
MA332 Linear Algebra 
Lecture handouts –Part 2

-Determinant                                    -Positive Definiteness

-Eigenvalues Eigenvectors             -Constrain Optimisation

-Markov Chain                                 -Linear Programming
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Determinants

 Formulas for the determinants
 Properties of Determinant
 Applications of determinants

Determinant a number that associates with every square matrix
Determinant of A  AA or     det

Determinant  gives a test for invertibility.  . 
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For any square matrix A, let Aij denote the submatrix formed 
by deleting the ith row and jth column of A.

The determinant of a 3x3 matrix is defined by determinants 
of the 2x2 submatrices Aij.  

The determinant of an nxn matrix is defined by determinants of
(n-1)x(n-1) submatrices.

2

M
A

33
2 

 L
in

ea
r A

lg
eb

ra

A recursive definition of a determinant

The determinant of an nxn matrix A is the sum of n term of the form
det Aij with plus and minus sign alternating where entries a11, a12, ….a1n
from the first row of A

ija
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 ijaA Given  

nncacacaA 1112121111 .......det 

A cofactor expansion across the first row of A
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Cofactor expansion theorem
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Properties of Determinants
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r is number of row interchanges
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Applications of determinants

Cramer’s Rule
Cramer’s rule can be used to study how the solution of Ax=b
affected by the changes in the entries of b.

 ni
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n i
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RnnA
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b
bxx

b

....)(                where

...3,2,1  ,
det
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bygiven  entries has  of solution  unique the
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The adjoint of Anxn is defined to be the transpose 
of the matrix of cofactors:

 Tij ACadjA )(

nnadjA 

The computation of A-1
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Eigenvalues and Eigenvectors

The basic concepts presented here –eigenvectors and 
Eigenvalues are useful throughout pure and applied 
mathematics. Eigenvalues are also used to study difference 
equations and continuous dynamical systems. 

Examine the results of  Au and Av
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The characteristic equation

Review
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Diagonalization
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MA332 Linear Algebra

Application to Markov Chains
A Markov model is a mathematical model of a variety of situations 
in business. It is used to describe an experiment or measurement
that perform many times in the same way, where  outcome of each 
trial of the experiment will be one of several specified outcomes and 
where the outcome of one trial depends on the immediately 
preceding trial. 

A probability vector: a vector with nonnegative entries that add up 
to 1

A stochastic matrix: a square matrix whose column are probability 
vectors  (v)

A markov chain is a sequence of probability vector together 
with a stochastic matrix .

e.g. If population of a city and its suburbs were measured each year 
it can be represented as a vector 


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0x

1 MA332 Linear Algebra

Markov Matrix
The  Markov chain is described by the first order difference 
equations

kk Axx 1 For k=0,1,2…

Example: Each year 1/10 of the people outside Bangkok move
in and 2/10 of the people inside Bangkok move out. 

A difference equation
y = numbers of people outside Bangkok   
z = numbers of people inside Bangkok

001

001

8.01.0
2.09.0
zyz
zyy




A is a Markov matrix.
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2 essential properties of a Markov process

The total number stays fixed and numbers of people 
inside BKK and outside BKK can never become negative.

-Each column of the Markov matrix adds up to 1.

-The Markov matrix has no negative entries.
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is a Markov matrix.
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The distribution after k years
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k)7.0( is extremely small . The solution approaches a limiting stage k large
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The total population = )( 00 zy 

The steady state is the eigenvector of A correspoding to  =1

5 MA332 Linear Algebra

A Markov matrix is nonnegative entries, with each column adding 
to 1and with the following properties: 

a) 1 = 1 is an eigenvalue.
b) Its eigenvector x1 is non-negative –and it is steady state 

since      Ax1= x1

c) The other eigenvalues satisfy                     .
d) If any power of A has all positive entries, these other    
are below 1. The solution            approaches a multiple of x1

which is the steady state u

1i

1i

0uAk

Summary of the Markov process
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Example
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Exercise: Markov chain

1. Multinational companies in the US, Asia, and Europe have assets of 
$12 trillion. At the start, $6 trillion are in the US, $6 trillion in Europe. 
Each year half the US money stays home, ¼ each goes to Asia and Europe
For Asia and Europe, half stays home and half is sent to the US.

a) Find the eigenvalues and eigenvectors of this matrix A.
b) What is the limiting distribution of the $12 trillion as the world 

ends  (k)?

