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Road Map of this class:
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Financial time series (FTS) analysis
Financial time series (FTS) analysis is concerned with theory and practice of asset

valuation over time.

What is the difference, if any, from traditional time series analysis?

Two topics are highly related, but FTS has added uncertainty, because it must deal
with the ever-changing business & economic environment and the fact that volatility is
not directly observed.

RXR h?2 P#D2+iBp2b Q7 i?Bb +?�Ti2`
1. to access financial data online and to process the embedded information
2. to provide basic knowledge of FTS data such as skewness, heavy tails, and measure of
dependence
between asset returns
3. to introduce statistical tools econometric models useful for analyzing these series.
4. to gain experience in analyzing FTS
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1. Daily log returns of Apple stock: 2007 to 2018 (12 years). Data downloaded using
quantmod

2. The VIX index.

3. CDS spreads: Daily 3-year CDS spreads of JP Morgan from July 20, 2004 to September
19, 2018.

4. Quarterly earnings of Coca-Cola Company: 1983-2009 Seasonal time series useful in

• earning forecasts

• pricing weather related derivatives (e.g. energy) • modeling intraday behavior of asset
returns

5. US monthly interest rates (3m & 6m Treasury bills)

Relations between the two asset returns? Term structure of interest rates.

6. Exchange rate between US Dollar vs Euro Fixed income, hedging, carry trade.

7. Size of insurance claims.

8. High-frequency financial data:
Tick-by-tick data of Caterpillars stock: January 04, 2010.

RXj �bb2i _2im`Mb

Let Pt be the price of an asset at time t, and assume no dividend. One-period simple
return: Gross return

1+Rt =
Pt

Pt−1

One-Period Simple Net Return or Simple Return:
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Multiperiod simple return: Gross return)

Example:Table below gives 5 daily prices of Apple stock in January 2020.
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what is one-day gross return of holding the stock from 01/06 to 12/07 and the daily
simple return?

what is one-day log return of holding the stock from 01/09 to 01/10 ?

Time interval is important! Default is one year. Annualized (average) return:

Besides the simple return, we can also compute the continuously compounding interest
rate where r is the interest rate per annum, C is the initial capital, n is the number of years,
and exp is the exponential function.

A= C× ex p(r×n)

Continuously compounded (or log) return

rt = ln(1+Rt) = ln
Pt

Pt−1
= pt − pt−1
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where pt = ln(Pt)

Multiperiod log return:

Continuously compounding: Illustration of the power of compounding (int. rate 10 %
per annum)
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Portfolio return: N assets

Dividend payment:

Excess Returns (adjusting for risk)

Remarks:
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Example If the monthly log returns of an asset are 4.46 %, −7.34 % and 10.77 %, then
what is the corresponding quarterly log return?

Example If the monthly simple returns of an asset are 4.46 %, −7.34 %, and 10.77 %,
then what is the corresponding quarterly simple return?

RX9 .Bbi`B#miBQM�H S`QT2`iB2b Q7 _2im`Mb
What is the distribution of
rit where i = 1,...,N ; and t = 1,..., T

Some theoretical properties:

Moments of a random variable X with density f(x): l-th moment

m
′
l = E(X l) =
∫ ∞

∞
x l f (x)d x

First Moment: mean or expectation of X.

l-th central moment

ml = E[(X −µx)l] =
∫ ∞

∞
(x−µx)l f (x)d x

2nd central moment.
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Standard deviation: square-root of variance

Skewness (Symmestry)

S(x) = E
"
(X −µx)3

σ3
x

#

Kurtosis (Fat-taills)

K(x) = E
"
(X −µx)4

σ4
x

#

Q1: Why study the mean and variance of returns?
They are concerned with long-term return and risk, respectively.
Q2: Why is symmetry important?
Symmetry has important implications in holding short or long financial positions and in risk
management.
Q3: Why is kurtosis important?
Related to volatility forecasting, efficiency in estimation and tests High kurtosis implies
heavy (or long) tails in distribution.
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Estimation

Sample mean, Sample Variance, Sample Skewness and Sample Kurtosis



RX8 >vTQi?2bBb h2biBM; Rj

RX8 >vTQi?2bBb h2biBM;
A random variable under the normal distribution

$S(x)∼ N(0,
6
T
)

%K(x)−3∼ N(0,
24
T
)

Test for symmetry

Test for tail thickness
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Test for normality :(Jarque-Bera test)

RXe 1KTB`B+�H rQ`F mbBM; _ T`Q;`�K
FE code
O119j8 q�bBM aBr�b�`Bi G2+im`2R aT`BM;fkyRN
b2ir/U]flb2`bfr�bBMnbBr�b�`Bif.2bFiQTf119j8]V
+�iU`2TU]$M]-8yVV O+H2�` _ *QMbQH2
OBMbi�HHXT�+F�;2bU][m�MiKQ/]V
OBMbi�HHXT�+F�;2bU]7"�bB+b]V
OBMbi�HHXT�+F�;2bU]bM]V
OBMbi�HHXT�+F�;2bU]S2`7Q`K�M+2�M�HviB+b]V
OBMbi�HHXT�+F�;2bU]+�`]V
OBMbi�HHXT�+F�;2bU]ib2`B2b]V
OBMbi�HHXT�+F�;2bU]7Q`2+�bi]V
HB#`�`vU[m�MiKQ/V
HB#`�`vU7"�bB+bV
HB#`�`vUbMV
HB#`�`vUS2`7Q`K�M+2�M�HviB+bV
HB#`�`vU+�`V
HB#`�`vUib2`B2bV
HB#`�`vU7Q`2+�biV

;2iavK#QHbU]�:aS*]-7`QK4]kyyy@yR@yj]-iQ4]kyky@yR@Ry]V
/BKU:aS*V
?2�/U:aS*V
i�BHU:aS*V
/�4:aS*
+?�`ia2`B2bU:aS*-i?2K24]r?Bi2]V
T`B+24/�(-e)
THQiUT`B+2-ivT24^H^V
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HQ;T`B+24HQ;UT`B+2V
THQiUHQ;T`B+2 -ivT24^H^V
HQ;`2im`M4/B77UHQ;UT`B+2VV
bBKTH2`2im`M I@2tTUHQ;`2im`MV@R
OR SHQi i?2 b2`B2b Q7 HQ; `2im`M �M/ bBKTH2 `2im`M

T�`UK7`Qr4+UR-RVV
THQiUHQ;`2im`M -ivT24^H^V
THQiUbBKTH2`2im`MV

M2rHQ;`2im`M I@ HQ;`2im`M(k,M`QrUHQ;`2im`MV-)
M2rbBKTH2`2im`M I@ bBKTH2`2im`M(k,M`QrUHQ;`2im`MV-)

Ok >BbiQ;`�K �M/ b�KTH2 bi�iBbiB+b
?BbiUHQ;`2im`M - #`2�Fb4Ryy- +QH4]bH�i2#Hm2]V
+?�`iX>BbiQ;`�KUHQ;`2im`M -K2i?Q/b 4 +U]�//XMQ`K�H]VV
i�#H2Xai�ibUHQ;`2im`MV

Oj ZZ@THQib �M/ i2bib 7Q` MQ`K�HBiv
O
O mb2 [[MQ`K 7mM+iBQM
T�`UK7`Qr4+UR-RVV
[[MQ`KUM2rHQ;`2im`MV
[[HBM2UM2rHQ;`2im`M - +QH 4 kV
D�`[m2X#2`�Xi2biUM2rHQ;`2im`MV

FE Print out
= OBMbi�HHXT�+F�;2bU][m�MiKQ/]V
= OBMbi�HHXT�+F�;2bU]7"�bB+b]V
= OBMbi�HHXT�+F�;2bU]bM]V
= OBMbi�HHXT�+F�;2bU]S2`7Q`K�M+2�M�HviB+b]V
= OBMbi�HHXT�+F�;2bU]+�`]V
= OBMbi�HHXT�+F�;2bU]ib2`B2b]V
= OBMbi�HHXT�+F�;2bU]7Q`2+�bi]V
= HB#`�`vU[m�MiKQ/V
= HB#`�`vU7"�bB+bV
= HB#`�`vUbMV
= HB#`�`vUS2`7Q`K�M+2�M�HviB+bV
= HB#`�`vU+�`V
= HB#`�`vUib2`B2bV
= HB#`�`vU7Q`2+�biV
= ;2iavK#QHbU]�:aS*]-7`QK4]kyyy@yR@yj]-iQ4]kyky@yR@Ry]V
(R) ]:aS*]
= /BKU:aS*V
(R) 8yjd e
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= ?2�/U:aS*V
:aS*XPT2M :aS*X>B;? :aS*XGQr :aS*X*HQb2 :aS*XoQHmK2 :aS*X�/Dmbi2/
kyyy@yR@yj R9eNXk8 R9d3Xyy R9j3Xje R988Xkk NjR3yyyyy R988Xkk
kyyy@yR@y9 R988Xkk R988Xkk RjNdX9j RjNNX9k RyyNyyyyyy RjNNX9k
kyyy@yR@y8 RjNNX9k R9RjXkd RjddXe3 R9ykXRR Ry388yyyyy R9ykXRR
kyyy@yR@ye R9ykXRR R9RRXNy RjNkXRy R9yjX98 RyNkjyyyyy R9yjX98
kyyy@yR@yd R9yjX98 R99RX9d R9yyXdj R99RX9d Rkk8kyyyyy R99RX9d
kyyy@yR@Ry R99RX9d R9e9Xje R99RX9d R98dXey Rye93yyyyy R98dXey
= i�BHU:aS*V
:aS*XPT2M :aS*X>B;? :aS*XGQr :aS*X*HQb2 :aS*XoQHmK2 :aS*X�/Dmbi2/
kyky@yR@yk jk99Xed jk83XR9 jkj8X8j jk8dX38 j983k8yyyy jk8dX38
kyky@yR@yj jkkeXje jk9eXR8 jkkkXj9 jkj9X38 j9eRkNyyyy jkj9X38
kyky@yR@ye jkRdX88 jk9eX39 jkR9Xe9 jk9eXk3 jed9ydyyyy jk9eXk3
kyky@yR@yd jk9RX3e jk99XNR jkjkX9j jkjdXR3 j9kyj3yyyy jkjdXR3
kyky@yR@y3 jkj3X8N jkedXyd jkjeXed jk8jXy8 jdky3Nyyyy jk8jXy8
kyky@yR@yN jkeeXyj jkd8X83 jkejXed jkd9Xdy jej3jNyyyy jkd9Xdy
= /�4:aS*
= +?�`ia2`B2bU:aS*-i?2K24]r?Bi2]V
= T`B+24/�(-e)
= THQiUT`B+2-ivT24^H^V
= HQ;T`B+24HQ;UT`B+2V
= THQiUHQ;T`B+2 -ivT24^H^V
= HQ;`2im`M4/B77UHQ;UT`B+2VV
= bBKTH2`2im`M I@2tTUHQ;`2im`MV@R
= T�`UK7`Qr4+UR-RVV
= THQiUHQ;`2im`M -ivT24^H^V
= THQiUbBKTH2`2im`MV
= M2rHQ;`2im`M I@ HQ;`2im`M(k,M`QrUHQ;`2im`MV-)
= M2rbBKTH2`2im`M I@ bBKTH2`2im`M(k,M`QrUHQ;`2im`MV-)
= Ok >BbiQ;`�K �M/ b�KTH2 bi�iBbiB+b
= ?BbiUHQ;`2im`M - #`2�Fb4Ryy- +QH4]bH�i2#Hm2]V
= +?�`iX>BbiQ;`�KUHQ;`2im`M -K2i?Q/b 4 +U]�//XMQ`K�H]VV
= i�#H2Xai�ibUHQ;`2im`MV
:aS*X�/Dmbi2/
P#b2`p�iBQMb 8yjeXyyyy
L�b RXyyyy
JBMBKmK @yXyN9d
Zm�`iBH2 R @yXyy9d
J2/B�M yXyyye
�`Bi?K2iB+ J2�M yXyyyk
:2QK2i`B+ J2�M yXyyyR
Zm�`iBH2 j yXyy8d
J�tBKmK yXRyNe
a1 J2�M yXyyyk
G*G J2�M UyXN8V @yXyyyk
l*G J2�M UyXN8V yXyyy8
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o�`B�M+2 yXyyyR
ai/2p yXyRRN
aF2rM2bb @yXkjyk
Em`iQbBb 3Xe8kR
= Oj ZZ@THQib �M/ i2bib 7Q` MQ`K�HBiv
= O
= O mb2 [[MQ`K 7mM+iBQM
= T�`UK7`Qr4+UR-RVV
= [[MQ`KUM2rHQ;`2im`MV
= [[HBM2UM2rHQ;`2im`M - +QH 4 kV
= D�`[m2X#2`�Xi2biUM2rHQ;`2im`MV

