EE320 Lecture Note
Chapter 7: Derivatives of More Than One
Independent Variable Function

1 Partial Differentiation

1.1 First-order partial derivatives

Consider y = f(z1,29, -+ ,x,) where x1,xs,...,x, are independent of one another.
Suppose only x; changes by Az , y will change accordingly by Ay (other x5 remain the
same)

SO Ay — f(l‘1+A1‘1,1‘2,"',fl‘n)—f(ail,IQ,...,(L‘n)
Y Az Azxq

If Ax — 0, consider a small change in x;

A
fi= % = Alwiln_l> . A_z called partial differentiation.

How much y will change when z; changes?
ex. 1 y = f(x1,22) = 327 4 2125 + 423 | find fi(1,3)and f»(1,3)
fr=2L =6x +2— f1(1,3) =6(1) + (3) =9

fo=FL =21 4825 — fo(1,3) = 6(1) +8(3) = 30

ex. 2 z:9—x2—y2,ﬁnd%andg—;
g—; = —2x holding y constant : if x 1T by 1 unit, z | by 2 units.

g—; = —2y holding x constant : if y T by 1 unit, z | by 2 units.
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a1’ D
;—zyl = (223my + xl)a%l(x? +1)+ (e + l)aim(Qx%xg + 1)
= (22279 + 71)(0) + (w9 + 1)(4z129 + 1)
= (2o + 1)(4x129 + 1)
%’2 = (22279 + l’l)%(l’g +1) + (22 + 1)%(2@@ + 1)

= (223w + x1)(1) + (22 + 1)(222)
= 22319 + 1 + 2037 + 227

= 4alxy 4 31 + 227

0 Q ‘ i l ) K
_— L 3/ 8

Gradient vector

The gradient vector of the function f(x1, z, ..., 2,) is an n-vector of all partial deriva-
tives:

Vf(l’l,xg, ,an) = (fl f2 T fn)

_ of

where f; = 7
1

ex. Q =aK’L'"" where a>0 and 0<b<1

VQ(K,L) = (22 %2) = [abK* 1L a(1 —b)K*L™"]

oK oL
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(Application : Demand & Supply Model)

=

Conduct

[a]

Qd
Qs
P*
Q*

OP*
da

oQ*
da

opP*
ob

opP*
dc

oQ*
dc

opP*
ad

oQ*
od

a—bP a,b>0

—c+dP  ¢,d>0

a+c
b+d

ad—bc
b+d

comparative-static derivative:

1
m>0

(b+d)(—c)—(ad—bc)(1)
(b+d)2

—(a+c)d

orar <0
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(Application : Elasticity)

Consider z = f(x,y) , partial elasticity of z w.r.t. x and y are

_ Z_0 e
Cax = Tz T 5
9z
€, = = =29 ¥
@ T W T gy
y
when all variables are positive,
_ Olnz
€z = Bing
_  Olnz
o 2y = Alny
Blnz_i_ﬁ_g dinz __ 1
Note alnx_%_axz de @
For n variables, f (21, Z2, ..., T) :
c.. = dlnz __ Of(x1,22,..,2n) z;
2 7 QOlnxz; Olnz; f(z1,een)

Elasticities of demand
Given demand function @y = o — BP, +vPo + pY or Q1 = f(P, P,Y)

(Note: P, = price of substitute (goods 2) and Y = income)

Own price elasticities of demand &4 = g;%l . % = (—p) - %
Income elasticities of demand ey = % . & = - %
Cross-price elasticities of demand €. = % . % =(v)- %
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ex. 1 = 100 — P, + 0.75P, — 0.25P5 + 0.0075Y
AtY = 10,000 s Pl = 10, P2 = 20,P3 = 40&’/16[@1 = 100
ea= G35 = (1) (55) = 0.1

cy = 290 % (0.0073)(158%) — 075

ey = SR - 2 = 0.75({%) = 0.15  substitute

€13 = ?%31 : % = —0.25(s55) = —0.1 complement.

