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Matrix inverses

The inverse of a real number a is denoted by a~!. For example,
7-1 =1/7 and
Te7l=71.7=1
An n x n matrix 4 is said to be invertible if there is an n x n
matrix C satisfying
Cd=4C=1,
where I, is the n x n identity matrix. We call C the inverse of 4 .

-3 -7 3

example A:V 5} : C:{J ’75] AC= CA=

The inverse of 4 is usually denoted by 4!,

We have

Not all n x n matrices are invertible. A matrix which is not
invertible is sometimes called a singular matrix. An invertible
matrix is called nonsingular matrix.
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Fact1 If 4 is invertible, then the inverse is unique.
Proof: Assume B and C are both inverses of 4. Then

B = BI = B( )= ( ) =17 =C

So the inverse is unigue since any two inverses coincide.g

Fact 2 The inverse of A'lis A itself.

Fact 3 Letd = |: a Z } If ad — be # 0, then A is invertible and
c

d -b
-1 _ 1
Y

If ad — be = 0, then A4 is not invertible.
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Assume A is any invertible matrix and we wish to solve 4x = b.
Then

AX = b and so

= orX =
Suppose W is also a solution to A4X = b. Then 4w = b and
____AW=___ b whichmeans w=4"'h.
So, W =4"'h, which is in fact the same solution.

We have proved the following result:

Fact4 If 4 is an invertible n x n matrix, then for each b in R?, the
equation .4x = b has the unique solution x = 4-'b.
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EXAMPLE: Use the inverse of 4 = { j ‘: }to solve

~Tx1 4+ 3% = 2

Sx1 - 2x2 =1
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Properties of Inverses

Suppose A and B are invertible. Then the following results hold:

a. A-'isinvertible and (4~1)"' = 4 (i.e. 4 is the inverse of
A1)

b. 4B is invertible and (4B)™" = B'4™!

c. ATisinvertible and (47) " = (4 1)7

Partial proof of part b:

(4B)(B'4!) = A( )4

= A( VA7l = =

Similarly, one can show that (B'41)(4B) = I.

Proof part ¢
p AT(A—I)T=(A—1A).T=I.T=1

(A-I)TAT =(AA'1)T=IT=I
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Matrix inversion algorithm

A4 =1

B P

=>Taken a column at a time, that equation determines the columns of A

Atimes column j of A7 =column j of 7

ool Bl

1 310 .
Carry out elimination on
27 01 all systems simultaneously.
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§ 1 3 10
oM 27 01
w
9
e [4 1]
o v The Gauss-Jordan method
h 13 1 0
Z
- 01 -2 1
N !
™
2 10 7 -3
= 01 -2 1
P4
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Matrix inversion algorithm

Place 4 and I side-by-side to form an augmented matrix [4 I].
é Then perform row operations on this matrix (which will produce
) identical operations on 4 and I). So by Theorem 7:
w
(_ID [4 1] will row reduceto [I 47" ]
<

or 4 is not invertible.
e 2 00
% EXAMPLE: Find theinverseof 4 =| -3 0 1 |, ifitexists.
4 010

Solution:
% 200100 100400
SE [47]=] 301010 [~~~ 01000
S 010001 001 3

L oo
So4l= 00
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% Find the inverse of the matrix A=11 0 3 , if it exists
o 4 -3 8
—
<
o
<
L
Z
4
N
[42]
™
<
=
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Elementary Matrices
< Definition
ad An elementary matrix is one that is obtained by performing
E a single elementary row operation on an identity matrix.
O]
—
< 10 0
o EXAMPLE: LetE;=| 0 2 JEx=| 0 1
< 001 010
i
Z
— 1 00 ab c
N Ey=| 010 |andd=| d e [
g 301 g h i
<
=
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Observe the following products and describe how these
products can be obtained by elementary row operations on 4.

< 7100**abc**abc
o Ed=| 020 de f 2d 2e 2f
a 001 g h i ¢ h i
O]
| — —_— _ —
< 1 0 ab e a b c
E:d = 1 d e f e hi
o
< 10 hoi d e f
S L JL J L
Z — . o -
] 1 00 a b c a b c
Esxd=| 010 de f d e f
S 301 hoi 3a+g 3b+h 3c+i
P L JdL J L
<
p=
If an elementary row operation is performed on an m x n matrix
A, the resulting matrix can be written as E4, where the m x m
matrix E is created by performing the same row operations on
In.
Dr. Julaluk Carmai
Elementary matrices are invertible because row operations are
reversible. To determine the inverse of an elementary matrix E,
< determine the elementary row operation needed to transform E
o’ back into I and apply this operation to I to find the inverse.
[}
Ll
O
—
<
For example,
o
<
LLi
pd 100
- Es=| 010 E3' =
N 301
™
™
<
=

Dr. Julaluk Carmai




1 00
Example: Let4=| -3 0 1 | Then
010

< L
o
foa -
w 100 1 0 0 1 00
9 Eid=| 020 —%0%=—301
< 01 0 1 0 010
o
5
Z 100 1 00 1 00
— ExEd)=| 0 0 1 301 (=] 010

010 010 -3 01
N
™
™
<
= 100 1 00 100

Es(E2Eid)=| 0 1 0 010 [=| 010
301 =301 001
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So
E3E-E1A =13 .
< - ; |
% Then multiplying on the right by 4-1, we get
[T
V) E3E-E 1A =13
<
So

o sE2E(]3 = A7)
< At L 3 <
i
Z
|
N
™
SE The elementary row operations that row reduce Ao |, are
s the same elementary row operations that transform |, into

Al
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Matrix Factorisations

A factorisation of a matrix A is an equations that expresses A
as a product of 2 or more matrices.