2. A city has only rainy or sunny days. Assume that there is an 80% 
probability of having a sunny day today, and 80% probability of having 
sun the day following a sunny day, and a 60% probability of having rain 
the day following a rainy day. If there is an 80% probability of having a 
sunny day today, calculate the probabilities of rain and shine for each of 
the following 10 days and calculate the long term probabilities of rain and 
shine, and find out how many days it will take to reach this steady state 
vector with 2 decimals accuracy. 

22
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Symmetric Matrices

AAT 
• Square matrix
• Main diagonal entries are arbitrary, 
other entries occur in pairs.

What is special when a matrix is symmetry?
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Quadratic forms

e.g. a nonzero quadratic form

The connection between symmetric matrix A and the quadratic form XTAX
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Symmetric matrices always have real eigenvalues

The signs of the eigenvalues are important.

Positive definite matrices

A test to guarantee that 
eigenvalues of a symmetric 
matrix are all positive without 
computing its eigenvalues. 

0)det(  IA 

Are these eigenvalues positive or negative?

ok for 2x2 or 3x3

Require
3 most basic ideas
•Pivots
•Determinants
•Eigenvalues

MA332     LINEAR    ALGEBRA

Example:   Optimization problemIdentifying a minimum

Recap. calculus:
)(xf1 variable

A stationary 
point

2 variables ),( yxf
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A  minimum 0
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A stationary 
point

A  minimum

Every quadratic form                                         has a stationary point a 

the origin,where                         . If it has a local minimum at x=y=0, 

then that point is also a global minimum. 

22 2),( cybxyaxyxf 
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f

x
f

Minima, maxima and saddle points
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x
fand
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0),('' yxf The 2nd derivative fails to give a definite decision.

For a true minimum ,f is allowed to vanish only at x=y=0.  When f is strictly 
positive at all other points it is called positive definite.

What are the conditions on a,b,c which ensure that      
is positive definite?

22 2),( cybxyaxyxf 

Completing the square
2

22
22 2),( y

a
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a
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







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 

The quadratic form                                             is positive definite if and only if 22 2),( cybxyaxyxf 

.0  and   0 2  baca Correspondingly, F has a (nonsigular) minimum at 
0 yx If and only if its first derivatives are zero and 

       
22
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0n   combinatio   the0),('' 2  bacyxf

When the size of b dominate a and c, the x and y directions give opposite results.

The quadratic forms are said to be indefinite, because they can take either sign;
both f>0 or f<0 are possible depending on x and y.

A stationary point is neither minimum or maximum a saddle point

The condition for a maximum (f is maximum whenever –f has a minimum):
The quadratic form is negative definite if and only if 
The same change applies to F.

.0  and   0 2  baca

0  If 2 bac    0 if tesemidefini   positive a
   0 if tesemidefini   negative a

MA332     LINEAR    ALGEBRA

  

















y
x

cb
ba

yxcybxyaxyxf 22 2),(

Write a quadratic form in term of the matrix product:

AxxQ T (generalise to n dimensions)

Symmetric matrix

A quardratic form Q is:
a) Positive definite if 
b) Negative definite if
c) Indefinite if                  assumes both positive and negative values

0 allfor   0)..( 1  in xxxQ

0 allfor   0)..( 1  in xxxQ
)..( 1 nxxQ
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For any symmetric matrix A, the product                  is a pure quadratic form: AxxQ T
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Tests for positive definiteness

.0  and   0 2  baca









cb
ba

A ;  we need

•Generalize these conditions to a matrix of order n
•Find connection with the signs of the eigenvalues 

2 by 2 casesboth eigenvalues are positive

21
2 det     Abac

21 of trace   Aca

A (pure) quadratic form                 is positive definite if AxxQ T 0AxxT

Which symmetric matrices have the property               
for all nonzero vectors x?

0AxxT



MA332     LINEAR    ALGEBRA

  2
221

2
1

2

1
21 2 cxxbxax

x
x
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xxAxxQ T 















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Complete test for positive definite

0AxxTi)
ii)  1>0 and 2>0                

We have 2 conditions for A to be positive .0  and   0 2  baca
Find connection of these conditions with the sign of eigenvalues. 

2  since bac  is the determinant.

0
0 

21

2
21





 bac

Trace of A
0,0

0 

21

21





 ca

( 1 and 2 have the same sign) 

All eigenvalues are positive
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iii) .0  and   0 2  baca

All sub-determinants are positive.