C�`[m2 "2`� h2bi

/�i�, M2rHQ;`2im`M
s@b[m�`2/ 4 R8d8k- /7 4 k- T@p�Hm2 I kXk2@Re

FE code (Cont.)
O9 h2bi K2�M 4 y
iXi2biUM2rHQ;`2im`MV

O8 h2bi aF2rM2bb 4 y
h4H2M;i?UM2rHQ;`2im`MV
bj4bF2rM2bbUM2rHQ;`2im`MV
ibi 4 bjfb[`iUefhV
ibi
Tp 4 k TMQ`KUibiV
Tp

Oe h2bi 2t+2bb Fm`iQbBb 4y
F9 4 Fm`iQbBbUM2rHQ;`2im`MV
ibi 4 F9fb[`iUk9fhV
ibi
Tp 4 k UR@TMQ`KUibiVV
Tp
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FE Print out (Cont.)
= iXi2biUM2rHQ;`2im`MV

PM2 a�KTH2 i@i2bi

/�i�, M2rHQ;`2im`M
i 4 yXNeRyj- /7 4 8yj8- T@p�Hm2 4 yXjjee
�Hi2`M�iBp2 ?vTQi?2bBb, i`m2 K2�M Bb MQi 2[m�H iQ y
N8 T2`+2Mi +QM7B/2M+2 BMi2`p�H,
@yXyyyRed939y yXyyy93N8Nk8
b�KTH2 2biBK�i2b,
K2�M Q7 t
yXyyyReRy89k

= O8 h2bi aF2rM2bb 4 y
= h4H2M;i?UM2rHQ;`2im`MV
= bj4bF2rM2bbUM2rHQ;`2im`MV
= bj
(R) @yXkjyk99
= ibi 4 bjfb[`iUefhV
= ibi
(R) @eXedy98e
= Tp 4 k TMQ`KUibiV
= Tp
(R) kX88yyNj2@RR
= Oe h2bi 2t+2bb Fm`iQbBb 4y
= F9 4 Fm`iQbBbUM2rHQ;`2im`MV
= F9
(R) 3Xe8kydj
= ibi 4 F9fb[`iUk9fhV
= ibi
(R) Rk8Xjjyd
= Tp 4 k UR@TMQ`KUibiVV
= Tp
(R) y
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kXR "�bB+ *QM+2Tib

Financial TS: collection of a financial measurement over time.
Example: log return of apple rt

Data: {r1, r2,..., rT }
Purpose What is the information contained in series of rt

Definition: Stationarity
-Strict: Distributions are time-invariant
-Weak: First 2 moments are time-invariant

What does weak stationarity mean in practice?

Past: time plot of rt varies around a fixed level within a finite range!

Future:the first 2 moments of future rt are the same as those of the data so that
meaningful inferences can be made.

Mean (or expectation) of returns

µ= E(rt)

Variance (variability) of returns

Var(rt) = E[(rt −µ)2]
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Sample mean and Sample Variance are used to estimate the mean and variance of
returns.

r̄ =
1
T

T∑

t=1

rt

Var(rt) =
1

T −1

T∑

t=1

(rt − r̄)2

testing the mean of rt is different from zero or not
H0 :µ= 0
Ha :µ ̸= 0

tcal =

Decision rule: Reject H0 if |t|> Z α
2
or p-value is less than α

Lag-kk autocovariance:

γk = Cov(rt , rt−k) = E[(rt −µ)(rt−k−µ)]

Serial (or-auto) correlations:

ρl =
cov(rt , rt−l)

var(rt)

Remark The existence of serial correlation in rt implies that...........................................................

Sample Autocorrelation function (AFC) can be computed by:

ρ̂l =

∑T−l
t=1(rt − r̄)(rt+l − r̄)
∑T

t=1(rt − r̄)2
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Test Zero Serial Correlations (Market Efficiency)

1. Individual Test
H0 :ρ1= 0
Ha :ρ1 ̸= 0

tcal =

Decision rule: Reject the null hypothesis when |t|> Z α
2
or the p-value has the value

less than α

2. Joint Test (Ljung-Box Statistics):
H0 :ρ1= ...=ρm= 0
Ha :ρi ̸= 0

Q(m) = T ∗ (T +2)
m∑

l=1

ρ2
l

T − l

Decision rule: Reject the null hypothesis when Q(m)> χ2
m(α) or the p-value has

the value less than α

FE toolbox 2
O119j8 q�bBM aBr�b�`Bi
b2ir/U]flb2`bfr�bBMbBr�b�`Bif.2bFiQTf119j8]V
HB#`�`vU7"�bB+bV
+�iU`2TU]$M]-8yVV O+H2�` _ *QMbQH2
/� I@ `2�/Xi�#H2U]*_aSXiti]V
HQ;n`2im`M 4/�(-R)
T�`UK7+QH4+UR-RVV
H2M;i?UHQ;n`2im`MV
i/t 4 +UR,98eVfRkYRNeR
THQiUi/t-HQ;n`2im`M-tH�#4^v2�`^-vH�#4^HQ;n`2im`M^-ivT24^H^V
#�bB+ai�ibUHQ;n`2im`MV
MQ`K�Hh2biUHQ;n`2im`M-K2i?Q/4]D#]V
iXi2biUHQ;n`2im`MV
iiR 4 bF2rM2bbUHQ;n`2im`MVfb[`iUef89eV
iiR
Tp 4 k TMQ`KUiiRV
Tp
iik 4 Fm`iQbBbUHQ;n`2im`MVfb[`iUk9f89eV
iik
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Tp 4 k UR@TMQ`KUiikVV
Tp
KR4�+7UHQ;n`2im`MV
M�K2bUKRV
KR0�+7
Kk4T�+7UHQ;n`2im`MV
M�K2bUKkV
Kk0�+7
"QtXi2biUHQ;n`2im`M-H�;4Rk-ivT24^GDmM;^V

FE Analysis 2
= /� I@ `2�/Xi�#H2U]*_aSXiti]V
= HQ;n`2im`M 4/�(-R)
= T�`UK7+QH4+UR-RVV
= H2M;i?UHQ;n`2im`MV
(R) 98e
= i/t 4 +UR,98eVfRkYRNeR
= THQiUi/t-HQ;n`2im`M-tH�#4^v2�`^-vH�#4^HQ;n`2im`M^-ivT24^H^V
= #�bB+ai�ibUHQ;n`2im`MV

HQ;n`2im`M
MQ#b 98eXyyyyyy
L�b yXyyyyyy
JBMBKmK @jRX833yyy
J�tBKmK keXRd8yyy
RX Zm�`iBH2 @RX3eyyyy
jX Zm�`iBH2 9Xke3k8y
J2�M RXy8N8RR
J2/B�M RX9N98yy
amK 93jXRjdyyy
a1 J2�M yXkekk98
G*G J2�M yX899R9N
l*G J2�M RX8d93dj
o�`B�M+2 jRXjeykdy
ai/2p 8Xeyyyk9
aF2rM2bb @yXedjkdR
Em`iQbBb 9XRkk339
= MQ`K�Hh2biUHQ;n`2im`M-K2i?Q/4]D#]V

hBiH2,
C�`[m2 @ "2`� LQ`K�H�HBiv h2bi

h2bi _2bmHib,
ah�hAahA*,

s@b[m�`2/, jekX8dke
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S o�Gl1,
�bvKTiQiB+ T o�Hm2, I kXk2@Re

.2b+`BTiBQM,
a�i �m; RN kk,8R,98 kyRd #v mb2`,

= iXi2biUHQ;n`2im`MV

PM2 a�KTH2 i@i2bi

/�i�, HQ;n`2im`M
i 4 9Xy9yk- /7 4 988- T@p�Hm2 4 eXkd2@y8
�Hi2`M�iBp2 ?vTQi?2bBb, i`m2 K2�M Bb MQi 2[m�H iQ y
N8 T2`+2Mi +QM7B/2M+2 BMi2`p�H,
yX899R9N RX8d93dj

b�KTH2 2biBK�i2b,
K2�M Q7 t
RXy8N8RR

= iiR 4 bF2rM2bbUHQ;n`2im`MVfb[`iUef89eV
= iiR
(R) @eX99jdde
= Tp 4 k TMQ`KUiiRV
= Tp
(R) RXRe8jed2@Ry
= iik 4 Fm`iQbBbUHQ;n`2im`MVfb[`iUk9f89eV
= iik
(R) RNX3R99R
= Tp 4 k UR@TMQ`KUiikVV
= Tp
(R) y
= KR4�+7UHQ;n`2im`MV
= M�K2bUKRV
(R) ]�+7] ]ivT2] ]MXmb2/] ]H�;] ]b2`B2b] ]bM�K2b]
= KR0�+7
- - R

(-R)
(R-) RXyyyyyyyyy
(k-) yXkkej8e3jk
(j-) @yXyyNNd8kR8
(9-) @yXyj3Rk3eNd
(8-) @yXyR8dey838
XXX

(ke-) @yXyRkkkyeej
(kd-) yXye9N99Ne8
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= Kk4T�+7UHQ;n`2im`MV
= M�K2bUKkV
(R) ]�+7] ]ivT2] ]MXmb2/] ]H�;] ]b2`B2b] ]bM�K2b]
= Kk0�+7
- - R

(-R)
(R-) yXkkej8e3jR3
(k-) @yXye98R3j389
(j-) @yXykkj8988dk
(9-) @yXyykk39Ndk9
(8-) yXyRRekk9kR3
XXX

(k8-) @yXyR9k39R8N9
(ke-) yXyd33N9R8kd

= "QtXi2biUHQ;n`2im`M-H�;4Rk-ivT24^GDmM;^V

"Qt@GDmM; i2bi

/�i�, HQ;n`2im`M
s@b[m�`2/ 4 jdXjyk- /7 4 Rk- T@p�Hm2 4 yXyyyRNN8
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kXk "�+F@a?B7i UH�;V QT2`�iQ`
Definition Brt = rt−1 or Lrt = rt−1

B2rt = B(Brt) = Brt−1= rt−1

B or L means Time Shift
For example Brt is the value of the series at time t−1

For example
The table of log return:

Date rt
1 0.025
2 0.013
3 -0.003
4 0.035

What is the following value of
r2 =
Br3 =
B2r5 =

A proper perspective: at a time point t

Available data: {r1, r2,...rt−1} ≡Ft−1

The return is decomposed into two parts:

rt = predictable part + not predictable part
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Traditional TS modeling is concerned with µt :
Model for µt : mean equation
Volatility modeling concerns σt

Model for σ2
t : volatility equation

kXj GBM2�` hBK2 a2`B2b
rt is linear if
. the predictable part is a linear function of Ft−1

. {at} are independent and have the same distribution (iid)

Mathematically, it means rt can be written as

rt =µ+
∞∑

i=1

ψiat−1

where µ is constant and ψ0 = 1 and at is an iid sequence with mean 0 and well-defined
distribution.

In the economic itterature at is the shock or innovation at time t and ψi are the impulse
responses of rt .

White noise: iid sequence (with finite variance), which is the build- ing block of linear
TS models. White noise is not predictable, but has zero mean and finite variance.
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In EE435 we will study the (Univariate linear time series models) as follow:
1. autoregressive (AR) models
2. moving-average (MA) models
3. mixed ARMA models
4. seasonal models

Important properties of a model
• Stationarity condition
• Basic properties: mean, variance, serial dependence
• Empirical model building: specification, estimation, & checking
• Forecasting
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kX9 �miQ`2;`2bbBp2U�_V KQ/2H
If the series rt and rt−1 are correlated, we might be able to use the series rt−1 in forecasing
rt . Thus the linear model can be:

rt =φ0+φ1rt−1+at

whereat are white noise series with mean equal to 0 and variance equals to σ2
a

The above model is known as AR(1) since the variation of rt can be explained by the
variation of rt−1 . From this model we can calculate the conditional mean and conditional
variance as the follow:

In general, we can write down the model of AR(p) as

rt =φ0+φ1rt−1+ ...+φprt−p+at
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kX9XR S`QT2`iB2b Q7 �_ KQ/2Hb
AR (1) model

the necessary condition for AR model is that series rt have to be weak stationarity.