Output Elasticities
Given linearly homogeneous Cobb-Douglas production function

Q=F(K,L)=AK“LP; A, a,3#0

.. . 0Q K
Output elasticity of capital = egx = 8—12 g =«
Output elasticity of labor = egr, = g—% . é =0
1 1
ex. @ =6K2L?
cox = FgOK:L:-5 = 613 JK:-& = 313K GKI%(L% = 1
cor = gpO6K:Li-§ = 6K:-jL72-5 = 3K:L72- 0 = §
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(Application : Production Function)

Given a production function @ = 36KL —2K? — 3L?
MPx = %2 =36L—4K
MP, = %2 =36K—4L
IMRatL=3and K=2is$5 ; MRP;_3 =7, MRPyx_y =7

MRP,_s = MR-MP, = (5)-[36(2)—6(3)] = 270

MRPg_, = MR-MPx = (5)-[36(3) — 4(2)] 500

<+ If K 1 by 1 unit, the additional revenue is $ 500.

If L 1 by 1 unit, the additional revenue is $ 270.

(Application : Multipliers in Macroeconomic Model)

Counsider a national-income model

Y = C+1,+G
C = Co+c(Y-T) Co>0, 0<e<1

T = Ty+tYy To>0, O<t«1

Y* — Co—cTo+1o+Go
l—c—ct

Conduct comparative static derivative ;
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ove L ) _ -
9Gc = T—.ta government expenditure multiplier.
o' — _=¢_  ponincome-tax multiplier

0Ty 1—c+ct p ’

oy* _ (1—c4ct)(0)—(Co—cTo+Io+Go)(c)

ot (1—c+-ct)?

—(Co—cTo+10+Go)(c)
(1—c+ct)(1—cHtct)

ay* _ (1—c+et)(—To)—(Co—cTo+Io+Go)(—1+1)
dc (1—c+ct)?

—To+cTo—ctTo+Co—cTo+1o+Go—tCo+ctTo—tlog—tGo
(1—c+ct)?

Co—tCo+Io+Go—Totlog—tGo

- (1—cHet)?
_ (A=t)(Cot+lo+Go—Tpy
- (1—cH-ct)? >0
ay* . 9y* _9vyr 1 :
o = 9Go — 9Cy — I—era Aautonomous expenditure

1.2 Second-order partial derivatives

Consider z = f(z,y) which gives rise to:

_ 9 — 9
fmza—;andfyza—z

“rate of change of z after x (y) changes”

We can find rate of change of f, with respect to z, given fixed y by a second-order
partial derivative:

- with respect to x

I

|»
Py
S
SN—

0 o2
foo =55t or GE =5

- with respect to y

Sl

_ 9 52
fow = gyly or 5p

(5)
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We can also find cross partial derivatives

fxyzai;yz%(g_;)
Young’s Theorem : let y = f(x1,...,z,) is twice differentiable, then
aiglxj = agi-zgmi;i =77
'-fmy:fym
er. Q = aK'L'™® bKiLi
MPi = gi = OKTLE = 3R = Qx
Mp, = % — 6-3KiLT = &) = @
OMPc — 0 (09) = 0 (3(L)E) = DLIKT = Qux(diminishing MP of capital)
OMPL 0 (09)  _ 0 (9(K)i) — I7FKF — Qp (diminishing MP of labor)

Qe = ) - %

(3)%)
(35)%)

Qe = % (52) = & (31) = KT
(30)1)

QKL = CQLK
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Hessian Matrix: The second-order partial derivatives can be written in a matrix form

_ g |fu S
Vif(o) = H = [le f22}

f
for f(xy,29) Vf(x1,20) = [%ﬁ]

e

Vz .Tl,ﬂfg

le 51‘19962]

8:)028901 8902

SIAKT LTKE
7 {QKK QKL} _ [s Llffi 5 §L ,f( ] symmetric matrix
4

ex. z =%+ e7Y find f,, f,, and Hessian matrix

1%t order: % — e ¥ & — _g2ev
z dy
nd L 0% . 0/0z _ 9 (_2,—y _ —y
2" order : g = 5(5) = - (—2%7Y) = —2we
PPz _ 9 (0= A e N Y
Oydx ay(ax) - By(Qme ) - 2re
D= 902 - 9 Yy — _9pe—Y
oyox Oy (az) - Oy (21’6 ) - 2xe
9%z 0 _ —
92 8-(2%6 y) = 26 Y
Pz 9 (_ 2,7y — 2.~y
o = gyl—rte) = x’e
2e7Y —2xe™Y
H — 2
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(Application: Agricultural Production Function)
Consider an agricultural production function.

