
EE320 Lecture Note
Chapter 7: Derivatives of More Than One

Independent Variable Function

1 Partial Differentiation

1.1 First-order partial derivatives

Consider y = f(x1, x2, · · · , xn) where x1, x2, ..., xn are independent of one another.
Suppose only x1 changes by ∆x1 , y will change accordingly by ∆y (other xs remain the
same)

So, ∆y
∆x1

= f(x1+∆x1,x2,··· ,xn)−f(x1,x2,...,xn)
∆x1

If ∆x→ 0 , consider a small change in x1

f1 ≡ ∂y
∂x
≡ lim

∆x1→0

∆y

∆x
called partial differentiation.

How much y will change when x1 changes?

ex. 1 y = f(x1, x2) = 3x2
1 + x1x2 + 4x2

2 , find f1(1, 3)and f2(1, 3)

f1 = ∂f
∂x1

= 6x1 + x2 → f1(1, 3) = 6(1) + (3) = 9

f2 = ∂f
∂x2

= x1 + 8x2 → f2(1, 3) = 6(1) + 8(3) = 30

ex. 2 z = 9− x2 − y2 , find ∂z
∂x

and ∂z
∂y

∂z
∂x

= −2x holding y constant : if x ↑ by 1 unit, z ↓ by 2 units.

∂z
∂y

= −2y holding x constant : if y ↑ by 1 unit, z ↓ by 2 units.
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ex. 3 y = (2x2
1x2 + x1)(x2 + 1) find ∂y

∂x1
, ∂y
∂x2

∂y
∂x1

= (2x2
1x2 + x1) ∂

∂x1
(x2 + 1) + (x2 + 1) ∂

∂x1
(2x2

1x2 + x1)

= (2x2
1x2 + x1)(0) + (x2 + 1)(4x1x2 + 1)

= (x2 + 1)(4x1x2 + 1)

∂y
∂x2

= (2x2
1x2 + x1) ∂

∂x2
(x2 + 1) + (x2 + 1) ∂

∂x2
(2x2

1x2 + x1)

= (2x2
1x2 + x1)(1) + (x2 + 1)(2x2

1)

= 2x2
1x2 + x1 + 2x2

1x2 + 2x2
1

= 4x2
1x2 + x1 + 2x2

1

ex. 4 Q = Q(K,L) = 6K
1
2L

1
2

∂Q
∂K

= MPK = 3

√
L
K

∂Q
∂L

= MPL = 3

√
K
L

Gradient vector

The gradient vector of the function f(x1, x2, ..., xn) is an n-vector of all partial deriva-
tives:

∇f(x1, x2, ..., xn) = (f1 f2 · · · fn)

where fi ≡ ∂f
∂xi

ex. Q = aKbL1−b where a > 0 and 0 < b < 1

∇Q(K,L) =
(
∂Q
∂K

∂Q
∂L

)
=
[
abKb−1L1−b a(1− b)KbL−b

]
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(Application : Demand & Supply Model)

Qd = a− bP a, b>0

Qs = −c+ dP c, d>0

⇒ P ∗ = a+c
b+d

Q∗ = ad−bc
b+d

Conduct comparative-static derivative:

[a] ∂P ∗

∂a
= 1

b+d
> 0

∂Q∗

∂a
= d

b+d
> 0

[b] ∂P ∗

∂b
= −(a+c)

(b+d)2
< 0

∂Q∗

∂b
= (b+d)(−c)−(ad−bc)(1)

(b+d)2

= −(a+c)d
(b+d)2

<0

[c] ∂P ∗

∂c
= 1

b+d
> 0

∂Q∗

∂c
= −b

b+d
< 0

[d] ∂P ∗

∂d
= −(a+c)

(b+d)2
< 0

∂Q∗

∂d
= (a+c)b

(b+d)2
> 0
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(Application : Elasticity)

Consider z = f(x,y) , partial elasticity of z w.r.t. x and y are

εzx =
∂z
z
∂x
x

= ∂z
∂x
· x
z

εzy =
∂z
z
∂y
y

= ∂z
∂y
· y
z

when all variables are positive,

εzx = ∂lnz
∂lnx

εzy = ∂lnz
∂lny

Note ∂lnz
∂lnx

=
∂z
z
∂x
x

= ∂z
∂x
· x
z

∴ dlnx
dx

= 1
x

For n variables,f(x1, x2, ..., xn) :