Unconditional mean

Unconditional variance
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Unconditional autocorrelations

Figure The autocorrelation function of an AR(1) model: (a) for φ1 = 0.8, and (b) for φ1

= −0.8.
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AR (2) model

rt =φ0+φ1rt−1+φ2rt−2+at

Unconditional mean

Unconditional variance
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Unconditional autocorrelations

Figure The autocorrelation function of an AR(2) model: (a) φ1 = 1.2 and φ2 = −0.35, (b)
φ1 =0.6 and φ2 =−0.4,(c) φ1 =0.2and φ2 =0.35,(d) φ1 =−0.2 and φ2 =0.35.
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kX9Xk ai�iBQM�`Biv Q7 �_UTV JQ/2H
In case of AR(p)

rt =φ0+φ1rt−1+ ...+φprt−p+at

We can write down the Unconditional Mean as :

E(rt) =
φo

1−φ1− ...−φp
,

which the Polynomial equation can be expressed as

x p−φ1 x p−1−φ2 x p−2− ...−φp = 0

The above equation is also known as Equation in which if Characteristic roots has the
value less than 1 in modulus, we can say that the model is stationary.

Moreover, AR(p) , the ACF can be written as difference equation

(1−φ1B−φ2B2− ...−φpBP)ρl = 0

where l > 0

The graph of ACF of AR(p) has the pattern as the graph of sine and cosine.
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kX9Xj A/2MiB7vBM; �_ JQ/2Hb
Partial Autocorrelation Function (PACF)

PACF is considered to be a tool to determine the order of AR(p). We can calculate the
PACF from the following equations:

rt =φ0,1+φ1,1rt−1+ e1t

rt =φ0,2+φ1,2rt−1+φ2,2rt−2+ e2t

rt =φ0,3+φ1,3rt−1+φ2,3rt−2+φ3,3rt−3+ e3t

In case of lag-2 PACF φ2,2 shows the marginal effect of rt−2 on rt

In case of lag-3 PACF φ3,3 shows the marginal effect of rt−3 on rt

Theefore, If the AR( p) is the optimal model, we then have the the lag-p PACF have to
significantly different from 0, but φ j, j have to be insignificant when j > p

Information Criteria

There are two methods to select the optimal lag AR(p)

1. Akaike Information Criterion

AIC(l) = ln((σ2
l )+

2l
T

For AR(l), (σ2
l is the MLE of residual variance

We select the AR(l) model that provides the minimum AIC for all l ∈ [0,..., P]

2. BIC Criterion

BIC(l) = ln((σ2
l )+

l ∗ ln(T )
T

For AR(l), (σ2
l is the MLE of residual variance

We select the AR(l) model that provides the minimum BIC for l ∈ [0,..., P]
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Example: GDP Growth
O11 9j8 q�bBM aBr�b�`Bi
b2ir/U]flb2`bfr�bBMbBr�b�`Bif.2bFiQTf119j8]V
+�iU`2TU]$M]-8yVV O+H2�` _ *QMbQH2
HB#`�`vU7"�bB+bV
HB#`�`vU[m�MiKQ/V
HB#`�`vUbMV
HB#`�`vUS2`7Q`K�M+2�M�HviB+bV
HB#`�`vU+�`V
HB#`�`vUib2`B2bV
HB#`�`vU7Q`2+�biV
HB#`�`vUJ�i`BtV
/�4`2�/Xi�#H2U]/;MT3kXiti]V
t4/�(-R)
T�`UK7+QH4+Uk-kVV
THQiUt-ivT24^H^V
THQiUt(R,Rd8)-t(k,Rde)V
THQiUt(R,Rd9)-t(j,Rde)V
�+7Ut-H�;4RkV
T�`UK7+QH4+UR-RVV
T�+7Ut-H�;XK�t4RkV

Figure: GDP growth, ACF and PACF
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Figure: GDP growth, ACF and PACF (cont.)

kX8 �_USV BM G�; PT2`�iQ` LQi�iBQM
AR(1) in Lag Operator Notation

(rt −µ) =φ1(rt−1−µ)+at

if |φ1|< 1 then,
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AR(P) model
From the Mean-Adjusted Form:

(rt −µ) =φ1(rt−1−µ)+ ...+φp(rt−p−µ)+at

Stability and Stationarity Condition

⎡
⎢⎢⎢⎢⎣

rt

rt−1
...

rt−p+1

⎤
⎥⎥⎥⎥⎦
=

⎡
⎢⎢⎢⎢⎣

φ1 φ2 φ3 .. . φp

1 0 ... . . . 0
...

...
... . . . ...

0 0 ... 1 0

⎤
⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎣

rt−1

rt−2
...

rt−p

⎤
⎥⎥⎥⎥⎦
+

⎡
⎢⎢⎢⎢⎣

at

0
...
0

⎤
⎥⎥⎥⎥⎦

we can write it as

ξt= Fξt−1+vt
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Example: AR(2)

rt =φ1rt−1+φ2rt−2+at
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Results: The AR(p) model is weakly stationary and has Wold representation

rt =µ+
∞∑

j=0

ψ jεt− j

with ψ j = (1,1) element of Fj provided all of the eigenvalues of F have modulus less
than 1.

kXe 6BM/BM; 1B;2Mp�Hm2
λ is an eigenvalue of F and x is the eigenvector if

Fx=λx
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Example: AR(2)

The eigenvalues of F solve the ``reverse'' characteristic equation

λ2−φ1λ−φ2= 0

Using the quadratic equation, the roots satisfy

λi =
φ1±
/
φ2

1+4φ2

2
These root may be real or complex. Complex roots induce periodic behavior in yt . If λi is
complex then

λi = a+ bi

a= Rcos(θ ), b= Rsin(θ )

R=
0

a2+ b2

Remark: R=modulus
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Example 1: AR(2)

Yt = 0.6Yt−1+0.2Yt−2+εt

Example 1
= _2UTQHv`QQiU+U@yXk- @yXe- RVVV
(R) @yXkj38Re8 yX3j38Re8
= AKUTQHv`QQiU+U@yXk- @yXe- RVVV
(R) @RXkNk9d2@ke RXkNk9d2@ke



kXe 6BM/BM; 1B;2Mp�Hm2 9d

Example 2: AR(2)

Yt = 0.5Yt−1−0.8Yt−2+εt

Example 2
= _2UTQHv`QQiU+UyX3- @yX8- RVVV
(R) yXk8 yXk8
= AKUTQHv`QQiU+UyX3- @yX8- RVVV
(R) yX383dd3k @yX383dd3k
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kXd S�`�K2i2` 1biBK�iBQM
For a specified AR(p) model , the conditional least squares method, which starts with the
(p + 1)th observation, is often used to estimate the parameters. Specifically, conditioning
on the first p observations, we have

rt =φ0+φ1rt−1+ ...+φprt−p+at

t=p+1,...,T

which can be estimated by the least squares method. Denote the estimate of φ by 1φ.
The fitted model is

rt = 1φ0+ 1φ1rt−1+ ...+ 1φprt−p+at

where the residual term is

1at = rt −1rt

2σ2
a =

∑T
t=p+1 2a2

a

T −2p−1
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kX3 JQ/2H *?2+FBM;
A fitted model must be examined carefully to check for possible model inadequacy. If
the model is adequate, then the residual series should behave as a white noise. The ACF
and the Ljung–Box statistics of the residuals can be used to check the closeness of at to
a white noise. For an AR(p) model, the Ljung–Box statistic Q(m) follows asymptotically
a chi-squared distribution with m-p degrees of freedom. Here the number of degrees of
freedom is modified to signify that p AR coefficients are estimated. If a fitted model is
found to be inadequate, it must be refined.

kXN 6Q`2+�biBM;
Forecasting is an important application of time series analysis. For the AR( p) model,
suppose that we are at the time index h and are interested in forecasting rh+l , where l ≥ 1.
The time index h is called the forecast origin and the positive integer l is the forecast
horizon. Let r̂h(l) be the forecast of rh+l ,

kXNXR R@ai2T �?2�/ 6Q`2+�bi
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kXNXk k@ai2T �?2�/ 6Q`2+�bi

kXNXj j@ai2T �?2�/ 6Q`2+�bi
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Example: Analysis of U.S. GNP growth rate series.
O119j8
b2ir/U]flb2`bfr�bBMbBr�b�`Bif.2bFiQTf119j8]V
+�iU`2TU]$M]-8yVV O+H2�` _ *QMbQH2
/�4`2�/Xi�#H2U]/;MT3kXiti]V
t4/�(-R)
= /�4`2�/Xi�#H2U]/;MT3kX/�i]V
= t4/�(-R)
= T�`UK7+QH4+Uk-kVV W Tmi 9 THQib QM � T�;2
THQiUt-ivT2Ǯ4ǮHV W 7B`bi THQi
THQiUt(R,Rd8)-t(k,Rde)V W kM/ THQi
THQiUt(R,Rd9)-t(j,Rde)V W j`/ THQi
�+7Ut-H�;4RkV W 9i? THQi
T�+7Ut-H�;XK�t4RkV W *QKTmi2 S�*6
"QtXi2biUt-H�;4Ry-ivT2Ǯ4ǮGDmM;V W *QKTmi2 ZURyV bi�iBbiB+b
"Qt@GDmM; i2bi
/�i�, t
s@b[m�`2/ 4 9jXkj98- /7 4 Ry- T@p�Hm2 4 9X8R82@ye
KR4�`Ut-K2i?Q/Ǯ4ǮKH2V W �miQK�iB+ �_ 7BiiBM; mbBM; �A* +`Bi2`BQMX
KR
*�HH, �`Ut 4 t- K2i?Q/ 4 ]KH2]V
*Q277B+B2Mib,
R k j W �M �_UjV Bb bT2+B7B2/X
yXj93y yXRdNj @yXR9kj
P`/2` b2H2+i2/ j bB;K��k 2biBK�i2/ �b NX9kd2@y8
M�K2bUKRV
(R) ]Q`/2`] ]�`] ]p�`XT`2/] ]tXK2�M] ]�B+]
(e) ]MXmb2/] ]Q`/2`XK�t] ]T�`iB�H�+7] ]`2bB/] ]K2i?Q/]
(RR) ]b2`B2b] ]7`2[m2M+v] ]+�HH] ]�bvXp�`X+Q27]

THQiUKR0`2bB/-ivT2Ǯ4ǮHV W SHQi `2bB/m�Hb Q7 i?2 7Bii2/ KQ/2H UMQi b?QrMV

"QtXi2biUKR0`2bB/-H�;4Ry-ivT2Ǯ4ǮGDmM;V W JQ/2H +?2+FBM;
"Qt@GDmM; i2bi
/�i�, KR0`2bB/
s@b[m�`2/ 4 dXy3y3- /7 4 Ry- T@p�Hm2 4 yXdRd3

