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Intro

Statements (or Propositions)

Definition
A statement (or proposition) is a sentence that is true or false but not both.

Example

Which of the following are statements ? Give the truth value for each of the statements.
(1 14+1=2
2 14+1=1
@) x>y
(4) What time is it?
(5) Be quite!

Answer: The statements are (1) and (2) with the truth value true and false, respectively.
(3),(4) and (5) are not statements because we can not determine the truth values for
them.

v
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Intro

Compound Statements

@ When a new statement (proposition) is constructed from two or more statements,
we call this new statement as a “compound statement”.

@ A compound statements are built by connecting more than two statements by
using the following operations of logical connectives :

symbol ~ A Vv
meaning || “not” | “and” | “or”

Let p and g be statements. The following are compound statements constructed from
the above operations:

@ Negation of p: denote by (read “not p”)
@ Conjunction of p and g: denoted by (read “p and q")

@ Disjunction of p and g: denoted by (read “p or ")
The order of operations

1.~
2. N and V (coequal)
Note: The order of operations can be overridden through the use of parentheses. E.g.
@ ~pAg=(~pP)AQ.
@ ~ (p A Q) is the negation of p and g.
@ p A qArisconsidered ambiguous (must be either (oA Q) VrorpA(gVr)).
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Intro

Compound Statements: Example

Example:

suppose x is a particular real number. Let

p be the statement for 0 < x,

q be the statement for x < 3,

r be the statement for x = 3.

Write the following inequalities symbolically by using p, g, and r.

(i) x<3

(i) 0<x<3

(i) 0<x<3
Answer:

(i) x < 3is equivalent to , which is .
(i) 0 < x < 3is equivalentto| 0 < x or x < 3|, which is [pAq]

(ii) 0 < x < 3is equivalent to| 0 < x and x <3, whichis | p A (pV r) |from (i), (ii).
n
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Truth Table
Truth Value

@ A statement variable is a variable of statement whose value can be true (T) or
false (F)

@ A statement form (or propositional form) is an expression made up of
statement variables (e.g. p, g, and r) and logical connectives (e.g. ~, A, V) that
becomes a statement when actual statements are substituted for the component
statement variables.

@ The truth table for a given statement form displays the truth values that
correspond to all possible combinations of truth values for its component
statement variables.
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Truth Table
Truth Value

Let p and g be statement variables.
@ Negation of p:

Truth Table:
p|~p
T F
F T
@ Conjunction of p and g:
Truth table:
P gl PAQG
T T T
T F F
F T F
F F F
@ Disjunction of p and g:
Truth table:
P g |pPVvyg
T T T
T F T
F T T
F F F
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Truth Table
Evaluating the Truth of Compound Statements

Example: Construct the truth table for the statement form :

(pVaA~(pAQ).
Note that the above is also called exclusive or and sometime denoted by p & g or
p XOR q.
Answer:
@ We have to consider the total of 4 possible combinations of truth values of p and g
(since each of p and q can be either true of false).
@ We will consider the truth values of:
pP.a.PVQqpAg ~(pAg)and (pVaA ~ (pAQ).

Truth table:
p _qglpvg prg ~(PAQG) | (PVYPA~(PAQ)
T 1 T T F F
T F| T F T T
F T T F T T
F F F F T F
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Evaluating the Truth of Compound Statements
Evaluating the Truth of Compound Statements

Example: Construct the truth table for the statement form:

(PAQ)V ~r.
Answer:
@ Since there are 3 statement variables (p, g, r) and each of them can have 2 truth
vales( ‘T’ or ‘F’), then there are 8 possible combinations of truth values.
@ In the truth table, we will consider the truth values of
P, g, r,pAg, ~r,and (pAQ)V ~r.
Truth table:
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Logical Ec  De Morgan's Laws Tautologies & Contradiction

Logical Equivalence

Definition
Two statement forms are called logically equivalent if, and only if, they have identical
truth values for each possible substitution of statements for their statement variables.

Note: The logical equivalence of statement forms P and Q is denoted by writing
P=aQ.

Testing Whether Two Statement Forms P and Q Are Logically Equivalent

@ Construct a truth table with one column for the truth values of P and another
column for the truth values of Q.

