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Abstract We present an elementary proof of the Karush–Kuhn–Tucker Theorem
for the problem with nonlinear inequality constraints and linear equality constraints.
Most proofs in the literature rely on advanced optimization concepts such as linear
programming duality, the convex separation theorem, or a theorem of the alternative
for systems of linear inequalities. By contrast, the proof given here uses only basic
facts from linear algebra and the definition of differentiability.
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In this paper, we prove the classical necessary conditions for optimality in the following
nonlinear programming problem:

min
x

{ f (x) | g(x) ≤ 0, Ax = b}, (1)
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8 O. A. Brezhneva et al.

where f : R
n → R, g : R

n → R
m , A ∈ R

k×n , and b ∈ R
k . The vector inequality

g(x) ≤ 0 is understood to hold entry-wise. The Karush–Kuhn–Tucker Theorems are
the analogues of the Lagrange multiplier theorem for problems involving inequality
constraints.

We assume that f and g are differentiable at a given point x∗. We use g′ to denote
the matrix whose rows are the gradients of the corresponding entries in the vector
function g, and g′

I to denote the submatrix of g′ given by rows with indices in I =
{i | gi (x∗) = 0}.
Theorem 1 (Karush, Kuhn, Tucker). Suppose that x∗ is a local minimizer for problem
(1) and that the matrix

[
g′

I (x∗)
A

]

has full row rank. Then there exists λ∗ ∈ R
m and µ∗ ∈ R

k satisfying the Karush–
Kuhn–Tucker conditions:

(a) λ∗ ≥ 0;
(b) (λ∗)T g(x∗) = 0;
(c) f ′(x∗) + (λ∗)T g′(x∗) + (µ∗)T A = 0.

This theorem was originally derived by Karush [5] and Kuhn and Tucker [6].
Prékopa [10] discusses the historical precedents for the theorem, whereas a modern
exposition of such multiplier rules is given by Rockafellar [11].

Karush, Kuhn and Tucker imposed a weaker hypothesis than the full-rank condition
used here. Even in the form stated in Theorem 1, however, most proofs rely on advanced
concepts such as linear programming duality, the convex separation theorem, or a
theorem of the alternative for systems of linear inequalities. For example, the proofs
in Bazaraa et al. [1] and Birbil et al. [4] each employ a theorem of the alternative,
whereas Pourciau [9] presents a proof using convex separation. Although these proofs
allow for a weaker hypothesis of the form {d | Ad = 0, g′(x∗)d < 0} �= ∅, verifying
that hypothesis may still require an understanding of the theory of linear inequalities.
Prior knowledge of such optimization concepts can be avoided if f and g are assumed
to be continuously differentiable, in which case the known proofs instead use real
analysis concepts (and allow for consideration of nonlinear equality constraints). A
standard proof along these lines uses the implicit-function theorem (e.g., [7]), which is
not generally considered elementary. A more elementary proof is given by McShane [8]
(cf., [2,3,11]), which relies instead on a penalty reformulation and several applications
of the Bolzano-Weierstrass theorem.

By contrast, the proof given below uses only basic facts from linear algebra and
the definition of differentiability. This makes our proof particularly suitable for use
in courses not aimed specifically at optimization theory, such as mathematical mode-
ling, mathematical methods for science or engineering, problems seminars, or any
other circumstance where a quick treatment is required. Our proof and hypotheses are
sufficient for many such uses.

In the remainder of this note, we shall assume that the hypotheses of Theorem 1
hold. Without loss of generality, we may assume that I = {1, . . . , m}, because the
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continuity of gi for i �∈ I prevents gi from taking the value 0 on some neighborhood
of x∗. For such inactive constraints, condition (b) in the theorem amounts to choosing
λ∗

i = 0; note that condition (b) is trivially satisfied for i ∈ I .
We need the following standard lemma (cf. [1, Exercise 4.43] or [4, Lemma 2.1]).

Lemma 1 For every scalar ζ < 0 and vector z < 0, there are no solutions d to the
linear system

⎡
⎢⎣

f ′(x∗)
g′(x∗)

A

⎤
⎥⎦ d =

⎡
⎢⎣

ζ

z

0

⎤
⎥⎦ . (2)

Proof Suppose (2) does have a solution d for some negative (ζ, z). By the assumed
differentiability, there exist functions u : R → R and w : R → R

m satisfying
limt→0 |u(t)|/t = 0, limt→0 ‖w(t)‖/t = 0, and

⎡
⎢⎣

f (x∗ + td)

g(x∗ + td)

A(x∗ + td)

⎤
⎥⎦ =

⎡
⎢⎣

f (x∗) + t f ′(x∗)d + u(t)

g(x∗) + tg′(x∗)d + w(t)

Ax∗ + t Ad

⎤
⎥⎦

=
⎡
⎣ f (x∗)

0
b

⎤
⎦ + t

⎛
⎝

⎡
⎣ζ

z
0

⎤
⎦ +

⎡
⎣u(t)/t

w(t)/t
0

⎤
⎦

⎞
⎠

for all t �= 0. Thus, for all sufficiently small t > 0, we have f (x∗ + td) < f (x∗),
g(x∗ + td) < 0, and A(x∗ + td) = b. This contradicts the minimality of x∗, thereby
proving the lemma. 
�

Traditional arguments proceed from Lemma 1 by invoking a theorem of the alter-
native for the linear system (2), whereas our proof consists of two linear algebraic
steps.

Proof of Theorem 1 First, we observe that some λ∗ ∈ R
m and µ∗ ∈ R

k must satisfy
condition (c) of Theorem 1. Otherwise, the matrix

⎡
⎢⎣

f ′(x∗)
g′(x∗)

A

⎤
⎥⎦

would have full row rank, implying that (2) admits a solution d for any choice of (ζ, z).
Second, we show that these multipliers must actually satisfy λ∗ ≥ 0. Suppose not,
so that some entry in λ∗ is negative. We can then choose a vector q ∈ R

m satisfying
q < 0 and qT λ∗ > 0. For example, we could take q = λ∗

i e − (1 + |eT λ∗|)e(i) for
any index i having λ∗

i < 0, where e(i) and e denote (respectively) the i th coordinate
vector and the vector of all ones in R

m . By the assumption of full row rank, we know
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that the system

[
g′(x∗)

A

]
d =

[
q

0

]

has a solution d. Combining this with condition (c) of Theorem 1 yields

⎡
⎢⎣

f ′(x∗)
g′(x∗)

A

⎤
⎥⎦ d =

⎡
⎢⎣

−(λ∗)T g′(x∗)d − (µ∗)T Ad

g′(x∗)d
Ad

⎤
⎥⎦ =

⎡
⎢⎣

−(λ∗)T q

q

0

⎤
⎥⎦ .

Therefore, the linear system (2) has a solution d for the specific choice of ζ =
−(λ∗)T q < 0 and z = q < 0. This contradiction shows that we must have λ∗ ≥ 0
after all, as desired. 
�
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