Kk4�`BK�Ut-Q`/2`4+Uj-y-yVV W �MQi?2` �TT`Q�+? rBi? Q`/2` ;Bp2MX
Kk

*�HH, �`BK�Ut 4 t- Q`/2` 4 +Uj- y- yVV
*Q277B+B2Mib,

�`R �`k �`j BMi2`+2Ti W 6Bii2/ KQ/2H Bb
yXj93y yXRdNj @yXR9kj yXyydd W vUiV4yXj93vUi@RVYyXRdNvUi@kV
bX2X yXyd98 yXydd3 yXyd98 yXyyRk W @yXR9kvUi@jVY�UiV-
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W r?2`2 vUiV 4 tUiV@yXyydd
bB;K��k 2biBK�i2/ �b NX9kd2@y8, HQ; HBF2HB?QQ/ 4 8e8X39- �B+ 4 @RRkRXe3
= M�K2bUKkV
(R) ]+Q27] ]bB;K�k] ]p�`X+Q27] ]K�bF] ]HQ;HBF] ]�B+]
(d) ]�`K�] ]`2bB/m�Hb] ]+�HH] ]b2`B2b] ]+Q/2] ]MX+QM/]
(Rj) ]KQ/2H]
"QtXi2biUKk0`2bB/m�Hb -H�;4Ry-ivT2Ǯ4ǮGDmM;V
"Qt@GDmM; i2bi
/�i�, Kk0`2bB/m�Hb
s@b[m�`2/ 4 dXyReN- /7 4 Ry- T@p�Hm2 4 yXdkjN
ibXTHQiUKk0`2bB/m�HbV W _2bB/m�H THQi
ib/B�;UKkV W Q#i�BM j THQib Q7 KQ/2H +?2+FBM; UMQi b?QrM BM ?�M/QmiVX
TR4+UR-@Kk0+Q27(R,j)V W 6m`i?2` �M�HvbBb Q7 i?2 7Bii2/ KQ/2HX
`QQib4TQHv`QQiUTRV
`QQib
(R) RX8Nyk8jYRXyej33k2YyyB @RXNkyR8k@jX8jy33d2@RdB RX8Nyk8j@RXyej33k2YyyB
JQ/U`QQibV
(R) RXNRjjy3 RXNkyR8k RXNRjjy3
T`2/B+iUKk-3V W S`2/B+iBQM R@bi2T iQ 3@bi2T �?2�/X
0T`2/
hBK2 a2`B2b,
ai�`i 4 Rdd
1M/ 4 R39
6`2[m2M+v 4 R
(R) yXyyRkjek89 yXyy98888RN yXyyd989Nye yXyydN838R3
(8) yXyy3R3R99k yXyydNje398 yXyyd3kyy9e yXyyddyj3ke
0b2
hBK2 a2`B2b,
ai�`i 4 Rdd
1M/ 4 R39
6`2[m2M+v 4 R
(R) yXyyNdyNjkk yXyRyk3y8Ry yXyRye3ejy8 yXyRye33NN9
(8) yXyRye3Ndjj yXyRyeN9ddR yXyRyeN88RR yXyRyeNeRNy
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Figure: GDP growth and PACF of GDP growth
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Figure: Residual Term from the estimated model and ACF of Residual Term
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kXRy JQpBM;@�p2`�;2 JQ/2Hb UJ�bV
An AR model with infinite order can be written as:

rt =φ0+φ1rt−1+φ2rt−2+ ...+at

The above AR model is not realistic because it has infinite many parameters. One way
to make the model practical is to assume that the coefficients satisfy some constraints
so that they are determined by a finite number of parameters. A special case of this idea is

rt =φ0−θ1rt−1−θ2
1 rt−2−θ3

1 rt−3− ...+at

where φi =−θ i
1 for all i
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kXRyXR S`QT2`iB2b Q7 J� JQ/2Hb
Stationarity MA models are always weakly stationary because they are finite linear combinations
of a white noise sequence for which the first two moments are time invariant.
E(rt)

Var(rt)
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Autocorrelation Function
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kXRyXk A/2MiB7vBM; J� Q`/2`
The ACF is useful in identifying the order of an MA model. For the MA(q), we find out that
ρq ̸= 0 but ρl = 0 for all l > q

The example of MA(5) can be depicted as follwing:

Figure of the MA(5) model and its ACF
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kXRR S�`�K2i2` 1biBK�iBQM
For the MA(q), we can apply the Conditional Maximum Likelihood Estimation to estimate
by starting from the obsevation (q+1). It can write down the model as following:

rt = c0+at −θ1at−1− ...−θqat−q

t=q+1,...,T

The fitted model can be written as:

rt =2c0− 2θ1at−1+ ...+ 2θqat−q+2at

We can define the residual terms from the below equation:

1at = rt −1rt

2σ2
a =

∑T
t=q+1 2a2

a

T −q−1
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kXRk JQ/2H *?2+FBM;
A fitted model must be examined carefully to check for possible model inadequacy. If
the model is adequate, then the residual series should behave as a white noise. The ACF
and the Ljung–Box statistics of the residuals can be used to check the closeness of at to
a white noise. For an MA(q) model, the Ljung–Box statistic Q(m) follows asymptotically
a chi-squared distribution with m-q degrees of freedom. Here the number of degrees of
freedom is modified to signify that q MA coefficients are estimated. If a fitted model is
found to be inadequate, it must be refined.

kXRj 6Q`2+�biBM;
Forecasts of an MA model can easily be obtained. Because the model has finite memory,
its point forecasts go to the mean of the series quickly. To see this, assume that the
forecast origin is h. For the 1-step ahead forecast of an MA(1) process which is defined as

r̂h(l)

kXRjXR R@ai2T �?2�/ 6Q`2+�bi
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kXRjXk k@ai2T �?2�/ 6Q`2+�bi

kXRjXj JmHiB@ai2T �?2�/ 6Q`2+�bi
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The example of MA(q) model
= Kk4�`BK�UvR-Q`/2`4+Uy-y-8V-BM+Hm/2XK2�M 4 h_l1V
= Kk

*�HH,
�`BK�Ut 4 vR- Q`/2` 4 +Uy- y- 8V- BM+Hm/2XK2�M 4 h_l1V

*Q277B+B2Mib,
K�R K�k K�j K�9 K�8 BMi2`+2Ti

yXjRdk yXy8Rj @yXyRdj @yXyydR yX8jy3 yXyRed
bX2X yXyk3e yXyk38 yXykdd yXykNk yXyk3k yXy83y

bB;K��k 2biBK�i2/ �b yXNeyR, HQ; HBF2HB?QQ/ 4 @RjNNXek- �B+ 4 k3RjXkj
= M�K2bUKkV
(R) ]+Q27] ]bB;K�k] ]p�`X+Q27] ]K�bF] ]HQ;HBF] ]�B+] ]

�`K�] ]`2bB/m�Hb] ]+�HH]
(Ry) ]b2`B2b] ]+Q/2] ]MX+QM/] ]MQ#b] ]KQ/2H]
= "QtXi2biUKk0`2bB/m�Hb -H�;4Ry-ivT24^GDmM;^V

"Qt@GDmM; i2bi

/�i�, Kk0`2bB/m�Hb
s@b[m�`2/ 4 8Xe83k- /7 4 Ry- T@p�Hm2 4 yX39jR

= ibXTHQiUKk0`2bB/m�HbV
= T`2/B+iUKk-8V
0T`2/
hBK2 a2`B2b,
ai�`i 4 RyyR
1M/ 4 Ryy8
6`2[m2M+v 4 R
(R) yXjyRedjN @yX9R9e89y yXR3jRye8 RXyR3kkjR yXRNjjNde

0b2
hBK2 a2`B2b,
ai�`i 4 RyyR
1M/ 4 Ryy8
6`2[m2M+v 4 R
(R) yXNdN3k8R RXykdN9kj RXykNRdy8 RXykNjyN8 RXykNjjkd
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kXR9 �_J� JQ/2Hb
A time series rt follows an ARMA (1,1) model if it satisfies

rt −φ1rt−1=φ0+at −θ1at−1

where at is the White Noise Series.

kXR9XR S`QT2`iB2b Q7 �_J� JQ/2Hb
E(rt)
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Var(rt)

Autocorrelation Function
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kXR8 :2M2`�H �_J� JQ/2H

kXRe A/2MiB7vBM; �_J� JQ/2H

kXRd JQ/2H *?2+FBM;
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kXR3 6Q`2+�biBM;
kXR3XR R@ai2T �?2�/ 6Q`2+�bi
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kXR3Xk k@ai2T �?2�/ 6Q`2+�bi

kXR3Xj JmHiB@ai2T �?2�/ 6Q`2+�bi
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Comparing between the AR(p) and ARMA(p,q) to estimate the Civilian Unemployment
Rate
b2ir/U]flb2`bfr�bBMbBr�b�`Bif.2bFiQTf119j8]V
+�iU`2TU]$M]-8yVV O+H2�` _ *QMbQH2
`2[mB`2U[m�MiKQ/V
;2iavK#QHbU]lL_�h1]-b`+4]6_1.]V
/BKUlL_�h1V
?2�/UlL_�h1V
`�i2 I@ �bXMmK2`B+UlL_�h1(-R)V
ibXTHQiU`�i2V
HQ;`2im`M4/B77UHQ;U`�i2VV
KR I@ �`UHQ;`2im`M -Q`/2`XK�t4R8V OO �_ Q`/2` b2H2+iBQM mbBM; �A*
KR0Q`/2`
T�+7UHQ;`2im`MV
Kk I@ �`BK�UHQ;`2im`M -Q`/2`4+URk-y-yVV
Kk
ib/B�;UKk-;Q74jeV
OOO JQ/2H `27BM2K2Mi
+R I@ +Uy-L�-L�-L�-L�-y-y-y-y-L�-y-L�-L�V
Kj I@ �`BK�UHQ;`2im`M -Q`/2`4+URk-y-yV-7Bt2/4+RV
Kj
`2[mB`2U7Q`2+�biV
�miQX�`BK�UHQ;`2im`MV
K9 I@ �`BK�UHQ;`2im`M -Q`/2`4+Uk-y-kVV
K9
ib/B�;UK9-;Q74jeV
bQm`+2U]flb2`bfr�bBMbBr�b�`Bif.2bFiQTf119j8f#�+Fi2biX_]V
#�+Fi2biUKj-HQ;`2im`M -ddy-7Bt2/4+RV
#�+Fi2biUK9-HQ;`2im`M -ddyV
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The main results:
= `2[mB`2U[m�MiKQ/V
= ;2iavK#QHbU]lL_�h1]-b`+4]6_1.]V
(R) ]lL_�h1]
= /BKUlL_�h1V
(R) 3je R
= ?2�/UlL_�h1V

lL_�h1
RN93@yR@yR jX9
RN93@yk@yR jX3
RN93@yj@yR 9Xy
RN93@y9@yR jXN
RN93@y8@yR jX8
RN93@ye@yR jXe
= `�i2 I@ �bXMmK2`B+UlL_�h1(-R)V
= ibXTHQiU`�i2V
= HQ;`2im`M4/B77UHQ;U`�i2VV
= KR I@ �`UHQ;`2im`M -Q`/2`XK�t4R8V OO �_ Q`/2` b2H2+iBQM mbBM; �A*
= KR0Q`/2`
(R) Rk
= T�+7UHQ;`2im`MV
= Kk I@ �`BK�UHQ;`2im`M -Q`/2`4+URk-y-yVV
= Kk

*�HH,
�`BK�Ut 4 HQ;`2im`M - Q`/2` 4 +URk- y- yVV

*Q277B+B2Mib,
�`R �`k �`j �`9 �`8 �`e �`d �`3 �`N

�`Ry �`RR �`Rk BMi2`+2Ti
yXy89k yXRee8 yXRRNd yXy3R3 yXRj9y yXykek @yXyk99 yXykd3

yXyyjj @yXRyNj yXy8jR @yXR98k 92@y9
bX2X yXyj98 yXyj9e yXyj93 yXyj89 yXyj88 yXyj83 yXyj83 yXyj8d yXyj8e

yXyj8k yXyj9N yXyj8y k2@yj

bB;K��k 2biBK�i2/ �b yXyyRkj3, HQ; HBF2HB?QQ/ 4 ReyNXeR- �B+ 4 @jRNRXkk
= ib/B�;UKk-;Q74jeV
= +R I@ +Uy-L�-L�-L�-L�-y-y-y-y-L�-y-L�-L�V
= Kj I@ �`BK�UHQ;`2im`M -Q`/2`4+URk-y-yV-7Bt2/4+RV
q�`MBM; K2bb�;2,
AM �`BK�UHQ;`2im`M - Q`/2` 4 +URk- y- yV- 7Bt2/ 4 +RV ,

bQK2 �_ T�`�K2i2`b r2`2 7Bt2/, b2iiBM; i`�Mb7Q`KXT�`b 4 6�Ga1
= Kj

*�HH,
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�`BK�Ut 4 HQ;`2im`M - Q`/2` 4 +URk- y- yV- 7Bt2/ 4 +RV

*Q277B+B2Mib,
�`R �`k �`j �`9 �`8 �`e �`d �`3 �`N �`Ry �`RR

�`Rk BMi2`+2Ti
y yXReNj yXR9yy yXyNee yXR9R3 y y y y @yXRyy3 y

@yXRjeN yXyyy9
bX2X y yXyj9j yXyjje yXyj9y yXyj9d y y y y yXyj99 y

yXyj9R yXyyR3

bB;K��k 2biBK�i2/ �b yXyyRk9N, HQ; HBF2HB?QQ/ 4 Reye- �B+ 4 @jRN8XNN
= `2[mB`2U7Q`2+�biV
= �miQX�`BK�UHQ;`2im`MV
a2`B2b, HQ;`2im`M
�_AJ�Uk-y-kV rBi? x2`Q K2�M