εzi = ∂lnz
∂lnxi

= ∂f(x1,x2,...,xn)
∂lnxi

· xi
f(x1,...,xn)

Elasticities of demand

Given demand function Q1 = α− βP1 + γP2 + µY or Q1 = f(P1, P2, Y )

(Note: P2 = price of substitute (goods 2) and Y = income)

Own price elasticities of demand εd = ∂Q1

∂P1
· P1

Q1
= (−β) · P1

Q1

Income elasticities of demand εY = ∂Q1

∂Y
· Y
Q1

= µ · Y
Q1

Cross-price elasticities of demand εc = ∂Q1

∂P2
· P2

Q1
= (γ) · P2

Q1
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ex. Q1 = 100− P1 + 0.75P2 − 0.25P3 + 0.0075Y

At Y = 10,000 , P1 = 10, P2 = 20, P3 = 40andQ1 = 100

εd = ∂Q1

∂P1
· P1

Q1
= (−1)( 10

100
) = 0.1

εY = ∂Q1

∂Y
· Y
Q1

= (0.0075)(10,000
100

) = 0.75

ε12 = ∂Q1

∂P2
· P2

Q1
= 0.75( 20

100
) = 0.15 substitute

ε13 = ∂Q1

∂P3
· P3

Q1
= −0.25( 40

100
) = −0.1 complement.

Output Elasticities

Given linearly homogeneous Cobb-Douglas production function

Q = F (K,L) = AKαLβ;A,α, β 6= 0

Output elasticity of capital = εQK = ∂Q
∂K
· K
Q

= α

Output elasticity of labor = εQL = ∂Q
∂L
· L
Q

= β

ex. Q = 6K
1
2L

1
2

εQK = ∂
∂K

6K
1
2L

1
2 · K

Q
= 6L

1
2 · 1

2
K−

1
2 · K

Q
= 3L

1
2K−

1
2 · K

6K
1
2L

1
2

= 1
2

εQL = ∂
∂L

6K
1
2L

1
2 · L

Q
= 6K

1
2 · 1

2
L−

1
2 · L

Q
= 3K

1
2L−

1
2 · L

6K
1
2L

1
2

= 1
2
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(Application : Production Function)

Given a production function Q = 36KL− 2K2 − 3L2

MPK = ∂Q
∂K

= 36L− 4K

MPL = ∂Q
∂L

= 36K − 4L

If MR at L = 3 and K = 2 is $ 5 ;MRPL=3 =? ,MRPK=2 = ?

MRPL=3 = MR ·MPL = (5) · [36(2)− 6(3)] = 270

MRPK=2 = MR ·MPK = (5) · [36(3)− 4(2)] = 500

↔ If K ↑ by 1 unit, the additional revenue is $ 500.

If L ↑ by 1 unit, the additional revenue is $ 270.

(Application : Multipliers in Macroeconomic Model)

Consider a national-income model

Y = C + I0 +G

C = C0 + c(Y − T ) C0>0, 0<c<1

T = T0 + tY T0>0, 0<t<1

Y ∗ = C0−cT0+I0+G0

1−c−ct

Conduct comparative static derivative ;
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∂Y ∗

∂G0
= 1

1−c+ct government-expenditure multiplier.

∂Y ∗

∂T0
= −c

1−c+ct nonincome-tax multiplier.