Gauss elimination can be used to find such factorisations.

\x=h |:> Us=c 21 1~y 5
Ax=1 4 -6 Ofx,|=|-2

How to relate A to U? 2 7 21«x 9

A=l 4 -6 0 Ij> U=lo -8 -2
2
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3 elimination steps

1)  Subtract 2 times the first equation from the second;
ii) Subtract —1 times the first equation from the third;
iii) Subtract —1 times the second equation from the third

Each step corresponds to an elementary matrix.
Let matrix % for step i), Ffor step ii) and G for step iii)

1 00 1 00 100
g-l_2 1 ol 3 F=[0 10 ; G=[010
0o 0 1 -1 0 1 01 1
GFEA=U

The single matrix that take Ato U is GFE
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1 00
GFE=|-2 1 0
11

<
o -1
oM
w
Q GFEA=U
< A=(GFE)'U=E"'F'G'U
o
5 10 0
= E'F'G7=|2 1 0|=L .
— L1 L= lower triangular
N
3
<§f A= LU -Triagular (LU) factorisation
The entries below the diagonal are exactly the multipliers 1=2, -1 and -1.
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If no row exchanges are required, the original matrix 4 can be written as
a product A=LU. The matrix L is lower triangular, with 1's on the diagonal
< and the multipliers l; (taken from elimination ) below the diagonal.
% Uis the upper triangular matrix which appears after forward elimination
(Ll-rj and before back substitution; its diagonal entries are pivots.
—
<
2 .
% A:12—>L:l with L:IO
LLi 3 4 0 -2 3
Z
4
% _ 0 2| . Needsarow exchange
< 3 4 cannot be factored into A=LU
=

Dr. Julaluk Carmai




Remark You have to be careful with L. Suppose elimination substracts
row 1 from row 2, creating la.. Then suppose it exchanges rows 2 and 3.
If that exchange is done in avance, the multiplier will change to ls:

g in PA=LU
o
L
%:]D E.g. 1 11 1 11 1 11
A=|1 1 3|—=>|0 0 2|—=(0 3 6|=U
@
< 2 5 8 0 3 6 00 2
L
Z
—  With rows exchanged, we recover LU -but now 1::=1 and 1»=2:
o
¥ 1 0 0 1 00
< P={0 0 1|and L=|2 1 0
0 1 0 1 01
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1 0 0 0 ° * 0k * 0 3k
g * 1.0 0f0 o * % x
m A =
(Ll-rj e F T 000 0 0 e o F
3:' ¥ % % 110 0 0 0 O
L U
D: mxm mxn
<
L
% B EXAMPLE 1 It can be verified that
3 =7 =2 2 1 0 0 0|3 =7 -2 2
-3 5 1 0 -1 1 0 0|0 -2 -1 2
S A=l 64 0 -s|=| 2 -5 1 oHo 0 -1 1]“”
o) -9 5 -5 12 -3 8 3 1jJlo 0o 0 -
<
=

-9
Use this LU factorization of A 10 solve Ax = b, where b = [ } ;

Dr. Julaluk Carmai

10



1 0 0 0 -9 r 0 0 0 -9
-1 1 0 0 5 01 0 0 -4
L b|= e
g [ ] 25 1 0 7 o 0o 1 o s|=LYI
-3 8 3 1 1
o _ 0 0 0 1 1 ]
o
to 3
Qo 3-7-2 291 [1 0 0 o0 3 A
< [U y]=0_2_12_4~01004 x=
0 0 -1 1 5 0 0 1 0 —6| -6
[a 0 0 0-1 1] |0 0 0 1 -l -1
<
L
pd
4
&
c&) Algorithm for an LU factorization
= 1. Reduce A to an echelon form U by a sequence of row replacement
operations, if possible.
2. Place entries in L such that the same sequence of row operations
reduces L to |
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P EXAMPLE2 Find an LU factorization of
2 4 -1 5 =2
-4 -5 3 -8 1
A=l 2 5 -4 1 8
< -6 0 7 -3 1
o
o
L
9] 2 4 -1 5 -2 2 4-1 5 =2
|
< A—_4—5 3—81~03l 2—3=Al
- 2 -5 -4 1 8 0 -9 -3 -4 10
[a -6 0 7 =3 1 0 12 4 12 =5
<
L
% 2 4 -1 5 =2 2 4 -1 5 -2
_lo 3 1 23| _|o 3 1 23] .,
o ~A2=1p o0 o 2 1|7 |0 0 0 2 1
P 0 0 0 4 7 0 0 0 0 5
™
<§f .
1 0 0 0
-2 1 0 0
=11 10
-3 1
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-2

| -3

12

!

1
-3
4

I

2z
4]s]
2. =5
Lo
1
2 1

»

and L=

1
-2
1
-3

-3
4

0
0
1
2

An easy calculation verifies that this L and U satisfy LU = A.

-Cc O QO
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