*Q277B+B2Mib,
�`R �`k K�R K�k

RXej3k @yXd9NR @RX8Ne8 yXdNjR
bX2X yXy893 yXy889 yXy8yd yXy8j8

bB;K��k 2biBK�i2/ �b yXyyRkNR, HQ; HBF2HB?QQ/4R8N9XRe
�A*4@jRd3XjR �A*+4@jRd3Xk9 "A*4@jR89Xed
= K9 I@ �`BK�UHQ;`2im`M -Q`/2`4+Uk-y-kVV
= K9

*�HH,
�`BK�Ut 4 HQ;`2im`M - Q`/2` 4 +Uk- y- kVV

*Q277B+B2Mib,
�`R �`k K�R K�k BMi2`+2Ti

RXej38 @yXd9N9 @RX8Ne3 yXdNj9 yXyyy8
bX2X yXy89d yXy88j yXy8ye yXy8j9 yXyykk

bB;K��k 2biBK�i2/ �b yXyyRk38, HQ; HBF2HB?QQ/ 4 R8N9XR3- �B+ 4 @jRdeXje
= ib/B�;UK9-;Q74jeV
= bQm`+2U]flb2`bfr�bBMbBr�b�`Bif.2bFiQTf119j8f#�+Fi2biX_]V
= #�+Fi2biUKj-HQ;`2im`M -ddy-7Bt2/4+RV
(R) ]_Ja1ɚQ7ɚQmi@Q7@b�KTH2ɚ7Q`2+�bib]
(R) yXyk8j8jdR
(R) ]J2�Mɚ�#bQHmi2ɚ2``Q`ɚQ7ɚQmi@Q7@b�KTH2ɚ7Q`2+�bib]
(R) yXykykkRjN
h?2`2 r2`2 8y Q` KQ`2 r�`MBM;b Umb2 r�`MBM;bUV iQ b22 i?2 7B`bi 8yV
= #�+Fi2biUK9-HQ;`2im`M -ddyV
(R) ]_Ja1ɚQ7ɚQmi@Q7@b�KTH2ɚ7Q`2+�bib]
(R) yXyk9e899e
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(R) ]J2�Mɚ�#bQHmi2ɚ2``Q`ɚQ7ɚQmi@Q7@b�KTH2ɚ7Q`2+�bib]
(R) yXyRNdky93
=
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Figure: Civilian Unemployment Rate

แผนภาพ PACF ของ Civilian Unemployment Rate
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Figure: Residual Term Civilian Unemployment Rate from the AR(13) model
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Figure: Residual Term Civilian Unemployment Rate from the ARMA(2,0,2)
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kXRN lMBi@`QQi LQMbi�iBQM�`Biv
kXRNXR _�M/QK q�HF

pt = pt−1+at

Unit root? It is an AR(1) model with coefficient φ1= 1

Nonstationary: Why? Because the varinace of rt diverges to infinity as t increases.

Strong Memory: Sampel ACF approaches 1 for any finite lag.

Repeated Substitution shows:
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kXRNXk _�M/QK q�HF rBi? .`B7i
Form:

pt =µ+ pt−1+at

Has a unit root

Nonstationary

Strong Memory

Has a time trend with slope µ. Why?
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Figure: Time plots of log prices for 3M stock from February 1946 to December 1997,
assuming that the log price of January 1946 was zero. The dashed line is for log price
without time trend. The straight line is yt = 0.0115∗ t

kXRNXj .Bz2`2M+BM;

1st difference:
rt = pt − pt−1

If pt is the log-price, then the 1st difference is simply the log return. Typically, 1st

difference means the ``Change" or ``increment" of the original series.

Seasonal difference: yt = pt − pt−s, where s is the periodicity, e.g. s=4 for the quaterly
series and s =12 for monthly series.

If pt denote quarterly earning, then yt is the change in earning from the same quarter
one year before.
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kXRNX9 J2�MBM; Q7 i?2 *QMbi�Mi h2`K

♥ MA model

♥ AR model

♥ 1st differenced
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kXky lMBi@_QQi
To check the series log price pt to be random walk process:

pt =φ1pt−1+ et

or random walk with a drift:

pt =φ0+φ1pt−1+ et

We can apply the following process:
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The Result from Unit-root Test
= b2ir/U]flb2`bfr�bBMbBr�b�`Bif.2bFiQTf119j8]V
= +�iU`2TU]$M]-8yVV O+H2�` _ *QMbQH2
= HB#`�`vU[m�MiKQ/V
GQ�/BM; `2[mB`2/ T�+F�;2, tib
GQ�/BM; `2[mB`2/ T�+F�;2, xQQ
�ii�+?BM; T�+F�;2, ǭǮxQQ
h?2 7QHHQrBM; Q#D2+ib �`2 K�bF2/ 7`QK ǭT�+F�;2,Ǯ#�b2,

�bX.�i2- �bX.�i2XMmK2`B+
GQ�/BM; `2[mB`2/ T�+F�;2, hh_
o2`bBQM yX9@y BM+Hm/2/ M2r /�i� /27�mHibX a22 \;2iavK#QHbX
G2�`M 7`QK � [m�MiKQ/ �mi?Q`, ?iiTb,ffrrrX/�i�+�KTX+QKf+Qm`b2bfBKTQ`iBM; @�M/@

K�M�;BM;@7BM�M+B�H @/�i�@BM@`
= HB#`�`vU7"�bB+bV
GQ�/BM; `2[mB`2/ T�+F�;2, iBK2.�i2
GQ�/BM; `2[mB`2/ T�+F�;2, iBK2a2`B2b
�ii�+?BM; T�+F�;2, ǭǮiBK2a2`B2b
h?2 7QHHQrBM; Q#D2+i Bb K�bF2/ 7`QK ǭT�+F�;2,ǮxQQ,

iBK2I@

_K2i`B+b S�+F�;2 7"�bB+b
�M�HvbBM; J�`F2ib �M/ +�H+mH�iBM; "�bB+ ai�iBbiB+b
*QTv`B;?i U*V kyy8@kyR9 _K2i`B+b �bbQ+B�iBQM wm`B+?
1/m+�iBQM�H aQ7ir�`2 7Q` 6BM�M+B�H 1M;BM22`BM; �M/ *QKTmi�iBQM�H a+B2M+2
_K2i`B+b Bb 7`22 bQ7ir�`2 �M/ +QK2b rBi? �"aPGlh1Gu LP q�__�LhuX
?iiTb,ffrrrX`K2i`B+bXQ`; @@@ J�BH iQ, BM7Q!`K2i`B+bXQ`;

�ii�+?BM; T�+F�;2, ǭǮ7"�bB+b

h?2 7QHHQrBM; Q#D2+i Bb K�bF2/ 7`QK ǭT�+F�;2,Ǯhh_,

pQH�iBHBiv

= HB#`�`vU7lMBi_QQibV
GQ�/BM; `2[mB`2/ T�+F�;2, m`+�

�ii�+?BM; T�+F�;2, ǭǮ7lMBi_QQib

h?2 7QHHQrBM; Q#D2+ib �`2 K�bF2/ 7`QK ǭT�+F�;2,Ǯm`+�,

TmMBi`QQi - [mMBi`QQi - mMBi`QQih�#H2

= HB#`�`vU7Q`2+�biV
= H2t`�i2bI@ `2�/X+bpU7BH24]H2t`�i2bX+bp]-?2�/4h_l1-b2T4]c]V
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= mb+MXbTQi 4 H2t`�i2b(-]la*La])
= THQiXibUmb+MXbTQi-K�BM4]GQ;ɚQ7ɚlaf*LɚbTQiɚ2t+?�M;2ɚ`�i2]V
= tt 4 �+7Umb+MXbTQiV
= THQiXibU/B77Umb+MXbTQiV-K�BM4]6B`biɚ/B772`2M+2ɚQ7ɚGQ;ɚQ7ɚlaf*LɚbTQiɚ2t+?�M;2

ɚ`�i2]V
= tt 4 �+7U/B77Umb+MXbTQiVV
= KR4�/7h2biUmb+MXbTQi- H�;b 4 k- ivT2 4 +U]+]V- iBiH2 4 LlGG-
Y /2b+`BTiBQM 4 LlGGV
= KR!i2bi0TXp�Hm2

yXkjRjek
= KR!i2bi0T�`�K2i2`
G�; P`/2`

k
= KR!i2bi0HK

*�HH,
HKU7Q`KmH� 4 vX/B77 � vXH�;XR Y R Y vX/B77XH�;V

*Q277B+B2Mib,
UAMi2`+2TiV vXH�;XR vX/B77XH�;R vX/B77XH�;k

@yXyyekke @yXykkdRd @yXRRkdkk @yXy938jk

= v4/B77Umb+MXbTQiV
= Kk4�/7h2biUv- H�;b 4 e- ivT2 4 +U]+i]V- iBiH2 4 LlGG-
Y /2b+`BTiBQM 4 LlGGV
q�`MBM; K2bb�;2,
AM �/7h2biUv- H�;b 4 e- ivT2 4 +U]+i]V- iBiH2 4 LlGG- /2b+`BTiBQM 4 LlGGV ,

T@p�Hm2 bK�HH2` i?�M T`BMi2/ T@p�Hm2
= Kj4�miQX�`BK�Umb+MXbTQiV
= Kj
a2`B2b, mb+MXbTQi
�_AJ�Uk-R-kV rBi? /`B7i

*Q277B+B2Mib,
�`R �`k K�R K�k /`B7i

RXdk8y @yXd8d9 @RX33Rk yXNkdd @yXyyRk
bX2X yXydy8 yXydyj yXy9Re yXy9R3 yXyyRk

bB;K��k 2biBK�i2/ �b yXyyyR3j9, HQ; HBF2HB?QQ/4dy8X9e
�A*4@RjN3XNj �A*+4@RjN3X8d "A*4@RjddXN8
= T�`UK7`Qr4+UR-RVV
= THQiU7Q`2+�biUKj-?4jyVV
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kXkR a2�bQM�H hBK2 a2`B2b
Seasonal Time Series: TS with periodic patterns and useful in

• predicting quarterly earnings

• pricing weather-related derivatives

• analysis of transactions data (high-frequency data), e.g., U-shaped pattern in intraday
trading intensity, volatility, etc.

kXkRXR JmHiBTHB+�iBp2 JQ/2H
Let yt be the monthly data. Denoting 1959 as year 0, we can write the time index as
t = year + month, e.g, y1 = y0,1 y2 = y0,2 etc. The multiplicative model is based on the
following consideration:
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The Application of Program R
O119j8
b2ir/U]flb2`bfr�bBMbBr�b�`Bif.2bFiQTf119j8]V
+�iU`2TU]$M]-8yVV O+H2�` _ *QMbQH2

/�4`2�/Xi�#H2U][@2�`M@DMDXiti]V
DMD4/�(-R)
ibXTHQiUDMDV
HDMD4HQ;UDMDV
ibXTHQiUHDMDV
�+7UHDMDV
/DMD4/B77UHDMDV
�+7U/DMD-H�;4kyV
// I@ /B77U/DMD-9V OOO b2�bQM�H /B772`2M+2
�+7U//V
K8 4 �`BK�UHDMD-Q`/2`4+Uy-R-RV-b2�bQM�H4HBbiUQ`/2`4+Uy-R-RV-T2`BQ/49VV
K8
ib/B�;UK8-;Q74RkV
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T`2/B+iUK8-3V

Results from the Program R
= /�4`2�/Xi�#H2U][@2�`M@DMDXiti]V
= DMD4/�(-R)
= ibXTHQiUDMDV
= HDMD4HQ;UDMDV
= ibXTHQiUHDMDV
= �+7UHDMDV
= /DMD4/B77UHDMDV
= �+7U/DMD-H�;4kyV
= // I@ /B77U/DMD-9V OOO b2�bQM�H /B772`2M+2
= �+7U//V
= K8 4 �`BK�UHDMD-Q`/2`4+Uy-R-RV-b2�bQM�H4HBbiUQ`/2`4+Uy-R-RV-T2`BQ/49VV
= K8

*�HH,
�`BK�Ut 4 HDMD- Q`/2` 4 +Uy- R- RV- b2�bQM�H 4 HBbiUQ`/2` 4 +Uy- R- RV- T2`BQ/

4 9VV

*Q277B+B2Mib,
K�R bK�R

@yXe3yN @yXjR9e
bX2X yXyN3k yXRydy

bB;K��k 2biBK�i2/ �b yXyydNjR, HQ; HBF2HB?QQ/ 4 d3Xj3- �B+ 4 @R8yXd8
= ib/B�;UK8-;Q74RkV
= T`2/B+iUK8-3V
0T`2/
hBK2 a2`B2b,
ai�`i 4 38
1M/ 4 Nk
6`2[m2M+v 4 R
(R) kXNy8j9j kX3kj3NR kXNRkR93 kX83Ry38 jXyje98y kXN89NNN jXy9jk88 kXdRkRNj

0b2
hBK2 a2`B2b,
ai�`i 4 38
1M/ 4 Nk
6`2[m2M+v 4 R
(R) yXy3Ny89R9 yXyNj9d3NN yXyNddyjee yXRyRd8jyd yXRj893ddR yXR9jdy8eR

yXR8R9d3jj yXR833dRkk
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jX *QM/BiBQM�H >2i2`QbF2/�biB+ JQ/2Hb

jXR *?�`�+i2`BbiB+b Q7 oQH�iBHBiv
What is the volatility of an asset?