∂Y ∗

∂t
= (1−c+ct)(0)−(C0−cT0+I0+G0)(c)

(1−c+ct)2

= −(C0−cT0+I0+G0)(c)
(1−c+ct)(1−c+ct)

= −c
(1−c+ct) · Y

∗<0

∂Y ∗

∂c
= (1−c+ct)(−T0)−(C0−cT0+I0+G0)(−1+t)

(1−c+ct)2

= −T0+cT0−ctT0+C0−cT0+I0+G0−tC0+ctT0−tI0−tG0

(1−c+ct)2

= C0−tC0+I0+G0−T0tI0−tG0

(1−c+ct)2

= (1−t)(C0+I0+G0−T0
(1−c+ct)2 >0

∂Y ∗

∂I0
= ∂Y ∗

∂G0
= ∂Y ∗

∂C0
= 1

1−c+ct ∆autonomous expenditure

1.2 Second-order partial derivatives

Consider z = f(x, y) which gives rise to:

fx ≡ ∂z
∂x

and fy ≡ ∂z
∂y

“rate of change of z after x (y) changes”

We can find rate of change of fx with respect to z, given fixed y by a second-order
partial derivative:

- with respect to x

fxx ≡ ∂
∂x
fx or ∂2z

∂x2
≡ ∂

∂x

(
∂z
∂x

)
- with respect to y

fyy ≡ ∂
∂y
fy or ∂2z

∂y2
≡ ∂

∂y

(
∂z
∂y

)
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We can also find cross partial derivatives

fxy ≡ ∂2z
∂x∂y
≡ ∂

∂x

(
∂z
∂y

)
fyx ≡ ∂2z

∂y∂x
≡ ∂

∂y

(
∂z
∂x

)
Young’s Theorem : let y = f(x1, ..., xn) is twice differentiable, then

∂2y
∂xi∂xj

= ∂2y
∂xj∂xi

; i =6= j

∴ fxy = fyx

ex. Q = aKbL1−b = bK
1
4L

3
4

MPK = ∂Q
∂K

= 6 · 1
4
K
−3
4 L

3
4 = 3

2
( L
K

)
3
4 = QK

MPL = ∂Q
∂L

= 6 · 3
4
K

1
4L
−1
4 = 9

2
(K
L

)
1
4 = QL

∂MPK
∂K

= ∂
∂K

(
∂Q
∂K

)
= ∂

∂K

(
3
2
( L
K

)
3
4

)
= −9

8
L

3
4K

−7
4 = QKK(diminishing MP of capital)

∂MPL
∂L

= ∂
∂L

(
∂Q
∂L

)
= ∂

∂L

(
9
2
(K
L

)
1
4

)
= −9

8
L
−5
4 K

1
4 = QLL (diminishing MP of labor)

QKL = ∂
∂K

(
∂Q
∂L

)
= ∂

∂K

(
9
2
(K
L

)
1
4

)
= 9

8
L
−1
4 K

−3
4

QLK = ∂
∂L

(
∂Q
∂K

)
= ∂

∂L

(
3
2
( L
K

)
3
4

)
= 9

8
L
−1
4 K

−3
4

QKL = QLK
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Hessian Matrix: The second-order partial derivatives can be written in a matrix form

∇2f(x) = H =

[
f11 f12

f21 f22

]
for f(x1, x2) ∇f(x1, x2) =

[
∂f
∂x1
∂f
∂x2

]

∇2f(x1, x2) =

[
∂2f
∂x21

∂2f
∂x1∂x2

∂2f
∂x2∂x1

∂2f
∂x22

]

ex. Q = aK
1
4L

3
4 = Q(K,L)

H =

[
QKK QKL

QLK QLL

]
=

[
−9
8
L

3
4K

−7
4

9
8
L
−1
4 K

−3
4

9
8
L
−1
4 K

−3
4

−9
8
L
−5
4 K

1
4

]
symmetric matrix

ex. z = x2 · e−y find fx, fy, and Hessian matrix

1st order: ∂z
∂x

= 2xe−y ∂z
∂y

= −x2e−y

2nd order : ∂2z
∂x∂y

= ∂
∂x

(∂z
∂y

) = ∂
∂x

(−x2e−y) = −2xe−y

∂2z
∂y∂x

= ∂
∂y

( ∂z
∂x

) = ∂
∂y

(2xe−y) = −2xe−y

∂2z
∂y∂x

= ∂
∂y

( ∂z
∂x

) = ∂
∂y

(2xe−y) = −2xe−y

∂2z
∂x2

= ∂
∂x

(2xe−y) = 2e−y

∂2z
∂y2

= ∂
∂y

(−x2e−y) = x2e−y

H =

[
2e−y −2xe−y

−2xe−y x2e−y

]
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(Application: Agricultural Production Function)

Consider an agricultural production function.