.0)(Adet   and   0det 11 A

iv)

2
2

22

21
2
221

2
1 2   since x

a
bacx

a
bxacxxbxax 







 







 

.0  and   0
2





a

baca

A of pivots are   and  both  

0  and   0

2

2

a
baca

a
baca








All  pivots are positive.











cb
ba

A

MA332     LINEAR    ALGEBRA

Each of the following tests is a necessary sufficient condition 
for the real symmetric matrix A to be positive definite:

i) for all nonzero vector x.
ii) All eigenvalues of A satisfy
iii) All the upper left submatrices Ak have positive determinants.
iv) All the pivots (without row exchanges) satisfy  

0AxxT

.0i

.0id

Example    Is                        a positive definite matrix?









206
62

A

Determinant test
Eigenvalue test
Pivots test

0AxxT
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Example    Is                                       a positive definite matrix?






















210
121

012
A

What is the quadratic function associate with it?

All subdeterminants 2, 3 and 4
Pivots 2,     3/2,   4/3
Eigenvalues 22    ,2    ,22 

3221
2
3

2
2

2
1 22222)( xxxxxxxAxxxQ T 

0AxxT

Example    Is                                                              positive definite ?3221
2
3

2
2

2
1 4423)( xxxxxxxxQ 



Constrained optimization

Optimization problems find the minimum or maximum of 
a quadratic form Q(x) for vector x in some specified set.

Usually problem can be arranged so that x varies over the set of unit vectors.

Example Find the maximum and minimum values of 
subjected to the constraint 

2
3

2
2

2
1 349)( xxxxQ 

1xxT

9          
)(9          

999349)(
2
3

2
2

2
1

2
3

2
2

2
1

2
3

2
2

2
1






xxx
xxxxxxxQ

Since  thatnote e,nonnegativ are   and   2
3

2
2 xx  93    and     94 2

3
2
3

2
2

2
2 xxxx 

Maximum value of Q(x) for 1xxT

Maximum

Minimum

3          
)(3          

333349)(
2
3

2
2

2
1

2
3

2
2

2
1

2
3

2
2

2
1






xxx
xxxxxxxQ

Minimum value of Q(x) for 1xxT

Eigenvalues = 9, 4, 3

The greatest and least eigenvalues = maximum and minimum of Q(x)


















300
040
009

)(xQ

2
3

2
2

2
1 349)( xxxxQ 

Example 2

Let 









70
03

A , and let AxxxQ T)( for x in R2

Theorem 4



Theorem 5

4



Theorem 6
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Linear Programming (LP)

Linear inequalities

•An optimization approach
•Constrained optimization
•Cost function and the constraints are linear
•Dealing with rectangular matrice
•The algebra of linear inequalities

An inequality divides n dimensional spaces into 2 halfspaces
42  yxe.g 

42  zyx

Boundary is a line in a 2D plane

Boundary is a plane in a 3D space

4......11  nnxcxc Boundary is an (n-1) dimensional plane in an nD space

Another constraint which is fundamental in LP is nonnegative x and y
0x 0yand 

Dr. Julaluk Carmai

Suppose General motors makes a profit of $100 on each Chevrolet, $200 on 
each Buick, and $400 on each Cadillac.  They get 20,17 and 14 miles per gallon, 
respectively, and Congress insists that the average car produced must get 18.
The plant can assemble a Chevrolet in 1 minute, a Buick in 2 minutes, and
a Cadillac in 3 minutes. What is the maximum profit in an 8-hour day?

Problem:  
Maximize zyx 400200100 

subject to 

0,,
48032

)(18141720






zyx
zyx

zyxzyx

Example

Dr. Julaluk Carmai

How much of each gas to produce to 
maximize profits?

Product
Resource Regular (x1) Premium (x2)

Resource 
available

Raw gas
Production 

time

Storage

Profit

7m3/ tonne 11m3/ tonne

11 hr/tonne

9 tonnes

8 hr/tonne

6 tonnes

77m3/ week

88 hr/week

150/ tonne 175/ tonne

Total profit 21 175150 xxz 

77117 21  xx

80811 21  xx
91 x

62 x

0, 21 xx

Subject to (Material 
constraint)

(time constraint)

(regular storage constraint)

(premium storage constraint)

(positivity constraints)

Example of Gas production

Dr. Julaluk Carmai

The feasible set and the cost function (or the objective function)

