —1 and T -2, provide
expressions for the optimal consumption and portfolio weight at any date T —t, t=1,2,3,....

Answer:

JW. ,,T-2)=U(C:,,T-2)+E_,[JW, ,,T -1)]

=§"2C;’2/}’+ET I[JI.Jb.WTM/}’]

T-1°

Y

1+a,
y 8)
T2 aZ T—1 » WTyZ (

=5 W2, /y+8E,_ 7, — L9

(1+aJ =t Tl{QRT'y(l+a2)’}

w7 - \
=0"*—12_|al +JE,_, s

r(1+a2)/[ : 2 (AR

=0 RW Ly

where b,=( 27 +JE R, ||/(1+3,)".

The optimal portfolio weight is the same each period and satisfies
E[RIR . ,|=R E[RL1] ©)

The level of consumptionat T -1 is C. , =W , where ¢, = a¢/(1+ a). Hence,

T=-2

C, 3 =cW_ ,where ¢, =ac/(1+3c). Ingeneral, C:  =cW._  where
G =46,/ A+35,)

3. Consider the multiperiod consumption and portfolio choice problem

T-1
max E [ZU (C,9+B(W, ,T)}

Assume negative exponential utility U (C_, s) =—0°e ™+ and a bequest function B(W ,T)= -5"e ™+
where 5 =e”and p > ( is the (continuously compounded) rate of time preference. Assume there

is no wage income (y. =0 V s) and a constant risk-free retum equal to R _ = R . Also, assume

that n=1 and the retum of the single risky asset, R _, has an identical and independent normal

distribution of N (E,U’) each period. Denote the proportion of wealth invested in the risky asset at
date s as o.
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a. Derive the optimal portfolio weight at date T —1, «’ |. H int:it might be easiest to evaluate

b.

expectations in the objective function prior to taking the first-order condition.

Answer: The individual’s problem at date T -1 is R,

R, +w:(R1t_Rf)

max —¢o' 'e* 1 —E__ [0Te™1]
= max —51'_le‘h:r T— . -Jl'e‘t‘(wr 1 Cra R o (R o |‘;«)]]
X T-1]

= 1 , 2
,|e BCr _(5Te*b(‘x\"T 1=Cr)| Retoy ,l:-:w}{l|Jy\12-k$|w7 {—Cyy )02 02

Maximizing this with respect to @, _, is the same as maximizing

lE:aXb(w'r-l —Coy )[Rf +wr-|(§— Rf)]—%bl(w‘[d _CT-I)ZL‘)%,--IO'2

Taking the derivative with respect to @, , we have
B, ~C, JR-R,)-BW, , ~C; )&, ,0* =0
or

(R-R,)
, —C,_)bo?

T-1 _(W

T—

Solve for the optimal level of consumption at date T —-1,C; . C
of W, , b p, R, R, and o>

+_ will be a function
Answer :

— ST e _(STe—‘:{w] 1—Cx ,j[;zﬁml ,(E—R[)]o-:lhzu-xr 1—Cry) kot

Croswr gy

Taking the derivative of this expression with respectto C._, gives

0=35""be ™ —5"{HR, +a)7_1(ﬁ -R)I-P*W, ,-C, )@? o%}

(17 \ RR Yl (s o e o, T )
S e—t('n, 1=Cra )[Rt (R-R ) b (7, -Cp o o2

substituting in for @] , and simplifying leads to

W,,—C, Jbo? | (W,;—C,)oo?

R-R.)? R-R,)?
0=e‘t‘cxx—(5 |:Rf+ ( f) :l ( f)
-1

o % 2 (F-re) (R-re)
—b{W 1 —C; 1;{&"”:_ T +3 o
Xe : d

s Fag)
Oze'tcl ' —(SR e*t""‘x 1~C1 'IR‘V%(U-_;
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This implies
&1 =elna‘olan bWy _4=Cr_ IR, %l;;“z
or
- 1 (R-R,)
—bC.:_l——p+lan—b( ~Cy )RL—ET

Solving for C,_,, we obtain

R,
C! . =——W,_ . +H
TIyR,

where H E{p—lan +%(E— Rf)z/cz}/[b(l+ R )]

¢. Solve for the indirect utility function of wealth atdate T -1, J(W_ ,,T —1).

® ) - 3 o (mR-r.Vedp2fw. . —c* 1,.: 2
Answer: J(W.:._I,T —l)=—§7"e ko, _(STe—a{-\I i~Cy d[kpn& (B8 ) +ipt (w1 ot
(& 5»1]2 G 5‘:12
- .\ —\_ Rs— —_—t
==" _] = b{ ] a2 2 g
o1 P g bl - —p-br 4R H —%u
=T 1g T i PN TRz 3
( (: =7)2
Lw +ER ¢H 1
=_§';-_]e'k|u_;,,"7 low 4’ S S ]
——JF*IG l:>—(-1I 1
nG 2e)’
< +bR H -4
where G =™ +e " " | isindependent of 1 __,.