Q = F (K,L, T ) = AKαLβT γ;A>0, α>0, β>0, γ>0.
where K = capital

L = labor
T = land

1st - order
MPK = α(AKα−1LβT γ)
MPL = β(AKαLβ−1T γ)
MPT = γ(AKαLβT γ−1)

2nd - order

∂MPK
∂K

= α(α− 1)AKα−2LβT γ

∂MPK
∂L

= α(β)AKα−1Lβ−1T γ

∂MPK
∂T

= α(γ)AKα−1LβT γ−1

∂MPL
∂K

= α(β)AKα−1Lβ−1T γ

∂MPL
∂L

= β(β − 1)AKαLβ−2T γ

∂MPL
∂T

= β(α)AKαLβ−1T γ−1

∂MPT
∂K

= α(γ)AKα−1LβT γ−1

∂MPT
∂L

= β(γ)AKαLβ−1T γ−1

∂MPT
∂T

= γ(γ − 1)AKαLβT γ−2

H =

α(α− 1)AKα−2LβT γ α(β)AKα−1Lβ−1T γ α(γ)AKα−1LβT γ−1

α(β)AKα−1Lβ−1T γ β(β − 1)AKαLβ−2T γ β(α)AKαLβ−1T γ−1

α(γ)AKα−1LβT γ−1 β(γ)AKαLβ−1T γ−1 γ(γ − 1)AKαLβT γ−2


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2 Differentials and Total Differentials

Recall definition of derivative; dy
dx

= f ′(x) = lim∆x→0
∆y
∆x

⇒ dy = f ′(x)dx

where dy = differential of y tells approximate change in y

dx = differential of x tells approximate change in x

The process to find “differential of y” from a function y = f(x) is called “differentia-
tion”

So, dy
dx

: derivative ↔ differentiation w.r.t. x
dy : differential of y ↔ differentiation

product process

Total Differentials

Total Differentials is sum of the approximated changes from all parameters

For y = f(x1, x2)

dy = f1dx1 + f2dx2 where f1 = ∂f
∂x1

f2 = ∂f
∂x2

ex. y = 2x1 + 3x2

dy = 2dx1 + 3dx2 ≈ ∆y = 2∆x1 + 3∆x2

X For utility function with n variables : U = U(x1, ..., xn)

dU = ∂U
∂x1
dx1 + ∂U

∂x2
dx2 + ...+ ∂U

∂xn
dxn

dU = U1dx1 + ...+ Undxn =
n∑
i=1

Uidxi

Consider n = 2, U(x1, x2)

dU = ∂U
∂x1
dx1 + ∂U

∂x2
dx2

Holding U constant ⇒ dU = 0

0 = MU1dX1 +MU2dx2

−MU2dx2 = MU1dX1 ⇒ dx2
dx1

= −MU1

MU2
= MRS = Slope of IC
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ex. U = xαyβ, find MRS

dU = (αxα−1yβ)dx+ (βxαyβ−1)dy

0 = αxα−1yβdx+ βxαyβ−1dy

dy
dx

= − (αxα−1yβ)
βxαyβ−1 = −αy

βx

XFor production function : Q = F (K,L)

dQ = ∂F
∂K
· dK + ∂F

∂L
· dL

dQ = FK︸︷︷︸
MPK

dK + FL︸︷︷︸
MPL

dL

Holding products constant⇒ dQ = 0

0 = MPKdK +MPLdL

dK
dL

= −MPL
MPK

= MRTS = Slope of isoquant

ex. Q = 60K0.25L0.75, find MRTS

dK
dL

= −MPL
MPK

= −4.5K0.25L−0.25

1.5K−0.75L0.75 = −3K
L
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3 Total Derivatives

Consider the function that independent variables are related one another.