-1 .5

-1

-0 .5

0

0 .5

1

1 .5

2

2 .5

0 1 2 3 4 5 6 7

42  yx

The feasible set

A feasible set is composed of the solutions to a family of linear inequalities

bAx 
m inequalities

- intersection of m halfspaces
If requires 0x - add n more halfspaces

A corner is the meeting point
of n different planes each given 
by a single equation
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Feasible set for the gas production problem

77117 21  xx

80811 21  xx

91 x

62 x

0, 21 xx

(Material 
constraint)

(time constraint)

(regular storage constraint)

(premium storage constraint)

(positivity constraints)

Dr. Julaluk Carmai

In optimization problem  the particular point that maximizes or 
minimize a certain cost function (the objective function)

A cost function a function that we would like to maxzimise 
or minimise its value

e.g  net profit (maximize)
total cost of production (minimize)

42  yx
0x
0y

A cost function: yxZ 32 
Example

Constraints Find point (x,y) that lies in the feasible set 
and minimize the cost function.
The first line of cost function (from costs=0)

that intersect the feasible set.

(a family of parallel lines)

Dr. Julaluk Carmai

-3

-2

-1

0

1

2

3

4

5

-3 -2 -1 0 1 2 3 4 5 6

The feasible set
Cost function

Z=0
Z=3

Z=6

Z=9

The vector (0,2) is called feasible lies in the feasible set 
and minimizes the cost function

The optimal vector occurs at a corner of the feasible set 

With different cost functions the intersection may not be just a single point
if the cost function Z=x+2y  an infinity of optimal vectors along the edge

Dr. Julaluk Carmai

Total profit 21 175150 xxz 

77117 21  xx

80811 21  xx
91 x

62 x

0, 21 xx

Subject to (Material 
constraint)

(time constraint)

(regular storage constraint)

(premium storage constraint)

(positivity constraints)

Graphical method
•Plot constraints
•Plot cost functions

Zmax=1400

x1 =4.9
x2 =3.9

Graphical method
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The cost function has 
a minimum or a 
maximum on the 
feasible set.

The feasible set is empty
Unsolvable problem
“overconstrainted”

No solution can satisfy 
all the constrains

Empty UnboundedBounded

The cost function is 
unbounded
on the feasible set.
“underconstrainted”

Every linear programming problems falls into one of 3 possible categories:

Possible outcomes

Dr. Julaluk Carmai

Slack variables

Introduce slack variables to change inequalities to equality equations

42  yx
42  yxw

0w

Dr. Julaluk Carmai

The simplex method

•A systematic way to solve LP problems
•The optimal solution  at the corner (the extreme point)
•Reformulate constraint equations as equalities by introducing 

slack variables.
•n unknowns m constraints

42  yx
0x
0y

A cost function: yxZ 32 
Constraints

Example 1

2 nonnegative variables

A single constraint

n=2  & m=1

Dr. Julaluk Carmai

Put the problem directly in matrix form, we are given
1. An m by n matrix A
2. A column vector b with m components
3. A row vector c with n components

To be feasible a vector x has to satisfy                  and bAx  0x

The optimal vector is the feasible vector with the least cost.

Minimal problem:       Minimize         subject to  cx bAx  0xand

The feasible set is the intersection of m+n halfspaces

Idea of the simplex method

•Locates a corner of the feasible set
•Move from corner to corner along the edge of the feasible set
•Stop when the optimal corner (with min/max cost) is reached
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Example 2

-6

-4

-2

0

2

4

6

8

1 0

-3 -2 -1 0 1 2 3 4 5 6

P

Q R

yxZ 

62  yx
62  yx

0x
0y

Nonegativity

constraints

m=2

n=2

6 possible intersections ,  3 are actual corners of the feasible set.

Rewrite   bAx  bAxw 

The constraints              are translated into                                            with one 
slack variable for every row of A

     0, .....0  ,0 21  mwwwbAx 

Dr. Julaluk Carmai

Example

Dr. Julaluk Carmai Dr. Julaluk Carmai
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Total profit 21 175150 xxz 

77117 21  xx

80811 21  xx
91 x

62 x

0, 21 xx

Subject to (Material 
constraint)

(time constraint)

(regular storage constraint)

(premium storage constraint)

(positivity constraints)

Gas production problem

Zmax=1400
x1 =4.9
x2 =3.9

Dr. Julaluk Carmai

Dr. Julaluk Carmai Dr. Julaluk Carmai
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