Nov 8, 2014 TU152 Due: Nov 18, 2014

Examples for Assignment 5

3—=x r <2
_ .2 = ’
1. Let f(z) == —|—5andg($)—{l 2<x<3.

T

Find fogand go f.

2. Define a function ¢ : [0,3) — R and h: [0,3) — R as
1 12
z+1 M z+1

and define a function f : [—1,00) — [0,00) be a function

_5’

x4, z € [-1,4)
f@%‘{vg+& z € [4,00).
(a) Find domains, co-domains, and ranges of f, g and h.

(b) Find the composite functions fog, go f and f o h together with their domains and ranges.

3. Define a function f : [-1,00) — [0,00) be a function f(x) = { :f/_%_—ilj?) i E 510’04))

Show that f is injective and find its inverse function f~.

Solution
3—x T <2
_ 2 _ ; :
1. Let f(z) == —|—5andg(:c){ 1 o<z <3 Find fogand go f.

Answer: For f(z) = 22 + 5, the domain is Dy = R and the range is Ry = [5,00) (because
2>0 = 2?2+45>5).
For g(x), we see from the definition of g(x) that the domain is (—00,2) U [2,3) = (—00, 3).
(i) For z € (—0,2), g(x) =3 — z, and g(z) € (1, 00) because
r€(-00,2) = —=2x>-2 = 3-z>3-2 = gx)>1.

(i) For z € [2,3), g(z) = 1, and g(z) € (3, 3] because
1
3

N |

1
r€2,3) = 2<zr<3 = < —-<
xr

The range of g is (3, 3] U (1,00).

>fog

Notice that Dy N Ry = RN {(3, 2] U (1,00)} # 0, so we can construct f o g. Moreover, since
Ry C Dy, the domain of f o g is the same as Dy = (—00, 3) and for z € (—o0, 3),

if z € (—00,2), g(x) =3 — x so that (fog)(x) = f(g(z)) = f(3—2)=(3—2)?+5, and

if 2 € [2,3), g(x) = § so that (fog)(z) = f(9(z)) = f(3) = 3> +5

[ B-z)2+5, x<2
»go f
Notice that Dy N Ry = (—00,3) N [5,00) = (), so we cannot construct g o f. |



Nov 8, 2014 TU152

Due: Nov 18, 2014

2. Define a function g : [0,3) - R and h:[0,3) - R as

1 12
= , and h=
rz+1 z+1

— 5,
and define a function f : [—1,00) — [0, 00) be a function

x4+, x € [-1,4)
f(‘T)_{ VT3, € [4,00).

(a) Find domains, co-domains, and ranges of f and g.

(b) Find the composite functions fog, go f and f o h together with their domains and ranges.

Answer:

(a) » Consider function g : [0,3) — R, g(x) = %H Since g is defined from [0, 3) to R

e the domain is [0, 3),
e the co-domain is R.

To find the range of g, consider x € [0,3), or 0 <z < 3,

0+1< +1 <3+1
1<zxz+1 and z+1<4

1 <1 q 1< 1
an —
r+1"— 4 z+1

1 1

Z< x+1 Sl
Lo gl <1
— X .
1 g S

So the range of g is (f, 1].

» Consider function h : [0,3) — R, h(x) = 22 — 5. Since h is defined from

z+1
e the domain is [0, 3),

e the co-domain is R.

To find the range of h, consider = € [0,3), or 0 < z < 3, similar to g, we have

0+1< z+1 <3+1
1 1

- <

1 a1 =1

T 0< b <125

-2<  h(x) <T.

So the range of h is (—2,7].
x4+ 1,

» Consider function f : [-1,00) — [0,00), f(x) = { Vi43

defined from [—1, 00) to [0, c0)

[0,

3) toR

4 . .
). Since f is



Nov 8, 2014 TU152 Due: Nov 18, 2014

e the domain is [—1, c0),

e the co-domain is [0, 00).
To find the range of f, we consider two cases.
(i) For z € [-1,4), f(z) =z + 1.