ex. y = f(x,w) where x = g(w), or y = f(g(w),w). Find dy
dw

1. By chain rule: dy
dw

= ∂f
∂x

dx
dw

+ ∂f
∂w

=

indirect︷ ︸︸ ︷
fx
dx

dw
+

direct︷︸︸︷
fw

2. Total differential: dy = ∂y
∂x
· dx+ ∂y

∂w
· dw

dy
dw

= ∂y
∂x
· dx
dw

+ ∂y
∂w
· dw
dw

=

indirect︷ ︸︸ ︷
fx
dx

dw
+

direct︷︸︸︷
fw

dy
dw

= total derivative of y w.r.t. w

∂y
∂w

= partial derivative of y w.r.t. w

ex. y = f(x,w) = 3x− w2

x = g(w) = 2w2 + w + 4, find dy
dw

1. By chain rule: dy
dw

= d
dw

3x− d
dw
w2

= d
dw

(3 · (2w2 + w + 4))− 2w

= 12w + 3− 2w = 10w + 3

2. Total differential: dy = fxdx+ fwdw

= 3dx+ (−2w)dw

dy
dw

= 3 dx
dw
− 2w = 3(4w + 1)− 2w = 10w + 3

ex. Q =Q(K,L,t) where K =K(t) and L =L(t)

dQ
dt

= QK
dK
dt

+QL
dL
dt

+Qt
dt
dt

Note ẋ = dx
dt

growth rate due to time

Q̇ = QK · K̇ +QL · L̇+Qt

13



Chapter 7 Panit Wattanakoon

ex. y = f(x1, x2, u, v) where x1 = g(u, v) and x2 = h(u, v)

dy
du
|v=v = ∂y

∂x1

∂x1
∂u
|v=v + ∂y

∂x2

∂x2
∂u
|v=v + ∂y

∂u

dy
dv
|u=u = ∂y

∂x1

∂x1
∂v
|u=u + ∂y

∂x2

∂x2
∂v
|u=u + ∂y

∂v

ex. Utility function U =U(C,l)
where C = consumption, l = leisure = 24 - n, and C = f(n)

Given ∂U
∂C

> 0 and ∂U
∂l
> 0, U = U(f(n), l(n)) = U(f(n), 24− n), find dU

dn

dU
dn

= Uc · dCdn + Ul · dldn = MUC · dCdn +MUl · dldn

= MUC · f ′(n) +MUl · (−1) = MUC · f ′(n)−MUl

dU
dn
>0 if MUC · f ′(n) > MUl

dU
dn
<0 if MUC · f ′(n) < MUl

4 Implicit Function

Consider

{
y = f(x) = 3x4 → explicit function

F (y, x) = y − 3x4 → implicit function

}
same function in different format

A given function of the form F (y, x1, x2, ..., xn) = 0 defines an implicit function of the
form f(x1, x2, ..., xn) if

1. F (y, x1, x2, ..., xn) has continuous partial derivatives:

∂F
∂y
, ∂F
∂x1
, ∂F
∂x2
, ..., ∂F

∂xn
⇒ all continuous function

2. dF
dy
6= 0

14
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ex. Given F (y, x, w) = y3x2 + w2 + yxw − 3 = 0, does F(y,x,w) defines an implicit
function y = f(x,w) ?

Check 2 conditions:

1. continuous partial derivatives → ∂F
∂y
, ∂F
∂x
, ∂F
∂w

∂F
∂y

= 3y2x2 + xw

∂F
∂x

= 2y3x+ yw

∂F
∂w

= 2w + xy

 all are continuous?

2. dF
dy
6= 0

dF
dy

= 3y2x2 + xw if evaluate at (y, x, w) = (1, 1, 1) dy
dx

= 3(1)2(12) + (1)(1) = 4 6= 0

∴ implicit function y = f(x,w) is defined by F(y,x,w)

