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We consider a linear equation of the form

aixy + aXo + -+ + anXn = b,

where ay, ao, . . ., ap are constants and xq, x», . . ., Xp are variables or unknowns.
Notice, this is linear in term of the powerof x;, i =1,...,n.
@ The variables x1, xo, . . . , X that solve or satisfy the equation is called solution of

that equation.
@ This equation generally has infinitely many solutions when n > 2.
@ Example: for n = 2, the equation

2x+y=1
has infinitely many solutions for (x, y).
o Two of the solutionsare: x =1,y =—-1andx =0,y =1
o Set of all solutions: {(x,y) = (a,1 — 2a)|a € R}, which are on the a straight

line: y =1 —2x.

@ In general, if the number of equations is less than the number of unknowns, there
will be either no solution or infinite many solutions.



System of linear equations

The general form of system of linear equations with n equations and n unknowns is:

anXy + appXo + -+ ainXn = by

X1 +apXe+---+anXan = b

ani Xy + anXe +---+amXn = bp
where a; and b; are constant real numbers, fori,j =1,2,...,n; Xy, ..., X, are variables or
unknowns. 4

There are 3 possible cases for the solution of a system of linear equations with n equations and n
unknowns.

. . —Xx+y = 0
@ There is no solution. E.g. { “Xx+y = -1

. . . xX+y = 2
© There is exactly one unique solution. E.g. 3 | | y o= 1
@ There are many solutions. E.g. { _2XX++2§ - ?
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of linear equations

@ The general form of system of linear equations is:

an Xy + apXe + -+ 4+ anXn = by
ai1Xy + apXo+ -+ anXn = b
amX1 + amXe +---+amXn = bn
where a; and b; are some constant numbers, for i,j =1,2,...,n.
@ This system can be written in the matrix-vector form as:
a1 a2 ... an Xy by
aoq doo ... don Xo b2
Ax=b where A= | . . . , X= , b=
am a2 ... am Xn b
o Augmented matrix of the above linear system is given by
ai a2 ... amn| b
a1 d2 ... @ bz
[Alb] or .

an an2 ... ann bn



Example Equivalent forms of linear system.

(R1) anxy + apxe + a;x3 = by a1 a2z a3 | by
(Re) aixy + amxe + amxz = by p & | @ a2 as | b
(R3) as1xy + asXxe + asxg = bg a3y ap as | bs

Example: Write the following linear system in matrix-vector form.

1
2
1

X1 —+ Xo =+ X3
Xq + 2X2 —+ 3X3
4x; 4+ 55X + 6Xx3



insforming system of linear equations: Elementary row operations

Elementary row operations are the following three rules for manipulating or
transforming an augmented matrix that leave the values of the solution set unchanged.

Elementary row operations

Any two rows can be exchanged.
Any row may be multiplied (or divided) by a non-zero constant.
A multiple of any row can be added to any other row.

Elementary row operations are used in the Gaussian elimination method to
transform the linear systems into the “upper triangular form”, which can be used to
obtain the solution easily.

Example: The following linear systems have the same solution {xq, X2, X3}.

(Ry) : Xq + Xp + X3 = 1
0y (BR):  x1 + 26 + 33 = 2
(R3): 4xy + 5Bx + 6x3 = 1
(R) : 2+ 2xp  + 2x3 = 2 ~ ~
(ii) { (Re): 05x + X + 15x% = 1 } (R1) =2(Ry), (R2) = 1(R2)
(R3) : 4x1  +  bxo  + 6x3 = 1
B x + e+ x3 = 1 ~ ~
(i) § (Rp) : X + 2g = 1 p(R)=(R)—(R) (Rs) = (Rs) +2(R)
(R3): 6Xxy + 7x0 + 8x3 = 3



Elimination Method

Gaussian elimination method is a systematic way for solving a linear system. This

method (with some modification) is generally well suited for solving large-scale linear

systems on a computer. In particular, it is used for solving linear systems in the form:
Ax=Db

by performing two procedures:

Forward elimination Use elementary row operations to transform the system
into the upper triangular form:

A bl = [A |b]

a;y a2 a;3 ... ann | b By A2 &3 ... & | b
a1 @ dg ... ap | b 0 ap axs an | b
a1 a3 a3 ... asn | bs - 0 0 as3 asn | bs
am ane  am ann bn 0 0 0 ... am bn
Back substitution to solve for the unknowns x = [x1,..., xn]"

— bn
o Xp = 2nn

=1 (b =327 i fori=n—1,n—2 2,1
o | Xi= g (bi—Xkojrr @) for i=n—1,n-2...,21.




n Elimination Method

Example: Solve the following system of linear equations by using Gaussian
elimination method.

X—y = 2
2Xx—y—z =
X+y+z = 6

Answer: The corresponding augmented matrix of the given linear system can
be written as

Ry : 1 -1 0| 2 X -y = 2
R, : 2 -1 -1 3 & 2x — y — z =3
R; : 1 1 1 6 X + y + z = 6

and we will apply the following 2 procedures in Gaussian elimination to the
augmented matrix.

Forward elimination to obtain the upper triangular form
Back substitution



an Elimination Method:Example

I. Forward elimination

R : 1 -1 0 2 X -y = 2
R : 2 -1 -1 3 & 2x — y — z = 3
Rs: 1 1 1 6 X 4+ y 4+ z = 6
Step 1: Ry is the “pivot row” and a;1 = 1 is the “pivot element’.
Let mo4 :%:%:2andm31 :%:}:1.
Ry : 1 —1 0 2 X - y = 2
Ro— Ro — mo1Ry : 0 1 —1 —1 g y — z = -1
R3 — R3 — m31Ry : 0 2 1 4 2y + z = 4
Step 2: R» is the “pivot row” and a», = 1 is the “pivot element’.
Letm32::—2§ 2%22.
R : 1 -1 0 2 X -y = 2
R, : 0 1 -1 -1 | < y — z = -1
Rs — R3 — m32R1 : 0 0 3 6 3z = 6

1l. Back substitution
@ RowRg:z=§=2
ORowR:y=—1+z=-142=1
O RowRy:x=2+y=3

That is, the solution: x =3,y =1,z=2. |



sian Elimination Method

Process of Forward Elimination in Gaussian Elimination Method

Given a system of n linear equations with n unknowns.

@ Write the augmented matrix of the system.
@ Start from the top entry (“pivot entry”) of the first nonzero column of this matrix

Step 1: If the pivot entry is zero, swap the pivot row with some row below
(so that the pivot entry is nonzero).

Step 2: Eliminate all other entries below the pivot entry in the same column (i.e.
make the entries below the pivot entry become zero) by subtracting suitable
multiples of the pivot row from the other rows below.

Step 3: Move the pivot entry down one row and over one column (to the right).
- If all entries below the new pivot entry are zero, move to the next column.

Repeat Step 1 until the process is done with column n — 1 of the augmented matrix.




ian Elimination Method: Example

Example: Solve the following system of linear equations by using Gaussian elimination
method.
2x  + 8y + 4z
2x  + 5y + z

2
5
4x + 10y -— z 1



Example (continued):




ian Elimination Method: Example - no solution

Example: Solve the following system of linear equations by using Gaussian elimination
method.

x + 2y + 3z

4x 4+ b5y + 6z

7x + 8y + 9z

0
3
0



Example (continued):




ian Elimination Method: Example - many solutions

Example: Solve the following system of linear equations by using Gaussian elimination

method.
2x + 4y + 6z = 0
4x 4+ b5y + 6z = 3
7x + 8 + 9z = 6



Example (continued):