@ Check each combination of truth values of the statement variables to see whether
the truth value of P is the same as the truth value of Q.

o If in each row the truth value of P is the same as the truth value of Q, then P

and Q are logically equivalent.
o If in some row P has a different truth value from Q, then P and Q are not

logically equivalent.
v
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Logical Ec  De Morgan's Laws Tautologies & Contradiction

Logical Equivalence

Example: (Double negation) Show that p =~ (~ p).

Answer:
Truth Table:
pl~p|~(~p
T F T
FL T F
Since the truth values are the same for all two rows in the truth table, then p =~ (~ p).
u

Example: Determine whether the statement forms

~(PAQ) and ~ PA~Qq
are logically equivalence.

P gl ~p ~q pAgQ[~(pPAQ ~pA~Qq

T T F F T F F
Answer: Truth Table: | T F F T F T F

F T T F F T F

F F T T F T T
Since the truth values of rows 2 and 3 in the truth table are different for ~ (p A g) and
~ PA ~ q, they are not logically equivalent. |
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Logical Ec  De Morgan's Laws Tautologies & Confradiction

Logical Equivalence: De Morgan’s Laws

De Morgan’s Laws

~((pArq) = ~pv~gq
~(pva = ~pr~g

That is,

@ The negation of an and statement is logically equivalent to the or statement in
which each component is negated.

@ The negation of an or statement is logically equivalent to the and statement in
which each component is negated.

Example: Write negations for each of the following statements:
(i) John is 6 feet tall and he weighs at least 200 pounds.
(i) The bus was late or Tom’s watch was slow.

Answer:
(i) John is not 6 feet tall or he weighs less than 200 pounds.
(i) The bus was not late and Tom’s watch was not slow.
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Logical Ec  De Morgan's Laws Tautologies & Confradiction

Logical Equivalence: De Morgan’s Laws

Example: Use De Morgan’s laws to write the negation of
-1 <x<4.

Answer:
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Logical Ec  De Morgan's Laws Tautologies & Contradiction

Tautologies & Contradiction

Definition (Tautologies & Contradiction)

@ A tautology is a statement form that is always true regardless of the truth values
of the individual statements substituted for its statement variables.
= A statement whose form is a tautology is a tautological statement.

@ A contradiction is a statement form that is always false regardless of the truth

values of the individual statements substituted for its statement variables.
= A statement whose form is a contradiction is a contradictory statement.

Example: Show that

@ pV ~ pis atautology,and
@ p A ~ pis a contradiction.
Answer:
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Logical Ec  De Morgan's Laws Tautologies & Contradiction

Tautologies & Contradiction

Example:
Let t be a tautology and ¢ be a contradiction. Show that

pAt=p and p Nc=c.

Answer:
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Logical Eq

Summary of Logical Equivalences

De Morgan's Laws Tautologies & Contradiction

Given any statement variables p, ¢, and r, a tautology t and a contradiction ¢, the following logical equivalences

hold.

1. Commutative laws:

(S

. Associative laws:

w

. Distributive laws:

. Identity laws:

TRNS

. Negation laws:
. Double negative law:

. Idempotent laws:

NeRe RS B e

. De Morgan’s laws:
10. Absorption laws:
11. Negations of t and c:
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. Universal bound laws:

PAG=qAp
(PA@ANr=pA(gAT)
pA@@Vr)=(pAg)V(pAT)
pAt=p

pVv~p=t

~(~p)=p

PAP=Pp

pVvt=t
~(pAg)=~pV ~q
pV((PAg)=p

=

PvVg=qVp
(pv@)Vr=pv(gVvr)
pPNV@Ar)=((@Vg A(pVr)

pVe=p
PNAN~p=C
pPVpP=p
pPAC=cC

~(pVqg)=~pA~q
pA(pVg =p
~c=t



Logical Ec  De Morgan's Laws Tautologies & Contradiction

Logical Equivalences

Example: Show that
~(~pArg)n(pVvq)=p.
Answer:
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Conditional Statements

Definition

Let p and q be statements. The conditional statement p — g is

the statement that is false only when p is true and q is false, otherwise it is true.
@ pis called hypothesis (or antecedent).
@ gis called the conclusion(or consequent).
@ The connective “—” is called the conditional connective.