Q = F(K,L,T) = AK*LPT"; A>0, a>>0, >0, 7>0.

where K = capital
L = labor
T = land
1% - order

MPyx = o(AK'LAT)
MP, = B(AK®LF1T7)
MPy = ~(AK°LPTY1)

2nd _ grder

_31\51[1{31( = ala—1)AK*2LPTY

OM P

Ul = o(B)AK* LT

M = a(y)AK LT

OUPL = (B)AKTILAITY
oML = B(B—1)AKLA2T

MPL = Bla)AKeLP1T!

P = a(y)AKLAT
61\5]LPT — ﬂ(’y)AKO‘L'B_lTW_l
GILE = (y—1)AK*LPT2

ala — 1)AK*2LATY  a(B)AKLLAITY  a(y)AK* LT 1
H=| a(B)AKLF'T7  B(F ~ )AKCLF2T"  B(a)AK*LF~1T7!
a(VAKTLPT Y B(y)AKCLPITY 1 y(y — 1)AK*LPT 2

10
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2 Differentials and Total Differentials

Recall definition of derivative; g—z = f(x) =lima, 0 i—g
=dy = f'(z)dx
where dy = differential of y tells approximate change in y

dr = differential of x tells approximate change in x

The process to find “differential of y” from a function y = f(x) is called “differentia-
tion”

So, Z—g . derivative < differentiation w.r.t. x

dy : differential of y <> differentiation
product process

Total Differentials

Total Differentials is sum of the approximated changes from all parameters
For y = f(x1,22)

dy = fidzy+ fadxs where f; = 2L

ex. Yy = 2x1+ 31y
dy = 2d$1 + 3d£L’2 ~ Ay = 2A.CE1 + 3ALL‘2

v For utility function with n variables : U = U(xy,...,x,)

dU = gTUldxl + g—xUQdZL'Q + ...+ %dwn

dU = Uz + ...+ Uydz, = i Uidz;
i=1
Consider n = 2, U(z1, 22)
dU = g—gld:pl + g—gdl’g
Holding U constant = dU =0
0= MU dX, + MUsdxs

—MUydzy = MU dX, = 92 = — {771 = MRS = Slope of IC

11
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ex. U = z*y”, find MRS
dU = (az® 1yP)dz + (Bry’1)dy
0 = az* Yldx + Bry®dy

dy _ (et ay
dx BxoyP—1 T Bz

v'For production function : Q = F(K,L)
dQ = 2£.dK +% . 4L

dQ = Fy dK+ F, dL
~— ~—
M Py M Py,

Holding products constant = d@Q = 0
0 = MPgdK + MPrdL

. —]J“ﬁj}i = MRTS = Slope of isoquant

ex. Q = 60K"®LO find MRTS

dK MP;, _  —45K0-25[-0.25 —3K

dL.  — ~ MPg ~  15K-07L[07 T L

12
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3 Total Derivatives
Consider the function that independent variables are related one another.

ex. y = f(x,w) where x = g(w), or y = f(g(w),w). Find &

indirect
direct

d ~ =~
1. By chain rule: 5% gﬁ 5:; + af = fxd—x + fu
w
2. Total differential: dy = % ~dr + g—gj ~dw
indirect
~—  direct
d 0 dx 0 dw __ z i
w = o dw Tow dw = Jogy T fu
j—g) = total derivative of y w.r.t. w
g—i = partial derivative of y w.r.t. w
ex.y = flz,w) = 3z — w?
r = g(w) = 2w’ +w+4, ﬁndj—i
1. By chain rule: g—i = d 53T — %w
= L3 u+w+4)-2w
= 12w+3—-2w=10w+3
2. Total differential: dy = fydx + f,dw
= 3dz + (—2w)dw
= 3dr oy = 3(dw+1)—2w = 10w+3
ex. Q =Q(K,L,t) where K =K(t) and L =L(t)
% = QK + QL + Qt Note z = ‘Cll—fgrowth rate due to time