1< x <4
—14+1< z4+41 <4+1
0< z+1 <5
——

f(z)
That is, f(z) =x+1 € [0,5)
(i) For z € [4,00), f(z) = /x + 3.
4 < T
2< WV
243< Vr+3
(z)
f(z

That is, f(z) = vz + 3 € [, 00).
From (i) and (ii), the range of f is [0,5) U [5,00) = [0, c0)
So,
» For g, the domain is D, = [0, 3), the co-domain is R, and the range is R, = (i, 1].
» For h, the domain is Dy, = [0, 3), the co-domain is R, and the range is Ry, = (—2,7].
» For f, the domain is Dy = [—1,00), the co-domain is [0,00), and the range is Ry =
[0, 00).
Find the composite functions fog, go f , and foh together with their domains and ranges.
» Find fog.
We first have to check that Dy N Ry = [—1,00) N (%,1] = (3,1] # 0. Note that we know

that the range of g is (%, 1], so we will use the first condition of f for x € [—1,4), so that
f(z) =z + 1. So we can define the composite function f o g as follows

1 1
= = = 1.
(oo = o) = £ (37) = 557+

Since Ry = (1,1] and Dy = [~1,00), so Ry C Dy and we have the domain of f o g is the
same as Dy = [0, 3). Since, for z € [0, 3), from (a)

1 1 1 1

- <l = —-41<——+1<1+41

4<:1:—|—1_ 4+ <x—|—1+ =t

The range of fogis (%, 2).

Hence, we can construct the composite function fog defined as | (f o g)(x) = -2 + 1| with
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the domain [0, 3) and range (5,2). |

» Find go f.
We first have to check that DyN Ry = [0,3) N[0, 00) = [0,3) # (). So we can construct go f
, for x € Dy = [—1,00),

(9o f)(x) = g(f(x))

and we also need to have
f(x) e D, =10,3), & 0<f(z)<3

which will happen only when = € [—1,4) by using (i) in part (a). That is, we will use

fle)=az+1
1 1

t+1+1 242

(go f)(z) =g(f(z)) =g(xz+1) =
and in this case with
0<f(x)<3 & 0<zx+1<3 & -—-1<z<2 & ze€[-1,2).

Hence, the domain of go f is [-1,2)N Dy = [—1,2). To find the range, consider 0 < f(z) <
3 & 0<z+1<3 & 1<zx+2<4or

1 < 1 <1
4 "~ x+2 — 7
——
(gof)(z)

That is, the range is (%, 1). Hence, we can construct the composite function g o f defined

as|(go f)(x) = ﬁ with the domain [—1,2) and range (3,1). [

» Find f o h.
First note that, from (a),
e for the function h, the domain is Dy, = [0,3) and the range is R, = (—2,7].
e for the function f, the domain is Dy = [—1,00) and the range is Ry = [0, 00).

We next have to check that Dy N Ry, = [—1,00)N(=2,7] = [-1,7] # 0. So we can construct
foh, forz e D, =]0,3),

Uomuﬁsz@»=f<$f1—5>.

There are two possible formulae for f, which depend on the value of h(x) = xl—fl — 5, ie.

when h(x) € [-1,4) and when h(z) € [4,00). Since the range of h(z) is Ry = (—2, 7], these
two cases become the followings.

(1) h(z) € [~1,4) N (~2,7) = [~1,4): For h(z) € [1,4),

(o) = ) = 1 (S -5) = s e1= 22
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The value of x for this condition of (f o h)(z) must satisfy:
-1<  h(x) <4

12
-l Fpos <4
—-1+5 1 445 1 1 3
< g < — = - < < -
12— z+1 12 3" z+1 4
4
-< x+1 <3
3
1< <2
— X
3 <

That is, | (f o h)(z) = xl—fl —4 for z € (1/3,2] |

Since —1 < h(z) <4 or —1 < %—5 < 4, we have

12
—14+1<——-5+1<4+1,
r+1

or (foh)(z)= xl—fl —4€10,5) in this case.