Answer: Conditional standard deviation of the asset return (price).

Why is volatility important?

Has many important applications:

• Option (derivative) pricing, e.g., Black-Scholes formula

• Risk management, e.g. value at risk (VaR)

• Asset allocation, e.g., minimum-variance portfolio; see pages 184- 185 of Campbell,
Lo and MacKinlay (1997).

• Interval forecasts

A key characteristic: Not directly observable!!

How to calculate volatility?

There are several versions of sample volatility, but the conditional standard deviation
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is commonly used.

1. Use high-frequency data: French, Schwert Stambaugh (1987);

• Realized volatility of daily log returns: use intraday high- frequency log returns.

• Use daily high, low, and closing (log) prices, e.g. range = daily high - daily low.

2. Implied volatility of options data, e.g, VIX of CBOE.

3. Econometric modeling: use daily or monthly returns.

We focus on the econometric modeling first. Use of high frequency data to compute
realized volatility will be discussed later.

Note: In most applications, volatility is annualized. This can easily be done by taking
care of the data frequency. For instance, if we use daily returns in econometric modeling,
then the annualized volatility is

σ∗t =
,

252σt

where σt is the estimated volatility derived from an employed model.

If we use monthly returns, then the annualized volaitlity is

σ∗t =
,

12σt

where σt is the estimated volatility derived from the employed model for the monthly
returns.

jXk "�bB+ B/2� Q7 2+QMQK2i`B+ KQ/2HBM;,

Shocks of asset returns are NOT serially correlated, but dependent, implying that the serial
dependence in asset returns is nonlinear. As shown by the ACF of returns and absolute
returns of some assets we discussed so far.
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jXj "�bB+ ai`m+im`2 oQH�iBHBiv
rt =µt +at

µt =φ0+
p∑

i=1

φi rt−1−
q∑

i=1

θiat−i ,

σ2
t = Var(rt |Ft−1) = Var(at |Ft−1)
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The Application of Program R
O119j8
b2ir/U]flb2`bfr�bBMbBr�b�`Bif.2bFiQTf119j8]V
+�iU`2TU]$M]-8yVV O+H2�` _ *QMbQH2
`2[mB`2U[m�MiKQ/V
;2iavK#QHbU]�:aS*]-7`QK4]kyyd@yR@yj]-iQ4]kyRd@Ry@ye]V
/BKU:aS*V
?2�/U:aS*V
bT+ I@ HQ;U�bXMmK2`B+U:aS*(-e)VV
`iM I@ /B77UbT+V
�+7U`iMV
KR I@ �`BK�U`iM-Q`/2`4+Uy-y-kVV
KR
THQiUKR0`2bB/m�HbV
�+7UKR0`2bB/m�HbV
�+7UKR0`2bB/m�Hb�kV
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The Main Result of the Program R

= `2[mB`2U[m�MiKQ/V
= ;2iavK#QHbU]�:aS*]-7`QK4]kyyd@yR@yj]-iQ4]kyRd@Ry@ye]V
(R) ]:aS*]
= /BKU:aS*V
(R) kdRy e
= ?2�/U:aS*V

:aS*XPT2M :aS*X>B;? :aS*XGQr :aS*X*HQb2 :aS*XoQHmK2 :aS*X�/Dmbi2/
kyyd@yR@yj R9R3Xyj R9kNX9k R9ydX3e R9ReXey j9kNReyyyy R9ReXey
kyyd@yR@y9 R9ReXey R9kRX39 R9y3X9j R9R3Xj9 jyy99eyyyy R9R3Xj9
kyyd@yR@y8 R9R3Xj9 R9R3Xj9 R9y8Xd8 R9yNXdR kNRN9yyyyy R9yNXdR
kyyd@yR@y3 R9yNXke R9R9XN3 R9yjXNd R9RkX39 kdejj9yyyy R9RkX39
kyyd@yR@yN R9RkX39 R9R8XeR R9y8X9k R9RkXRR jyj3j3yyyy R9RkXRR
kyyd@yR@Ry R9y3Xdy R9R8XNN R9y8Xjk R9R9X38 kde9eeyyyy R9R9X38
= bT+ I@ HQ;U�bXMmK2`B+U:aS*(-e)VV
= `iM I@ /B77UbT+V
= �+7U`iMV
= KR I@ �`BK�U`iM-Q`/2`4+Uy-y-kVV
= KR

*�HH,
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�`BK�Ut 4 `iM- Q`/2` 4 +Uy- y- kVV

*Q277B+B2Mib,
K�R K�k BMi2`+2Ti

@yXRy3N @yXy8j8 k2@y9
bX2X yXyRNj yXykyy k2@y9

bB;K��k 2biBK�i2/ �b yXyyyRey3, HQ; HBF2HB?QQ/ 4 dN33Xk3- �B+ 4 @R8Ne3X8e
= THQiUKR0`2bB/m�HbV
= �+7UKR0`2bB/m�HbV
= �+7UKR0`2bB/m�Hb�kV
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jX9 lMBp�`B�i2 oQH�iBHBiv JQ/2Hb .Bb+mbb2/,

1. Autoregressive Conditional Heteroskedastic (ARCH) model of Engle (1982)

2. Generalized ARCH (GARCH) model of Bollerslev (1986)

3. Exponential GARCH (EGARCH) model of Nelson (1991)

4. IGARCH models (used by RiskMetrics)

5. Exponential GARCH (EGARCH) model of Nelson (1991)

6. Threshold GARCH model of Zakoian (1994) or GJR model of Glosten, Jagannathan,
and Runkle (1993)

7. Asymmetric power ARCH (APARCH) models of Ding, Granger and Engle (1994), [TGARCH
and GJR models are special cases of APARCH models.]

8. Stochastic volatility (SV) models of Melino and Turnbull (1990), Harvey, Ruiz and
Shephard (1994), and Jacquier, Polson and Rossi (1994).
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The first model in this class is ARCH Model.

jX9XR �_*> KQ/2H
rt =µt +at

µt =φ0+
p∑

i=1

φi rt−1−
q∑

i=1

θiat−i ,

σ2
t = Var(rt |Ft−1) = Var(at |Ft−1)

at =σtεt

σ2
t =α0+α1a2

t−1+ ...+αma2
t−m

where εt is a sequence of iid r.v. with mean 0 and variance 1, α0> 0 and αi ≥ 0 for i> 0
Consider an ARCH(1) model

at =σtεt

σ2
t =α0+α1a2

t−1

Properties of ARCH models)

1. The Uncondition Mean of at
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2. The Unconditiona Variance of at

3. Under normality (m4)

The 3rd property implies heavy tails.
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Advantages

• Simplicity

• Generates volatility clustering • Heavy tails (high kurtosis)

Weaknesses

• Symmetric between positive negative prior returns • Restrictive

• Provides no explanation

• Not sufficiently adaptive in prediction

Building an ARCH Model

1. Modeling the mean effect and testing for ARCH effects

Ho: no ARCH effects

Ha : ARCH effects

Use Q-statistics of squared residuals; McLeod and Li (1983) Engle (1982)

2. Order determination
Use PACF of the squared residuals. (In practice, simply try some reasonable order).

3. Estimation: Conditional MLE

4. Model checking: Q-stat of standardized residuals and squared standardized residuals.
Skewness & Kurtosis of standardized residuals.
R provides many plots for model checking and for presenting the results.

5. Software: We use R with the package fGarch. (Other software available).

Estimation: Conditional MLE
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Special Note: In this course, we estimate volatility models using the R package fGarch
with garchFit command. The program is easy to use and allows for several types of
innovational distributions: The default is Gaussian (norm), standardized Student-t distribution
(std), generalized error distribution (ged), skew normal distribution (snorm), skew Student-t
(sstd), skew generalized error distribution (sged), and standardized inverse normal distribution
(snig). Except for the inverse normal distribution, other distribution functions are discussed
in the textbook. Readers should check the book for details about the density functions
and their parameters.

The Application of Program R: ARCH model
b2ir/U]flb2`bfr�bBMnbBr�b�`Bif/Q+mK2Mibf119j8]V
+�iU`2TU]$M]-8yVV O+H2�` _ *QMbQH2
BMbi�HHXT�+F�;2bU]7:�`+?]V
HB#`�`vU7:�`+?V
/�4`2�/Xi�#H2U]K@BMi+djyjXiti]-?2�/2`4hV
?2�/U/�V
T�`UK7`Qr4+UR-RVV
BMi+4HQ;U/�0`iMYRV
�+7UBMi+V
�+7UBMi+�kV
T�+7UBMi+�kV
"QtXi2biUBMi+�k-H�;4Ry-ivT24^GDmM;^V
KR4;�`+?6BiU�;�`+?Uj-yV-/�i�4BMi+-i`�+246V
bmKK�`vUKRV
KR4;�`+?6BiU�;�`+?UR-yV-/�i�4BMi+-i`�+246V
bmKK�`vUKRV
THQiUKRV
Kk4;�`+?6BiU�;�`+?UR-yV-/�i�4BMi+-+QM/X/Bbi4]bi/]-i`�+246V
bmKK�`vUKkV
OTHQiUKkV
T`2/B+iUKk-8V
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The Main Results:

= BMbi�HHXT�+F�;2bU]7:�`+?]V
i`vBM; l_G ^?iiTb,ff+`�MX`bim/BQX+QKf#BMfK�+Qbtf2H@+�TBi�Mf+QMi`B#fjX9f7:�`+?n

jyRyX3kXRXi;x^
*QMi2Mi ivT2 ^�TTHB+�iBQMft@;xBT^ H2M;i? 9k8eRd #vi2b U9R8 E"V
44444444444444444444444444444444444444444444444444
/QrMHQ�/2/ 9R8 E"

h?2 /QrMHQ�/2/ #BM�`v T�+F�;2b �`2 BM
fp�`f7QH/2`bfxpfxje+t[?DjDx7HHj8F9H+3p;3yyyy;Mfhff_iKTB1[or"f/QrMHQ�/2/n

T�+F�;2b
= HB#`�`vU7:�`+?V
GQ�/BM; `2[mB`2/ T�+F�;2, iBK2.�i2
GQ�/BM; `2[mB`2/ T�+F�;2, iBK2a2`B2b
GQ�/BM; `2[mB`2/ T�+F�;2, 7"�bB+b

_K2i`B+b S�+F�;2 7"�bB+b
�M�HvbBM; J�`F2ib �M/ +�H+mH�iBM; "�bB+ ai�iBbiB+b
*QTv`B;?i U*V kyy8@kyR9 _K2i`B+b �bbQ+B�iBQM wm`B+?
1/m+�iBQM�H aQ7ir�`2 7Q` 6BM�M+B�H 1M;BM22`BM; �M/ *QKTmi�iBQM�H a+B2M+2
_K2i`B+b Bb 7`22 bQ7ir�`2 �M/ +QK2b rBi? �"aPGlh1Gu LP q�__�LhuX
?iiTb,ffrrrX`K2i`B+bXQ`; @@@ J�BH iQ, BM7Q!`K2i`B+bXQ`;
= /�4`2�/Xi�#H2U]K@BMi+djyjXiti]-?2�/2`4hV
= ?2�/U/�V
/�i2 `iM
R RNdjyRjR yXyRyy8
k RNdjykk3 @yXRjNjy
j RNdjyjjy yXyeNje
9 RNdjy9jy yXy3e9N
8 RNdjy8jR @yXRy993
e RNdjyekN yXRjjjj
= T�`UK7`Qr4+UR-RVV
= BMi+4HQ;U/�0`iMYRV
= �+7UBMi+V
= �+7UBMi+�kV
= T�+7UBMi+�kV
= "QtXi2biUBMi+�k-H�;4Ry-ivT24^GDmM;^V