Q = Qx-K+Qr-L+@Q,

13
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ex. y = f(x1, 22, u,v) where z1 = g(u,v) and x5 = h(u,v)

dy; . Oy Omy| 4 Oy Odwyy Oy
du|U:U ~ Ozx1 Ou |U:U + Oz Ou |U:” + ou
dy) . Oy Odwm| 4 Oy Omy 4 Oy
dv|u:u — Oz1 Ov |u:u + Oz Ov |u:u + Ov

ex. Utility function U =U(C,])
where C = consumption, 1 = leisure = 24 - n, and C = f(n)

Given g—g > 0 and %—IZJ >0,U=U(f(n), l(n)) =U(f(n),24 —n), find Z—g
W=y, - Loy, 4L = MU+ MU, - L

= MUc- f'(n) + MU, - (=1) = MUc- f'(n) — MU,

W0if MUc - f'(n) > MU,

W0if MUc - f'(n) < MU,

4 Implicit Function

= f(z) = 32* — explicit function
Consider v=f) 4 P o ) same function in different format
F(y,x) =y — 3z* — implicit function

A given function of the form F(y,z1, zs,

...y Tp) = 0 defines an implicit function of the
form f(xy,xo,...,z,) if

1. F(y,x1, 22, ...,x,) has continuous partial derivatives:

OF OF OF  OF : :
Dy Doy Doy’ Dan = all continuous function

aF
2. 4 20

14
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ex. Given F(y,z,w) = y?z% + w? + yrw — 3 = 0, does F(y,x,w) defines an implicit
function y = f(z,w) ?

Check 2 conditions:

1. continuous partial derivatives — 83_57 g—i, g—i
%—5 = 3’2’ + 2w
9E = 2P+ yw all are continuous?
g = 2wty

2. & #£0

Z—’; =3y’2? + zw if evaluate at  (y,z,w) = (1,1,1)% = 3(1)%(12) + (1)(1) =4 # 0

.. implicit function y = f(x,w) is defined by F(y,x,w)

Derivatives of implicit functions

F = F(yaxlax%“'uxn) = Z/:f<x171’27~--;$n)
dF = d(0)=0  or

dF = Fydy+ Fide; + ... + Fudz, = 0

(From dy = fidxy + ... + fpdxy,)
dF = F,fide + Fidae, + F, fadzs + Fadas + ... + F, fudan + Fyda,
dFF = (F,fi+ F)dey + ...+ (Fyfy + F,)dz, =0

Holdsif F,fi +F,=0i=1,...,n

. f _ =5 _
. f'L - Fy or ox; OF

15
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ex.l Find & for implicit function y — 3z* = 0

W B =128 — 193 by implicit function
€T y
j_z = L (32%) = 1227 by normal differentiation

ex.2 Find g—g for any implicit function that may be defined by

F(y,z,w) = y*2% + w + yzw —3 =0

Py _ —(3w?4xy)

o = 22 |(1 1,1) — —1
ow Fy (Bz2y2+zw) IHL
Oz Fy (B3z2y2+aw) (1,11 4

ex.3 F(Q,K,L)=0 defines Q = f(K,L) Find M Py, M Py,

0Q _ _Fx __
Q5 =5 = MPx
0Q _ _Fr _
a_L__i_MPL
M Py gT‘gQ:Q oL ~ °
@Q=f(K,L)=0

dQ = frxdK + frdL = 0
dK _ _fo _ _MPp

dL —  fx  MPx

ex.4 If Q(K,L) = 16 K*?° L% = 2,144, use implicit function rule to find slope
dK
4K _ MRTS

F(Q,K,L) = 16K°2L0™ — 2 144 = 0

8_K o & . _16(0.75)K0.25L70.25 3K

oL — ~ Fx 16(0.25)K0T5L0T5 T L

16
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(Application: partial Market Equilibrium)