Truth table:
P gl bP—q
T T T
T F F
F T T «-- vacuously true
F F T «-- vacuously true

A conditional statement that is true due to the fact that its hypothesis is false (the last
two cases) is also called vacuously true or true by default.
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Conditional Statements

Note: The implication is also called:

@ ‘“the conditional of g by p”

“If pthen g”

“p implies g”

“ponlyif g

“p is a sufficient condition for g”
“q is a necessary condition for p.”

© 6 606 660

Example: Rewrite the following statement in the form “If A then B”:
Attending every lecture is a sufficient condition for a student to pass this class.
Answer:
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Conditional Statements

Example: The statement
1+1=0, then 2=1.
is vacuously true because the hypothesis is false.

Example: Consider the following statement:

“If the student shows up every lecture, this student will not fail the class. ”

@ The above statement is false ‘F'onlywhen ...........................

@ If the student does not come to every lecture, this statement is always true,
regardless of whether the conclusion is true or false (fail or pass).

~» thisis because.............

@ l.e., the above statementiscalled............... , if the student does not come
to every lecture.
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Conditional Statements: Representation of “If-Then” as “Or” and “And”

Example: Determine whetherornot|p - g=~pVvq |

Answer: Truth table:

~pP[P—q[~pVg

R
e B

Example:

(%) Showthat‘N(pﬁq)zp/\ ~q

@ Find the negation of the statement:
“If my car is in the repair shop, then | cannot go to class.”
Answer:

@ We use De Morgan’s laws as follows.

(2]
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Conditional Statements

Definition

@ The contrapositive of a conditional statement p — g is .

@ The converse of a conditional statement p — q is .

@ The inverse of a conditional statement p — g is

Note:
@ p=>g=~q—>~p

@ A conditional statement and its converse are not logically equivalent:
@ A conditional statement and its inverse are not logically equivalent:

@ The converse and the inverse of a conditional statement are logically equivalent
to each other:
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Conditional Statements

Example: Find the converse, inverse, and the contrapositive of the implication:
“ If today is Thursday, then | have a test today.”

Answer:
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Conditional Statements

Example:
Use truth tables to show the following logical equivalence:

(pva)—>r=(pP—=r)A(@—r).
Answer: Truth table:

p g rllpvglp—=rg=rjl(pvg—or | (pPon)A@—T)
T T T
T T F
T F T
T F F
F T T
F T F
F F T
F F F
Example:
Rewrite the following statement in if-then form in two ways, one of which is the contrapositive of the
other.
“John will break the world’s record for the mile run only if he runs the mile in under four minutes.”
Answer:
Version 1:
If John does not run the mile in under four minutes, then he will not break the world’s record.
Version 2:

If John breaks the world’s record, then he will have run the mile in under four minutes.
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Conditional Statements

@ p—+qg=~pVvgqg
@p—qg=~q—>~p

@ ~(p—qg)=pA~g

@ (pvg—or=(PE—=qA(Q—r)
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Biconditional Statements

Definition
The biconditional statement of p and g, denoted by , is the statement form
that is:

@ true when both p and q have the same truth values, and
@ false p and g have opposite truth values.

Note: is also read:

@ “pifandonlyif g” or
@ “pis anecessary and sufficient condition for g.”

Truth table:
P g | PAQ
T T T
T F F
F T F
F F T
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Order of Connective Operations

The order of connective operations

1.~
2. A and Vin any order (coequal)
3. — and <« in any order (coequal)
Note: The order of operations can be overridden through the use of parentheses. E.g.
@ ~pAgG=(~pP)AG.
@ ~ (p A Q) is the negation of p and gq.
@ pAqV ris considered ambiguous (must be either (pAqQ)VrorpA(qVr)).

Example: Construct a truth table for p vV ~ g —~ p.

Answer: Note that the above statement means (p Vv (~ q)) — (~ p). Truth table:
~p | ~q| pPpV~g| pV~qg—=~p

- o
= <
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Biconditional Statements

Example: Show that the biconditional proposition of p and q is logically equivalent to
the conjunction of the conditional propositions p — q and ¢ — p.

p<q=(P—=qAr(Q—0p) ]

Answer:
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