Derivatives of implicit functions

F = F (y, x1, x2, ..., xn) ⇒ y = f(x1, x2, ..., xn)
dF = d(0) = 0 or

dF = Fydy + F1dx1 + ...+ Fndxn = 0

(From dy = f1dx1 + ...+ fndxn)

dF = Fyf1dx1 + F1dx1 + Fyf2dx2 + F2dx2 + ...+ Fyfndxn + Fndxn

dF = (Fyf1 + F1)dx1 + ...+ (Fyfn + Fn)dxn = 0

Holds if Fyfi +Fi = 0∀i = 1, ..., n

∴ fi = −Fi
Fy

or ∂f
∂xi

=
− ∂F
∂xi
∂F
∂y
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ex.1 Find dy
dx

for implicit function y − 3x4 = 0

dy
dx

= −Fx
Fy

= −12x3

1
= 12x3 by implicit function

dy
dx

= d
dx

(3x4) = 12x3 by normal differentiation

ex.2 Find ∂y
∂x

for any implicit function that may be defined by

F (y, x, w) = y3x2 + w3 + yxw − 3 = 0

∂y
∂w

= −Fw
Fy

= −(3w2+xy)
(3x2y2+xw)

|(1,1,1) = −1

∂y
∂x

= −Fx
Fy

= −(2y3x+yw)
(3x2y2+xw)

|(1,1,1) = −3
4

ex.3 F (Q,K,L) = 0 defines Q = f(K,L) Find MPK ,MPL

1© ∂Q
∂K

= −FK
FQ

= MPK

∂Q
∂L

= −FL
FQ

= MPL

MPL
MPK

=
∂Q
∂L
∂Q
∂K

|Q=Q = ∂K
∂L

=?

2© Q = f(K,L) = 0

dQ = fKdK + fLdL = 0

dK
dL

= − fL
fK

= −MPL
MPK

ex.4 If Q(K,L) = 16K0.25L0.75 = 2, 144, use implicit function rule to find slope

dK
dL
−MRTS

F (Q,K,L) = 16K0.25L0.75 − 2, 144 = 0

∂K
∂L

= − FL
FK

= −16(0.75)K0.25L−0.25

16(0.25)K0.75L0.75 = −3K
L
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(Application: partial Market Equilibrium)

Suppose now Qd is a function of P as well as Y

Qd = Qs

Qd = D(P, Y )
Qs = S(P )

where Dp<0, Sp>0 ,and DY>0

Endogenous variable = Q,P
Exogenous variable = Y

Equilibrium condition : Qd = Qs or D(P, Y )− S(P ) = 0
Equilibrium price : P ∗ = P ∗(Y )
Equilibrium identity : D(P ∗, Y )− S(P ∗) ≡ 0

where F (P ∗, Y ) = D(P ∗, Y )− S(P ∗)

Find dP ∗

dY
, dQ

∗

dY

I.

1) dP ∗

dY0
= − FY

FP∗
by implicit function theorem

⇒ FY0 = ∂D
∂Y0

(no Y in S)

FP = ∂D
∂P
− ∂S

∂P

∴ dP ∗

dY0
=

− ∂D
∂Y0

∂D
∂P
− ∂S
∂P

>0

2) dQ∗

dY0
= d

dY0
(S(P ∗(Y0))) = dS

dP
dP
dY

> 0

dQ∗

dY0
= d

dY0
(D(P ∗(Y0), Y0)) = dD

dP
· dP
dY

+ dY0
dY0

= DP · dPdY + 1

17
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II.

Use total derivative for dP ∗

dY
from F = D(P ∗, Y )− S(P ∗) = 0, P ∗ = P (Y )

dF
dY

= (
∂D

∂P ∗
· dP

∗

dY
)︸ ︷︷ ︸

indirect effect of Y on D

+
∂D

∂Y︸︷︷︸
direct effect of Y on D

− ∂S

∂P ∗
· dP

∗

dY︸ ︷︷ ︸
indirect effect of Y on S

⇒ ( ∂D
∂P ∗
− ∂S

∂P ∗
)dP

∗

dY
= −∂D

∂Y

⇒ dP ∗

dY
=

− ∂D
∂Y

∂D
∂P∗−

∂S
∂P∗

We can find dP ∗

dY
with the same process we have in I.

III.