"Qt@GDmM; i2bi

/�i�, BMi+�k
s@b[m�`2/ 4 8NXdkk- /7 4 Ry- T@p�Hm2 4 9XyNR2@yN
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= KR4;�`+?6BiU�;�`+?Uj-yV-/�i�4BMi+-i`�+246V
= bmKK�`vUKRV

hBiH2,
:�_*> JQ/2HHBM;

*�HH,
;�`+?6BiU7Q`KmH� 4 �;�`+?Uj- yV- /�i� 4 BMi+- i`�+2 4 6V

J2�M �M/ o�`B�M+2 1[m�iBQM,
/�i� � ;�`+?Uj- yV
I2MpB`QMK2Mi, ytRy99e7ye3 =
(/�i� 4 BMi+)

*QM/BiBQM�H .Bbi`B#miBQM,
MQ`K

*Q277B+B2MiUbV,
Km QK2;� �HT?�R �HT?�k �HT?�j
yXyRe8dk yXyRky9j yXky3e9N yXydR3jd yXy9Ny98

ai/X 1``Q`b,
#�b2/ QM >2bbB�M

1``Q` �M�HvbBb,
1biBK�i2 ai/X 1``Q` i p�Hm2 S`U=%i%V
Km yXyRe8dk yXyye9kj kX83y yXyyN33   
QK2;� yXyRky9j yXyyR8dN dXekd kX92@R9    
�HT?�R yXky3e9N yXRkNRdd RXeR8 yXRyeke
�HT?�k yXydR3jd yXy9388R RX93y yXRj3Nd
�HT?�j yXy9Ny98 yXy9339d RXyy9 yXjR8je
@@@
aB;MB7X +Q/2b, y ^   ^ yXyyR ^  ^ yXyR ^ ^ yXy8 ^X^ yXR ^ɚ^ R

GQ; GBF2HB?QQ/,
kjjX9k3e MQ`K�HBx2/, yXekd9Nek

.2b+`BTiBQM,
hm2 P+i k9 kj,jj,y3 kyRd #v mb2`,

ai�M/�`/Bb2/ _2bB/m�Hb h2bib,
ai�iBbiB+ T@o�Hm2
C�`[m2@"2`� h2bi _ *?B�k ReNXddj y
a?�TB`Q@qBHF h2bi _ q yXNeyeNe RXNdyeke2@y3
GDmM;@"Qt h2bi _ ZURyV RyXNdyk8 yXj8N39y8
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GDmM;@"Qt h2bi _ ZUR8V RNX8Nyk9 yXR33kkRR
GDmM;@"Qt h2bi _ ZUkyV kyX3kRNk yX9yde3
GDmM;@"Qt h2bi _�k ZURyV 8Xjdeeyk yX3e9e9jN
GDmM;@"Qt h2bi _�k ZUR8V kkXdj9e yXy3NNjNd9
GDmM;@"Qt h2bi _�k ZUkyV kjXdy8dd yXk8893R
GJ �`+? h2bi _ h_�k kyX938ye yXy8399339

AM7Q`K�iBQM *`Bi2`BQM ai�iBbiB+b,
�A* "A* aA* >ZA*
@RXkk3RRR @RXRd89jd @RXkk39ee @RXkydRNj

= KR4;�`+?6BiU�;�`+?UR-yV-/�i�4BMi+-i`�+246V
= bmKK�`vUKRV

hBiH2,
:�_*> JQ/2HHBM;

*�HH,
;�`+?6BiU7Q`KmH� 4 �;�`+?UR- yV- /�i� 4 BMi+- i`�+2 4 6V

J2�M �M/ o�`B�M+2 1[m�iBQM,
/�i� � ;�`+?UR- yV
I2MpB`QMK2Mi, ytRy7djd9yy =
(/�i� 4 BMi+)

*QM/BiBQM�H .Bbi`B#miBQM,
MQ`K

*Q277B+B2MiUbV,
Km QK2;� �HT?�R
yXyRe8d yXyRk9N yXjej98

ai/X 1``Q`b,
#�b2/ QM >2bbB�M

1``Q` �M�HvbBb,
1biBK�i2 ai/X 1``Q` i p�Hm2 S`U=%i%V
Km yXyRe8dy yXyyeReR kXe3N yXyydRe   
QK2;� yXyRk9Ny yXyyR89N 3XyeR eXee2@Re    
�HT?�R yXjej99d yXRjR8N3 kXdek yXyy8d8   
@@@
aB;MB7X +Q/2b, y ^   ^ yXyyR ^  ^ yXyR ^ ^ yXy8 ^X^ yXR ^ɚ^ R

GQ; GBF2HB?QQ/,
kjyXk9kj MQ`K�HBx2/, yXeR3NjyN
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.2b+`BTiBQM,
hm2 P+i k9 kj,jj,R9 kyRd #v mb2`,

ai�M/�`/Bb2/ _2bB/m�Hb h2bib,
ai�iBbiB+ T@o�Hm2
C�`[m2@"2`� h2bi _ *?B�k RkkX9y9 y
a?�TB`Q@qBHF h2bi _ q yXNe9dek8 3XkdjRyR2@y3
GDmM;@"Qt h2bi _ ZURyV RjXdkey9 yXR38383d
GDmM;@"Qt h2bi _ ZUR8V kkXjRdR9 yXyNNd8j3e
GDmM;@"Qt h2bi _ ZUkyV kjX33k8d yXk9d88N9
GDmM;@"Qt h2bi _�k ZURyV RkX8yyk8 yXk8kNd
GDmM;@"Qt h2bi _�k ZUR8V jyXRRkde yXyRR8kRjR
GDmM;@"Qt h2bi _�k ZUkyV jRX9e9y9 yXy9Nj893j
GJ �`+? h2bi _ h_�k kkXyje yXyjdRR3j

AM7Q`K�iBQM *`Bi2`BQM ai�iBbiB+b,
�A* "A* aA* >ZA*
@RXkkRdjj @RXRNyRkN @RXkkR3eR @RXkyNR3k

= THQiUKRV

J�F2 � THQi b2H2+iBQM UQ` y iQ 2tBiV,

R, hBK2 a2`B2b k, *QM/BiBQM�H a.
j, a2`B2b rBi? k *QM/BiBQM�H a. amT2`BKTQb2/ 9, �*6 Q7 P#b2`p�iBQMb
8, �*6 Q7 a[m�`2/ P#b2`p�iBQMb e, *`Qbb *Q``2H�iBQM
d, _2bB/m�Hb 3, *QM/BiBQM�H a.b
N, ai�M/�`/Bx2/ _2bB/m�Hb Ry, �*6 Q7 ai�M/�`/Bx2/

_2bB/m�Hb
RR, �*6 Q7 a[m�`2/ ai�M/�`/Bx2/ _2bB/m�Hb Rk, *`Qbb *Q``2H�iBQM

#2ir22M `�k �M/ `
Rj, ZZ@SHQi Q7 ai�M/�`/Bx2/ _2bB/m�Hb

a2H2+iBQM, Rj

J�F2 � THQi b2H2+iBQM UQ` y iQ 2tBiV,

R, hBK2 a2`B2b k, *QM/BiBQM�H a.
j, a2`B2b rBi? k *QM/BiBQM�H a. amT2`BKTQb2/ 9, �*6 Q7 P#b2`p�iBQMb
8, �*6 Q7 a[m�`2/ P#b2`p�iBQMb e, *`Qbb *Q``2H�iBQM
d, _2bB/m�Hb 3, *QM/BiBQM�H a.b
N, ai�M/�`/Bx2/ _2bB/m�Hb Ry, �*6 Q7 ai�M/�`/Bx2/

_2bB/m�Hb
RR, �*6 Q7 a[m�`2/ ai�M/�`/Bx2/ _2bB/m�Hb Rk, *`Qbb *Q``2H�iBQM

#2ir22M `�k �M/ `
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Rj, ZZ@SHQi Q7 ai�M/�`/Bx2/ _2bB/m�Hb

a2H2+iBQM, k

J�F2 � THQi b2H2+iBQM UQ` y iQ 2tBiV,

R, hBK2 a2`B2b k, *QM/BiBQM�H a.
j, a2`B2b rBi? k *QM/BiBQM�H a. amT2`BKTQb2/ 9, �*6 Q7 P#b2`p�iBQMb
8, �*6 Q7 a[m�`2/ P#b2`p�iBQMb e, *`Qbb *Q``2H�iBQM
d, _2bB/m�Hb 3, *QM/BiBQM�H a.b
N, ai�M/�`/Bx2/ _2bB/m�Hb Ry, �*6 Q7 ai�M/�`/Bx2/

_2bB/m�Hb
RR, �*6 Q7 a[m�`2/ ai�M/�`/Bx2/ _2bB/m�Hb Rk, *`Qbb *Q``2H�iBQM

#2ir22M `�k �M/ `
Rj, ZZ@SHQi Q7 ai�M/�`/Bx2/ _2bB/m�Hb

a2H2+iBQM, y
= Kk4;�`+?6BiU�;�`+?UR-yV-/�i�4BMi+-+QM/X/Bbi4]bi/]-i`�+246V
= bmKK�`vUKkV

hBiH2,
:�_*> JQ/2HHBM;

*�HH,
;�`+?6BiU7Q`KmH� 4 �;�`+?UR- yV- /�i� 4 BMi+- +QM/X/Bbi 4 ]bi/]-
i`�+2 4 6V

J2�M �M/ o�`B�M+2 1[m�iBQM,
/�i� � ;�`+?UR- yV
I2MpB`QMK2Mi, ytRy7e29ejy =
(/�i� 4 BMi+)

*QM/BiBQM�H .Bbi`B#miBQM,
bi/

*Q277B+B2MiUbV,
Km QK2;� �HT?�R b?�T2
yXykR8dR yXyRj9k9 yXk8N3ed 8XN38NdN

ai/X 1``Q`b,
#�b2/ QM >2bbB�M

1``Q` �M�HvbBb,
1biBK�i2 ai/X 1``Q` i p�Hm2 S`U=%i%V
Km yXykR8dR yXyyey89 jX8ej yXyyyjee    
QK2;� yXyRj9k9 yXyyRNe3 eX3ky NXyN2@Rk    
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�HT?�R yXk8N3ed yXRRNNyR kXRed yXyjykyN  
b?�T2 8XN38NdN RXeeyyjy jXeye yXyyyjRR    
@@@
aB;MB7X +Q/2b, y ^   ^ yXyyR ^  ^ yXyR ^ ^ yXy8 ^X^ yXR ^ɚ^ R

GQ; GBF2HB?QQ/,
k9kXNed3 MQ`K�HBx2/, yXe8jRjNR

.2b+`BTiBQM,
hm2 P+i k9 kj,j8,jd kyRd #v mb2`,

ai�M/�`/Bb2/ _2bB/m�Hb h2bib,
ai�iBbiB+ T@o�Hm2
C�`[m2@"2`� h2bi _ *?B�k RjyX3NjR y
a?�TB`Q@qBHF h2bi _ q yXNejd8jj 8Xd99NN82@y3
GDmM;@"Qt h2bi _ ZURyV R9XjRk33 yXR8NRNke
GDmM;@"Qt h2bi _ ZUR8V kjXj9y9j yXyddRd99N
GDmM;@"Qt h2bi _ ZUkyV k9X3dk3e yXkyejj3d
GDmM;@"Qt h2bi _�k ZURyV R8Xj8NRd yXRRN8y89
GDmM;@"Qt h2bi _�k ZUR8V jjXNejR3 yXyyj99eRkd
GDmM;@"Qt h2bi _�k ZUkyV j8X9e3k3 yXyRdd9d9e
GJ �`+? h2bi _ h_�k k9XRR8Rd yXyRNeRN8d

AM7Q`K�iBQM *`Bi2`BQM ai�iBbiB+b,
�A* "A* aA* >ZA*
@RXk39ddj @RXk9kej9 @RXk38yyR @RXke3yjN

= OTHQiUKkV
= T`2/B+iUKk-8V
K2�M6Q`2+�bi K2�M1``Q` bi�M/�`/.2pB�iBQM
R yXykR8dR yXRkydNRR yXRkydNRR
k yXykR8dR yXRjRkyeN yXRjRkyeN
j yXykR8dR yXRjjd3Ry yXRjjd3Ry
9 yXykR8dR yXRj999R3 yXRj999R3
8 yXykR8dR yXRj9eRjy yXRj9eRjy



RRy �����jX *QM/BiBQM�H >2i2`QbF2/�biB+ JQ/2Hb



jX9 lMBp�`B�i2 oQH�iBHBiv JQ/2Hb .Bb+mbb2/, RRR



RRk �����jX *QM/BiBQM�H >2i2`QbF2/�biB+ JQ/2Hb

jX9Xk :�_*> JQ/2H
at =σtεt

σ2
t =α0+

m∑

i=1

αia
2
t−i+

s∑

j=1

β jσ
2
t− j

where εt is a sequence of iid r.v. with mean 0 and variance 1. with α0> 0, αi ≥ 0, β j ≥ and∑max(m,s)
i=1 (αi+βi)< 1.