Suppose now Q¢ is a function of P as well as Y

Qd — Qs
Q' = D(PY)
Q = S(P)
where D,<0, S,>0 ,and Dy >0
Endogenous variable = @, P
Exogenous variable =Y
Equilibrium condition : Q%= Q®or D(P,Y)— S(P)=0
Equilibrium price . P*=P*Y)
Equilibrium identity : D(P*Y)—S(P*) =0

where F(P*Y) = D(P*,Y) — S(P*)

Find 42~ 497

a4y’ dy
L.
1) ‘;1;; = —5—; by implicit function theorem

= Fy, = g—g)(no Y in S)

FP __ 9D as

= 9P ~ 0P
dP* A
v,
= = >0
oD 9S8
Yo GF—op

%:d;;l’O(D(P*(%%%)):%'%+%=Dp-g—§+1

17
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IT1.

Use total derivative for ‘fiiy* from F = D(P*)Y)— S(P*) =0, P*=P(Y)

dF ( oD dP* oD 88  dp

ay op ay) 4 opr dYy
N e’ ~ ~——
indirect effect of Y on D direct effect of Y on D indirect effect of Y on S

aD dS \dP* _ 8D
:>(6P* T apP )dY - 9y
:> L e _aieas
D
dYy 2o o5

We can find % with the same process we have in I.

III.

Q?:dQ* = DpdP + DydY = 9% — Dp4l = Dy 4%

Q* : dQ* = SpdP = L 5pi =

il g
1 —Sp| |4 0

By Cramer’s rule

‘Dy —Dp
* 0 _S *
dQ* P|  _DySp dP
a — i —Dp —Dpzsi—SP'W
1 —-Sp
’1 Dy
aprc 1 0 Dy
dy 1 _DP - Dp—Sp
1 —-Sp

18
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Interpretation

Normally, Sp> 0 slope of supply

Dy>0  normal goods dQ >0, dY L)
Dp< 0 law of demand
But if Sp>0
Dy <0 inferior goods dQ <0, dY 4B~ <0
Dp<0

Consider giffen goods

SP>O
Dy>0 3% - _Dvor

dY — Dp-Sp
Dp>0

Case one, if Sp>Dp

dQ _ —DySp _

ay Dpysi % @
Case two, if Sp<Dp

dQ _ —DvSp _
ay Dp—Sp =0

19
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Example
QY = D(PY) endo = P,Q
Q° = S(PT) exo = Y, T
P = P*Y,T)
Q" Q" (Y, T)
Solve for 2= (suppose T ¢ Y)
I1I.
) oD oD dQ dpP _ ay
Q4 dQ 2p AP+ 55 -dY = 55— Dporn = Dy S5
Q*:dQ 9 .dP+ %4 = & 5pdk = g 4L
aQ
y 1 —Dp 7| = 0
L =Sp| |5 St
'1 0
dP* 1 ST o ST
dT 1 _DP - Dp—Sp
1 —Sp
ST < 0
Sp > 0
Dp < 0
dQ* _ Dp-S
T = 5 <0
opP* 9Q*
How about aiy’ =7
L.
F=DPY)-S(P,T)=0
d —Fr _ —(=57) _ _S
d_i = DP—STP = Dpogp >0 .o
How about%, %?
ap —fy _ =Dy
ay Fp — Dp—Sp

=

=

aQ P _
= —Dpm = 0
dQ P _

20
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(Application: IS-LM model)

IS: Y = CY)+1I(r)+Gy endo = Y,r
LM: L(Y 7’) = MO €X0 = MU, GO
Solve for ]7\”40

1) take total differential
IS: dY = C'(Y)dY + I'(r)dr + dGo
LM: L,dY + L.dr = dM

2) move endogenous variables to left-hand side to form the matrix.

Y —C'(Y)dY — I'(r)dr = dG,
L,dY + Ldr = dM,

3) divide all with dM,

1- O + I f = 22 =0
dr . dMp __
LydM() + erM() - d_Mg =1

4) write matrix form

) [l -

dMpyp

5) solve by Cramer’s rule

‘1 -C'(Y) 0
L 1 /
dr* y 1—C'(
i = 1oty 7]~ T = 5
L, L,
How about jg ,g]\?, and dY; ?

21