Qd : dQ∗ = DPdP +DY dY ⇒ dQ∗

dY0
−DP

dP
dY0

= DY
dY
dY

Qs : dQ∗ = SPdP ⇒ dQ∗

dY
− SP dP

dY
= 0

[
1 −DP

1 −SP

] [
dQ∗

dY
dP ∗

dY

]
=

[
DY

0

]

By Cramer’s rule

dQ∗

dY
=

∣∣∣∣∣∣DY −DP

0 −SP

∣∣∣∣∣∣∣∣∣∣∣∣1 −DP

1 −SP

∣∣∣∣∣∣
= −DY SP

DP−SP
= SP · dP

∗

dY

dP ∗

dY
=

∣∣∣∣∣∣1 DY

1 0

∣∣∣∣∣∣∣∣∣∣∣∣1 −DP

1 −SP

∣∣∣∣∣∣
= −DY

DP−SP

18
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Interpretation

Normally, SP> 0 slope of supply

DY> 0 normal goods

DP< 0 law of demand

 dQ∗

dY
>0 , dP ∗

dY
>0

But if SP>0

DY<0 inferior goods

DP<0

 dQ∗

dY
<0 , dP ∗

dY
<0

Consider giffen goods

SP>0

DY>0

DP>0

 dQ
dY

= −DY SP
DP−SP

Case one, if SP>DP

dQ
dY

= −DY SP
DP−SP

=
-©
-© = +©

Case two, if SP<DP

dQ
dY

=
−DY0SP
DP−SP

=
-©
+© = -©

19



Chapter 7 Panit Wattanakoon

Example

Qd = D(P, Y ) endo = P,Q
Qs = S(P, T ) exo = Y, T
P ∗ = P ∗(Y, T )
Q∗ = Q∗(Y, T )

Solve for dP ∗

dT
(suppose T 6↔ Y )

III.

Qd : dQ = ∂D
∂P
· dP + ∂D

∂Y
· dY ⇒ dQ

dT
−DP

dP
dT

= DY
dY
dT
⇒ dQ

dT
−DP

dP
dT

= 0

Qs : dQ = ∂S
∂P
· dP + ∂S

∂T
· dT ⇒ dQ

dT
− SP dPdT = ST

dT
dT

⇒ dQ
dT
− SP dPdT = 0

∴

[
1 −DP

1 −SP

] [
dQ
dT
dP
dT

]
=

[
0
ST

]

dP ∗

dT
=

∣∣∣∣∣∣1 0
1 ST

∣∣∣∣∣∣∣∣∣∣∣∣1 −DP

1 −SP

∣∣∣∣∣∣
= ST

DP−SP

ST < 0
SP > 0
DP < 0

dQ∗

dT
= DP ·ST

DP−SP
<0

How about ∂P ∗

∂Y
, ∂Q

∗

∂Y
?

I.

F = D(P, Y )− S(P, T ) = 0

dP
dT

= −FT
FP

= −(−ST )
DP−SP

= ST
DP−SP

>0

dP
dY

= −FY
FP

= −DY
DP−SP

>0

How aboutdQ
∗

dT
, dQ

∗

dP
?
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(Application: IS-LM model)

IS: Y = C(Y ) + I(r) +G0 endo = Y, r
LM: L(Y, r) = M0 exo = M0, G0

Solve for dr∗

dM0

1) take total differential

IS: dY = C ′(Y )dY + I ′(r)dr + dG0

LM: LydY + Lrdr = dM0

2) move endogenous variables to left-hand side to form the matrix.

dY − C ′(Y )dY − I ′(r)dr = dG0

LydY + Lrdr = dM0

3) divide all with dM0

[1− C ′(r)] dY
dM0

+ I ′(r) dr
dM0

= dG0

dM0
= 0

Ly
dY
dM0

+ Lr
dr
dM0

= dM0

dM0
= 1

4) write matrix form[
1− C ′(Y ) I ′(r)

Ly Lr

] [ dY ∗
dM0
dr∗

dM0

]
=

[
0
1

]

5) solve by Cramer’s rule

dr∗

dM0
=

∣∣∣∣∣∣1− C
′(Y ) 0

Ly 1

∣∣∣∣∣∣∣∣∣∣∣∣1− C
′(Y ) I ′(r)

Ly Lr

∣∣∣∣∣∣
= 1−C′(Y )

Lr[1−C′(Y )]+I′(r)Ly
⇒ +©

-©<0

How about dr∗

dG0
, dY

∗

dM0
, and dY ∗

dG0
?
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