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A R i  P blA Recursive Problem

• Hence, one can continue recursively in this way, 
solving for a collection of feedback rules of the 
form

ct = ht(xt),      t = T,T-1,T-2,…,0.
where both ct = ht(xt)  and   xt+1 = ft(xt) 
solve these equationssolve these equations 
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A Recursive ProblemA Recursive Problem

dand 
xs+1 = gs(xs,cs)           for s = t,t+1,…,T., 
given that: 
cs+1 = hs+1(xs+1)         for s = t,t+1,…,T-1. s+1 s+1( s+1) , , ,
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Bellman’s EquationsBellman s Equations

• Define the value function for a one-
period problem

(1.6)      1 0 1max ,T T T T TW x U x c W x   (1.6)

Subject to

      1 0 1
T

T T T T Tc 

Subject to 

 1 , ,T T T Tx g x c   1T T T T

Twith x given

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Bellman’s Equations Bellman s Equations 

F th L i fi d 1 t d• Form the Lagrangian, find 1st-order 
conditions,

(1 7)   U • (1.7)     '
0 1

, ,
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T
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U x c g x c
W x
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 
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 

• Which is the same as equation (1.5c).
• Equation (1.7) and xT+1=gT(xT,cT) are jointly 

determined    cT = hT(xT)  and 
xT+1=g(xT,hT(xT)). Then, put this outcome T 1 T T T
into (1.6), one has

• (1.8)       1 0, ,T T T T T T T T TW x U x h x W g x h x   
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Bellman’s Equations Bellman s Equations 

• Differentiating (1 8) w r t x gives• Differentiating (1.8), w.r.t. xT, gives

       1 ' ' 'T T T T T TW x U g h U gW W W
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• Then, together with (1.7), one has

     U h h •                                                     

•
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• (1.9)
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Bellman’s Equations Bellman s Equations 

N t t th ith th l f ti• Next, repeat the process with the value function 
for the two-period problem,                                        

• (1.10)      
1

2 1 1 1 1 1max ,
T

T T T T Tc
W x U x c W x


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• where       1 0 1max ,
T

T T T T Tc
W x U x c W x  

• subject to  1 1 1, ,T T T Tx g x c

T

 1 1 1
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Bellman’s EquationsBellman s Equations
• Again, by repeating the same procedure, we 

have
•                                                    
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• (1.11)
• Applying (1 9) into (1 11) one has
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• Applying (1.9) into (1.11), one has

         1 1 1 1 1 1 1 1 1 1' , ,T T T T T T T T T TU x h x U x h x h x         
•                                                                  

 
 

      

1 1 1 1 1 1 1 1 1 1
2 1

1 1 1 1

1 1 1 1 '

, ,
.

,
1 12

T T T T T T T T T T
T

T T T T

T T T T T T

W x
x h x x

g x h x U g W

 


   

   

 
  

      

• where
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Bellman’s EquationsBellman s Equations
• Note that, for  j = 1, equation (1.12)  becomes

         '
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(1.13)
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where   1 ,T j T j T j T j T jx g x h xwhere   1 ,T j T j T j T j T jx g x h x     
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Bellman’s Equations Bellman s Equations 

B it ti h th B ll ’ ti• By iteration, one has the Bellman’s equation as
•                                                    (1.14)      1 1max ,j T j T j T j T j j T jW x U x c W x  

• subject to

      1 1,
T j

j T j T j T j T j j T jc 
      

subject to

 1 , ,T j T j T j T jx g x c    

T jwith x given
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Bellman’s EquationsBellman s Equations

• The idea is to proceed recursively and to 
work backward.

• First solve the 1-period problem with 
j+1=1, deducing W1(xT).(or eq.(1.6))j g 1( T) ( ( ))

• Then solve the 2-period problem with 
j+1=2, deducing W2(xT 1). (or eq.(1.10)j 1 2, deducing W2(xT-1). (or eq.(1.10)

• The process is repeated until we have 
the (T+1)-period value function W (x )the (T+1)-period value function, WT+1(x0), 
and along the way we have the optimal 
feedback rules cT j=hT j(xT j) j = 0 1 T
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feedback rules  cT-j hT-j(xT-j),j  0,1,…,T. 



Bellman’s Equations Bellman s Equations 

 Th  (T+1) i d l  f ti  i The (T+1)-period value function is;

         1 0 0 0 0 1 1 1 0 1max , max , ....max ,T T T T TW x U x c U x c U x c W x 
           
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   

 
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0
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Tc c c

Tc
U x c W x

     
   

 1 0 0 0 0, , .Subject to x g x c x given

1/31/2014Arayah Preechametta12



Bellman’s EquationsBellman s Equations

 Th  fi t d  diti  f th  b  bl  t  i The first-order condition of the above problem w.r.t. u0 is,

       0 0 0 0 0 0 ', ,
0 1 15

U x c g x c
W x

 
 

 Rewrite equation(1.14) for j = T-1, and put into eq.(1.15), 

   1
0 0

0 1.15TW x
c c

 
 

q ( ) j , p q ( ),
we have

     '1 1 2 2 3 3
0 1

1 1 2 2 3 3

, ,
... ... 0,t t t t t t t t t t t t T

T
t t t t t t t t T

U x c g x c U g U g U g g W x
c c x x x x x x x

     


     

                                           3 3

0,1,..., .
t t t t t t t t

for t T

       


1/31/2014Arayah Preechametta13



Bellman’s Equations Bellman s Equations 

• This backward recursion generates the same g
marginal conditions as the problem (1.5a)

• The derivation of the value functions obeysThe derivation of the value functions obeys 
the recursion (see eq.(13) & eq. (1.9), for j=1)

      
 

 '
1

,,
.

T j T j T j T jT j T j T j T j T j T j
j T j

T j T jT j T j

U x h xU x h x h x
W x

x xh x
        

 
  

     
 

  ' ,T j
j T j T j T j T j

T j

g
W g x h x

x


   



   

• Comparing this equation with (1.4bbb) and 
(1 4ccc) we find that:
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(1.4ccc), we find that:



Bellman’s EquationsBellman s Equations

W ’ ( )     W ’j(xT+1-j) = T-j, 

 and  W ’j+1(xT-j) = T-j-1,

 Hence,

    
 

 
( 1)

,,
.

T j T j T j T jT j T j T j T j T j T j T j
T j T j

U x h xU x h x h x g
 

         


        ( 1)T j T j
T j T j T jT j T jx x xh x  
     
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SummarySummary
• Define the (T+1)-period value function

           
0

1 0 0 0 0 1 1 1 0 1,...,
max , , ... , 1.16

T
T T T T Tc c

W x U x c U x c U x c W x       

 1 0, , 0,1,....,; .t t t tSubject to x g x c for all t x given  

Problem (1.16) is the same as

           
0 1

1 0 0 0 0 1 1 1 0 1max , max , ....max , 1.17
T

T T T T Tc c c
W x U x c U x c U x c W x 

           

   

 
0

0 0 0 1max , Tc
U x c W x

subject to x g x c x given

   


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SSummary
Starting to solve problem (1 16) from t = TStarting to solve problem (1.16) from t  T,
(1) Solving for cT=hT(xT) to optimize W1(xT);
(2) Solving for c =h (x ) to optimize W (x );(2) Solving for cT-1=hT-1(xT-1) to optimize W2(xT-1);
(3) Continue to repeat this process until  t=0. 
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