d. Derive the optimal portfolio weight at date T -2, «] ,.
Answer:

iy o i bWy |
max —J§ e —E_ ,[5' 1Ige e

Cro2s®r 2

— _éque_'urjt : | 5~1-,|Ge‘kﬁ‘[';r 2~ Cr 2|[R|+“’r 2| B r 2‘[":'7
max T-1

Cro2:0% 5

= _(ST —E\..
C1 10y

(xz“z'[R ror 4[R xl'( )"12 L:z)"’xzo'z

-8 'ge "
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€.

max
@; g

Maximizing this with respect to @, , is the same as maximizing

e (w € ){R [R R \] 1| Rs -(w C,, )t o
. ,=C. ., c+ @i | R—=R || g , | w: ,o°
150 - T T 1 2| 1+R, TR R

Taking the derivative with respect to @, , we have

bR[ = [ bR, ? 2 2
W, =C, z)(R—R[)—Lﬁ W, ,-C, V0, ,02=0
1+R, £)
or

_ (R-R)(A+R))
e A g

Solve for the optimal level of consumption atdate T -2, C. ,.

Answer:

2
R g i (= 1 oRe |7/ 2 a2
- ’ y —— {2 —Cp ) Botor 5| R-R, )+ =) (W, ,—Cp 5 ) 0d 02
T-2 _~bkCr.a -1 BReVET=2 ¥T-2]] L 21 ]2\ kR I-27 -T2 2
max —9 e -9 'Ge : :

Cs 24 5

Taking the derivative of this expression with respect to C__, and simplifying gives

R2 __"il_‘:- . m.— E :'r’z
—bCra £ treiT-2 C12 /R 3 _
e oG 1+R£.e 0
This implies
xe)
or
SGR?  bR? L®RRY
_bCT 2 =lner—er(WT Z_CT 5 _ET

Solving for C_ ,, we obtain

+K

T-2

=— ' w

it E[_ln : +%[E—Rf]2/o-z}[l+ Rf]/[b\:1+ R +Rf];.
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An individual faces the following consumption and portfolio choice problem:

CLam ¥

T-1
max E, D S [C 1+ 67 In[w ]
- L=0 A

where each period the individual can choose between a risk-free asses paying a time-varing retum
of R ; over the period from t to t+1 and a single risky asset. The individual receives no wage
income. The risKky asset’s retum over the period from t to t+1 is given by

J (1+ )R, with probability 1
R =
“ |+ )R, with probability &

where u >0 and -1<d <0. Let »_be the individual’s proportion of wealth invested in the risky
asset at date t. Solve for the individual’s optimal portfolio weight »’ for t=0,...,T —1.

Answer: With log utility, the individual’s portfolio choice is myopic. It is the same for a multi-
period problem as it would be for a one-period problem. As shown in Chapter 5, the first
order conditions for date t are

- 1
l— RﬁEt[Rf-i-a)r(Rw s R!r)i|

or
2 _ 1 % 1
R, Ry+wuR, R +wdR,
_ 1 - 1
R([1+wu] R [1+w0d]
Therefore
_ 2+w(u+d)
T [M+oulll+eodl

20+o (o +d)+wlud)=2+w(y +d)
20,(u, +d)+20!ud, =w,(u +d)
20lud, =~ +d)
Gl

o, = 204
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1. Two individuals agree at date 0 to a forward contract that matures at date 2. The contract is written
on an underying asset that pays a dividend at date 1 equal to D,. Let £ be the date 2 random
payoff (profit) to the individual who is the long party in the forward contract. Also let m, be the
stochastic discount factor over the period from dates 0 to i where i=1,2, andlet E [-] be the
expectations operator at date 0. What is the value of £ [m , £]? Explain your answer.

Answer: Let S be the price of the underlying asset at date i and let D be the date 0 present value
of dividends that it pays between dates 0 and 1. Pricing using a stochastic discount factor
implies S, = E,[m,,D,]1+E;[m,,S,] =D, +E;[m,,S,] where D, is the date 0 present
value of dividends. If we let F,, be the forward price, then we know that the payoff to the
long party is £ =S, —F,,. This long forward position represents ownership in a share of
the underlying asset, a short position (selling) the underying asset’s dividends, and bormowing
an amount such that the repayment at date 2 equals F,,. Using the stochastic discount
factor approach to pricing, we know that E [m, £]1=E [m,,(S, = F,)]=E[m,,S,]-
E[m,,F,,]. Now note that S, = E [m,,D,]+E [m,,S,] =D, + E;[m,,S,] where D, is the
date 0 present value of dividends. Also note that E[m,F,,]=E[m,]F,, = R *F,,. Thus
we have

Eglmg, 1= Elm,,S,1- Elm,Fy, ]

=5 —Dy—R:Fp

However, we know that the absence of arbitrage implies that the forward price satisfies
F,, = R*(S, —D,), which implies that £ [m,, £]=0.