Properties of GARCH models

1. The Uncondition Mean of at
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2. The Unconditiona Variance of at

3. Under normality (m4)



RR9 �����jX *QM/BiBQM�H >2i2`QbF2/�biB+ JQ/2Hb

1-step ahead forecasting

2-step ahead forecasting

l-step ahead forecasting



jX9 lMBp�`B�i2 oQH�iBHBiv JQ/2Hb .Bb+mbb2/, RR8

The Application of Program R :GARCH model
b2ir/U]flb2`bfr�bBMnbBr�b�`Bif/Q+mK2Mibf119j8]V
+�iU`2TU]$M]-8yVV O+H2�` _ *QMbQH2
HB#`�`vU7:�`+?V
/� I@ `2�/Xi�#H2U]bT8yyXiti]V
bT I@ /�(-R)
ibXTHQiUbTV
T�+7UbTV
KR I@ �`BK�UbT-Q`/2`4+Uj-y-yVV
�+7UKR0`2bB/m�Hb�kV
"QtXi2biUKR0`2bB/m�Hb�k-H�;4Ry-ivT24^GDmM;^V
Kk I@ ;�`+?6BiU��`K�Uj-yVY;�`+?UR-RV-/�i�4bT-i`�+246V
bmKK�`vUKkV
THQiUKkV
Kj4;�`+?6BiU�;�`+?UR-RV-/�i�4bT8-i`�+246V
bmKK�`vUKjV
T`2/B+iUKj-eV

The Main Results of Program R :GARCH model

= HB#`�`vU7:�`+?V
= /� I@ `2�/Xi�#H2U]bT8yyXiti]V
= bT I@ /�(-R)
= ibXTHQiUbTV
= T�+7UbTV
= KR I@ �`BK�UbT-Q`/2`4+Uj-y-yVV
= �+7UKR0`2bB/m�Hb�kV
= "QtXi2biUKR0`2bB/m�Hb�k-H�;4Ry-ivT24^GDmM;^V

"Qt@GDmM; i2bi

/�i�, KR0`2bB/m�Hb�k
s@b[m�`2/ 4 j8jXdd- /7 4 Ry- T@p�Hm2 I kXk2@Re

= Kk I@ ;�`+?6BiU��`K�Uj-yVY;�`+?UR-RV-/�i�4bT-i`�+246V
= bmKK�`vUKkV

hBiH2,
:�_*> JQ/2HHBM;

*�HH,
;�`+?6BiU7Q`KmH� 4 ��`K�Uj- yV Y ;�`+?UR- RV- /�i� 4 bT- i`�+2 4 6V

J2�M �M/ o�`B�M+2 1[m�iBQM,



RRe �����jX *QM/BiBQM�H >2i2`QbF2/�biB+ JQ/2Hb

/�i� � �`K�Uj- yV Y ;�`+?UR- RV
I2MpB`QMK2Mi, ytRRy#/#N8y =
(/�i� 4 bT)

*QM/BiBQM�H .Bbi`B#miBQM,
MQ`K

*Q277B+B2MiUbV,
Km �`R �`k �`j QK2;� �HT?�R

#2i�R
dXdydd2@yj jXRNe32@yk @jXykeR2@yk @RXye9N2@yk dXNd9e2@y8

RXk9k82@yR 3X8jyk2@yR

ai/X 1``Q`b,
#�b2/ QM >2bbB�M

1``Q` �M�HvbBb,
1biBK�i2 ai/X 1``Q` i p�Hm2 S`U=%i%V
Km dXdy32@yj RXeyd2@yj 9XdN3 RXeR2@ye    
�`R jXRNd2@yk jX3jd2@yk yX3jj yX9y9dj
�`k @jXyke2@yk jX39R2@yk @yXd33 yX9jyde
�`j @RXye82@yk jXd8e2@yk @yXk39 yXddedd
QK2;� dXNd82@y8 kX3Ry2@y8 kX3j3 yXyy989   
�HT?�R RXk9k2@yR kXk9d2@yk 8X8kN jXkk2@y3    
#2i�R 3X8jy2@yR kXR3j2@yk jNXyd8 I k2@Re    
@@@
aB;MB7X +Q/2b, y ^   ^ yXyyR ^  ^ yXyR ^ ^ yXy8 ^X^ yXR ^ɚ^ R

GQ; GBF2HB?QQ/,
RkdkXRdN MQ`K�HBx2/, RXeyek3d

.2b+`BTiBQM,
hm2 P+i jR kj,ke,ke kyRd #v mb2`,

ai�M/�`/Bb2/ _2bB/m�Hb h2bib,
ai�iBbiB+ T@o�Hm2
C�`[m2@"2`� h2bi _ *?B�k djXy939j RXRRykkj2@Re
a?�TB`Q@qBHF h2bi _ q yXN38dNe3 8XNeR8yR2@yd
GDmM;@"Qt h2bi _ ZURyV RRX8ed99 yXjR8y93
GDmM;@"Qt h2bi _ ZUR8V RdXd3d9d yXkd9yyjN
GDmM;@"Qt h2bi _ ZUkyV k9XRRNRe yXkjdkk8d
GDmM;@"Qt h2bi _�k ZURyV RyXjReR9 yX9Rjky3e
GDmM;@"Qt h2bi _�k ZUR8V R9Xkk3RN yX8y3kNde
GDmM;@"Qt h2bi _�k ZUkyV ReXdN9y8 yXeeejyje
GJ �`+? h2bi _ h_�k RjXj9jy8 yXj99eydk
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AM7Q`K�iBQM *`Bi2`BQM ai�iBbiB+b,
�A* "A* aA* >ZA*
@jXRN93Nd @jXR8j83R @jXRN8y8R @jXRdNyR3

= THQiUKkV

J�F2 � THQi b2H2+iBQM UQ` y iQ 2tBiV,

R, hBK2 a2`B2b k, *QM/BiBQM�H a.
j, a2`B2b rBi? k *QM/BiBQM�H a. amT2`BKTQb2/ 9, �*6 Q7

P#b2`p�iBQMb
8, �*6 Q7 a[m�`2/ P#b2`p�iBQMb e, *`Qbb

*Q``2H�iBQM
d, _2bB/m�Hb 3, *QM/BiBQM�H a.b
N, ai�M/�`/Bx2/ _2bB/m�Hb Ry, �*6 Q7

ai�M/�`/Bx2/ _2bB/m�Hb
RR, �*6 Q7 a[m�`2/ ai�M/�`/Bx2/ _2bB/m�Hb Rk, *`Qbb

*Q``2H�iBQM #2ir22M `�k �M/ `
Rj, ZZ@SHQi Q7 ai�M/�`/Bx2/ _2bB/m�Hb

a2H2+iBQM, j

J�F2 � THQi b2H2+iBQM UQ` y iQ 2tBiV,

R, hBK2 a2`B2b k, *QM/BiBQM�H a.
j, a2`B2b rBi? k *QM/BiBQM�H a. amT2`BKTQb2/ 9, �*6 Q7

P#b2`p�iBQMb
8, �*6 Q7 a[m�`2/ P#b2`p�iBQMb e, *`Qbb

*Q``2H�iBQM
d, _2bB/m�Hb 3, *QM/BiBQM�H a.b
N, ai�M/�`/Bx2/ _2bB/m�Hb Ry, �*6 Q7

ai�M/�`/Bx2/ _2bB/m�Hb
RR, �*6 Q7 a[m�`2/ ai�M/�`/Bx2/ _2bB/m�Hb Rk, *`Qbb

*Q``2H�iBQM #2ir22M `�k �M/ `
Rj, ZZ@SHQi Q7 ai�M/�`/Bx2/ _2bB/m�Hb

a2H2+iBQM, y
= Kj4;�`+?6BiU�;�`+?UR-RV-/�i�4bT-i`�+246V
= bmKK�`vUKjV

hBiH2,
:�_*> JQ/2HHBM;

*�HH,
;�`+?6BiU7Q`KmH� 4 �;�`+?UR- RV- /�i� 4 bT- i`�+2 4 6V



RR3 �����jX *QM/BiBQM�H >2i2`QbF2/�biB+ JQ/2Hb

J2�M �M/ o�`B�M+2 1[m�iBQM,
/�i� � ;�`+?UR- RV
I2MpB`QMK2Mi, ytRRRk3+#3y =
(/�i� 4 bT)

*QM/BiBQM�H .Bbi`B#miBQM,
MQ`K

*Q277B+B2MiUbV,
Km QK2;� �HT?�R #2i�R
dX99Nd2@yj 3XyeR82@y8 RXkRN32@yR 3X89je2@yR

ai/X 1``Q`b,
#�b2/ QM >2bbB�M

1``Q` �M�HvbBb,
1biBK�i2 ai/X 1``Q` i p�Hm2 S`U=%i%V
Km dX98y2@yj RX8j32@yj 9X398 RXkd2@ye    
QK2;� 3XyeR2@y8 kX3jj2@y8 kX398 yXyy999   
�HT?�R RXkky2@yR kXkyk2@yk 8X89y jXyk2@y3    
#2i�R 3X8992@yR kXRd82@yk jNXkde I k2@Re    
@@@
aB;MB7X +Q/2b, y ^   ^ yXyyR ^  ^ yXyR ^ ^ yXy8 ^X^ yXR ^ɚ^ R

GQ; GBF2HB?QQ/,
RkeNX988 MQ`K�HBx2/, RXeyk393

.2b+`BTiBQM,
hm2 P+i jR kj,ke,je kyRd #v mb2`,

ai�M/�`/Bb2/ _2bB/m�Hb h2bib,
ai�iBbiB+ T@o�Hm2
C�`[m2@"2`� h2bi _ *?B�k 3yXjkRRR y
a?�TB`Q@qBHF h2bi _ q yXN38y8 jXRje3382@yd
GDmM;@"Qt h2bi _ ZURyV RRXkky8 yXj9y8NN
GDmM;@"Qt h2bi _ ZUR8V RdXNNdyj yXkek3kk
GDmM;@"Qt h2bi _ ZUkyV k9XkN3Ne yXkkN8de3
GDmM;@"Qt h2bi _�k ZURyV NXNkyR8d yX99d8k8N
GDmM;@"Qt h2bi _�k ZUR8V R9XkRRk9 yX8yN8dk
GDmM;@"Qt h2bi _�k ZUkyV ReXd8y3R yXeeNyNyj
GJ �`+? h2bi _ h_�k RjXy93dk yXje88yNk

AM7Q`K�iBQM *`Bi2`BQM ai�iBbiB+b,
�A* "A* aA* >ZA*
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@jXRN88N9 @jXRdRN38 @jXRN8e98 @jXR3e8ky

= T`2/B+iUKj-eV
K2�M6Q`2+�bi K2�M1``Q` bi�M/�`/.2pB�iBQM
R yXyyd99NdkR yXy8jddk9k yXy8jddk9k
k yXyyd99NdkR yXy8j338ed yXy8j338ed
j yXyyd99NdkR yXy8jNNeyR yXy8jNNeyR
9 yXyyd99NdkR yXy89Ryj8j yXy89Ryj8j
8 yXyyd99NdkR yXy89ky3kN yXy89ky3kN
e yXyyd99NdkR yXy89jRyjN yXy89jRyjN
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