(2) h(z) € [4,00) N (—2,7] = [4,7]: For h(z) € [4,7],

Fonw) = s =1 (72 -5) = 5 -5 s

The value of x for this condition of (f o h)(z) must satisfy:

— x+l1
4+5 1 T+5 3 1
— < —_— = - < <1
12 - =2 4= x+1~
4
1< 1 <=
T+ 3
0< <1
x -
- -3

That is, | (f o h)(z) = ,/%—5+3f0rm€ [0,1/3] ]

Since4§h(m)§7or4§wl—fl—5§7,

Vits< [ s<viva s s<(om@<vits

we have (f o h)(z) = /75 —5+3 € [5,V7+3]

From (1) and (2), the composite function f o h can be written as follow:

Vag —5+3,  zel03]

xliﬁl_ ) .136(%,2],

(foh)(z) =
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with domain [0, 3] U (3,2] = [0,2]

and range [0,5) U [5,V/7 + 3] = [0,V/7+ 3] . |
3. Define a function f : [-1,00) — [0,00) be a function

[ z+1, z € [-1,4)
f(w) = { Vr+3, oz €[4,00).

Show that f is injective and find its inverse function f~.

Answer: To show that f is injective, we will show that f is one-to-one and onto.

(I) Show that f :[—1,00) — [0,00) is one-to-one. To show that f is one-to-one, consider the
definition (and the version of its contrapositive). For any x1,x9 € X,

(%) if f(x1) = f(x2), then r1 = X2
and the equivalent definition from its contrapositive
(xx) if x; # o then f(z1) = f(x2).

Let 1,22 € [-1,00). Then there are 3 cases.

- Case 1: For x1, 29 € [—1,4), then f(x) =z + 1. From (x), suppose f(x1) = f(z2).
fl@)=f(z2) = mtl=22 = n1=u1
- Case 2: For z1,x9 € [4,00), then f(x) = /x + 3. From (x), suppose f(x1) = f(z2).

f@) =f(z2) = Var+3=ym+3 = Jri=23 = =12

- Case 3: For x1 € [—1,4) and x2 € [4,00), then f(z1) = 1 + 1 and f(x2) = /21 + 3.
We will use the definition (**) using contrapositive of (x). Since x; and 2 are from two
disjoint intervals (i.e. [0,4) N [4,00) = (), x1 # x2 and

r1€l-1,4) = —-1<z1<4 = 0<z1+1<5 = f(x1)€]0,5),

o € [4, OO) = x2>4 = \/E“”S < \/ZI+3 = f($2) <5 = f(.TQ) S [5,00).

Notice that f(z1) and f(x2) are from disjoint intervals (i.e. [0,5) N [5,00) = (}). That is,
x1 # xo implies f(x1) # f(x2). Note that a similar argument can be done when switching
the roles of z1 and zg: 3 € [-1,4) and z; € [4,00).

From cases 1-3, f is one-to-one.

(IT) Show that f:[—1,00) — [0, 00) is onto.

It is useful to find the range of f first.
(i) When z € [-1,4), f(zx) =2+ 1

zel[-1,4) = —-1<z<4 = 0<z+1<5 = f(x)e€][0,5).
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(ii) When z € [4,00), f(z) = /z + 3 and
r€4o00) = x>4 = Va+3<Vi+3 = f(x)<5 = f(z)€[500).

So the range is [0,5) U [5,00) = [0, 00).

Notice that the range is the same as the co-domain. To show that f is onto. Let y € [0, 00).
From (i) and (ii), we will consider 2 cases.

- Case 1: For y € [0,5), we use (i) and see that if y = f(z), we must have f(z) =z + 1.
Set y=x+1 Thenand

0<y<h = —-1<y—-1<4.

So, for any given y € [0,5),  that makes y = f(z) is in [—1,4), which is inside the domain
of f.

- Case 2: y € [5,00), we use (ii) and see that if y = f(x), we must have f(z) = /= + 3.
Set y = v/z + 3. Then |z = (y — 3)? | and

y>5 = y-3>2 = (y—-3)?2>4

So, for any given y € [5,00), x that makes y = f(z) is in [4, 00), which is inside the domain

of f.

From cases 1-2, we covered all possible values of y in the co-domain [0, c0), so f is onto.

From (I) and (II), f is one-to-one and onto. That is, f is bijective.

Therefore, the inverse function f~! exists. The cases 1 and 2 in (II) give us the formula for
f71:]0,00) = [~1,00) as shown below:

. | y—-1, y6[0,5)
/ 1@)‘{ (W-32  ye 500

-1
Equivalently, we can also write this in term of variable z as f~1(z) = { v ’ z €10,5)