2. Assume that there is an economy populated by infinitely lived representative individuals who
maximize the lifetime utility function

E, [i_&e }

=0

where ¢ is consumption at date t and a >0, 0 <6 <1. The economy is a Lucas endowment
economy (Lucas 1978) having multiple risky assets paying date t dividends that total d_ per capita.
Write down an expression for the equilibrium per capita price of the market portfolio in terms of the
assets’ future dividends.
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Answer: A result of the Lucas (1978) model is that the price of a risky asset, P,, satisfies

p— [Z U.(GsY d}

=1 U C(C}J,O) ‘

In this problem U (¢, =-0"¢ *%, so that U (c,t) = ad'e **. Also, because this is an
endowment economy with one share per individual, we have ¢ = d. Thus,

Po = Eo[lzwqjl = Eo[iéte a(d, %)(i:|
=1

=1 U C(q;,o) )

3. For the Lucas model with labor income, show that assumptions (6.25) and (6.26) lead to the pricing
relationship (6.27) and (6.28).

Answer ; By =E{i‘5 i( Lcij)r_l(ir+ 3}
t=1 i

- a2 (2] ()
=

o
2(5 ]e(y-l)lnu:,, fe)+In(d, /d)
=1

=Et

Now

{ 3\ . j
In\\CH /C,)= I, +o-_::z‘_=|77(- :

In/ D /D,)= j-;/_:i+0'z__‘=lg,m

t+ 7

so that

; ; 1
B/d =E, ié.]e(r D) SHACD ) Ty |F MO D ) B

¥l |
|
= El.

a0 =
Z(S ]ei‘)’*l)ﬂ;*ﬂ_,]* 3. [o-vea, o
o1

]

=i5 bj(;/—l).uﬁg_:ez](l retial-21-y)e.0.p0]
|

o
e Z e Ins—(1-y)u +u,+3(1-y P ot +62)-(1-y)o o p]
1

= 1 ' -1

{1 3114:'/:.;'—'.-;“ i)zﬁfwf: (Lg o)
1-Je
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So

- o
P=d1 5o

where

a=pu,—A=y)u + %[(1 =7yYoi+o3l-(-y)poo,

Consider a special case of the model of rational speculative bubbles discussed in this chapter. Assume
that infinitely lived investors are risk-neutral and that there is an asset paying a constant, one-period
risk-free retum of R, =5' >1. There is also an infinitely lived risky asset with price p,_at date &
The risky asset is assumed to pay a dividend of d_that is declared at date t and paid at the end of the
period, date t+1. Consider the price p = f +b_where

w0 E d
= f:lJl 8))
=0 R[l'
and
i3 ith probability
—nh +¢,, with probabili
By={ % : )
l 2 with probability 1- g

where £ [e_, |=E_ z,, |=0 and where c_is a random variable as of date t—1 but realized at date t
and is uniformly distributed between 0 and 1.

a. Show whetherornot p = £ + b, subject to the specifications in (1) and (2), is a valid solution
for the price of the risky asset.

Answer: We need to check that (2) satisfies E_ b, |=R b. While q_is a random variable as of
date t—1, itis realized (known) as of date . Thus,

R.
E, (b._-r.l=;rb._q_+ E[en|a+1-a)Elz,]=Rb

so it is a valid solution.
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b. Suppose that p_is the price of a barrel of 0il. If p > p_,,, then solar energy, which is in
perfectly elastic supply, becomes an economically efficient perfect substitute for oil. Can a
rational speculative bubble exist for the price of 0il? Explain why or why not.

Answer: SinceE b, |=R b, we see that

£

+oo ifb >0

imein =7 0 R

For limited liability assets, such as oil, we cannot have a bubble path with a price
becoming negative, so we need to consider only bubbles with >.> 0. In this case, we
see from the above equation (*) that for a bubble solution to exist, the bubble
component must be expected to increase infinitely. But this cannot be a rational
expectation if there is an upper bound on the price of oil, as would be the case if there
was a perfect substitute in perfectly elastic supply. Thus, since p_cannot rise above
Pows 0. cannot rise above p,,, — p!. Thus, a bubble path where b must be expected
to increase to infinity cannot possibly occur.

c. Suppose p_is the price of a bond that matures at date T <oc. In this context, the d_for t<T
denotes the bond’s coupon and principal payments. Can a rational speculative bubble exist for the
price of this bond? Explain why or why not.

Answer: For similar reasons, a rational speculative bubble cannot exist for the price of a bond.
Since, at maturity, the bond’s price must be p, =d. and zero after date T, its price
cannot rationally be expected to satisfy equation (*) and increase infinitely. Thus, a
bubble path is invalid, and the only rational price is p = p/.

Consider an endowment economy with representative agents who maximize the following objective
function:

T
E 5*u(C
.::H’Ijl"g:;i ]'|:§L ( ":)j|
where T < c. Explain why a rational speculative asset price bubble could not exist in such an
economy.

Answer: With the economy, and therefore assets (or asset markets), having a finite horizon, asset
prices could not have the form p = £ + b, with b # 0 because atdate T, p, = £ =d,
which is an asset’s final dividend payment. Since b, =0 with certainty, then the bubble
process E [b.,]=5"b, implies £, [b.]=E, ,[0]=6"b, ,, or b, =0. A similar

argument implies b, =0 for all previous dates, t <T —1.



