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Chapter 7 Functions of Several Variables

7.1 Functions of Two or more Variables
Notation and Terminology

There are familiar formulas in which a given variable depends on two or more other variables.
For example,

e Area A of atriangle depends on the base length b and height h by the formula A = %bh.

e The volume V of a rectangular box depends on the length I, the width w, and the height h
by the formula V = lwh.

e The arithmetic average x of n real numbers, x,X,,...,x,, depends on those numbers by

the formula X :i(x1 + X, ot X, ).
n

We say that

e As a function of the two variables b and h.
e Vs a function of the three variables I, w, and h
e x is a function of the n variables x;, X,,..., X, .

The terminology and notation for functions of two or more variables is similar to that for
functions of one variable. For example,

z="f(xy)

means that z is a function of x and y in the sense that unique value of the dependent variable z is
determined by specifying values for the independent variables x and y.

7.1.1 DEFINITION A function f of two variables, x and vy, is a rule that assigns a
unique real number f (x,y) to each point (x,y) in some set D, the domain of f, in the xy-plane.

7.1.2 DEFINITION A function f of three variables, x, y, and z, is a rule that assigns a
unique real number f(x,y,z) to each point (x,y,z) in some set D, the domain of f, in three
dimensional space.
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Example 1: Let f(x,y)=y/y+1+In(x*—y).Find f (e ,0) and sketch the natural domain of f.

Example 2: Let f(x,y,z)=41-x>—y*-z* . Find f (O%—%) and the natural domain of f.
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Example 3: For each of the following functions, evaluate f (3, 2) and find the domain.

(<';1)f(x,y):—“x+y+1 ) f (xy)=xIn(y*-x)

x—1

Example 4: Find the domain and range of g(x,y)=+9-x"-y?>.
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7.2 Partial Derivatives
7.2.1 Partial Derivatives of Functions of Two Variables

Definition: If z=f (x, y) and (xo, yo) is a point in the domain of f , then the partial derivative
of f with respect to x at (xo, yO) [ also called the partial derivative of z with respect to x at
(xo, yO)] is the derivative at x, of the function that results when y =y, is held fixed and X is

allowed to vary. This partial derivative is denoted by f, (X,,Y,) and is given by
fx (XO’ YO) = i[ f (XOv yo)]
dX X=Xg

Similarly, the partial derivative of f with respect to y at (X,, y, ) [ also called the partial
derivative of z with respect toy at (X,, ¥, )] is the derivative at y, of the function that results
when x = x, is held fixed and y is allowed to vary. This partial derivative is denoted by

f, (X, Y,) and is given by
£ (% Yo) = [ £ (%1 Yo)]
dy

Y=Yo

Example 1: Find f (1,3)and f,(1,3)for the function f(x,y)=2xy*+2y+4x.

Example 2: If f(x,y)=x>+x*y*-2y*, find f,(2,2)and f,(2,1).
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Notations for Partial Derivatives

If z=f(x,y), we write

of 0 oz
fX(X,y): fx :&:&f(x,y):&_Dxf

of 0 oz
fy(X,y): fy =E=6—yf(x,y):5: Dyf

Example 3: Find 0z/éx and dz/dy if z=x*sin(xy®).

Example 4: If f(x,y)=x*+x’y*-2y?, find 6f /ox and of /oy
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7.2.2 Partial Derivatives Viewed as Rates of Change and Slopes

Recall that if y = f (x), then the value of f’(x,)can be interpreted either as the rate of change

of y with respect to x at x, or as the slope of the tangent line to the graph of f at x,. Partial
derivatives have analogous interpretations.

Example 5: The wind chill temperature index is given by the formula

W =35.74+0.6215T +(0.4275T —35.75)v**

Compute the partial derivative of W with respect to v at the point (T,v)=(25,10) and interpret
this partial derivative as a rate of change.

6
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7.2.3 Implicit Partial Differentiation

Example 8: Find the slope of the sphere x*+ y® +z? =1 in the y-direction at the points

212 21 2
—,=,—land | =,=,—=|.
(3 3 3} (3 3 3}
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Example 9: Suppose that D =/x*+ y* is the length of the diagonal of a rectangle whose sides
have lengths x and y that are allowed to vary. Find a formula for the rate of change of D with
respect to xif x varies with y held constant, and use this formula to find the rate of change of D
with respect to x at the point where x =3 and y = 4.

Example 10: Find 0z /0x and oz /oy if zis defined implicitly as a function of x and y by the
equation

XC+yi+28+6xyz=1
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7.2.4 Partial Derivatives of Functions with more than Two Variables

For a function f (x, Y, z) of three variables, there are three partial derivatives:

f(xy.2), f,(xy.z), f,(xvy.2)
If a dependent variable
w=f(xy,2)
is used, then the three partial derivatives of f can be denoted by

w - ow  ow

ox' oy oz

Example 11: If f(x,y,z)=x’y*z*+2xy+z.Find f (xy,2), f,(xy,2), f,(xy,2), and
f,(-112).

Example 12: Find f,, f,, and f, if f(x,y,z)=€"Inz

x1 Ty
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7.2.5 Higher-Order Partial Derivatives

Suppose that f is a function of two variable x and y . Since the partial derivatives of / ox and
of /oy are also functions of x and y, these functions may themselves have partial derivatives.
This gives rise to four possible second-order partial derivatives of f , which are defined by

azf:g[gj:f azf:gﬁ:f
x> ox\ ox * oy> oyl oy ”
AR ’f_ofd)_,
oyox oy \ ox v oxoy  ox\ oy ¥

The last two cases are called the mixed second-order partial derivatives or the mixed second
partials.

Example 13: Let f(x,y)=y%*+y.Find f .
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Example 14: Find the second partial derivatives of

f(x,y)=x"+x*y* -2y’

Notice that f, = f  in Example 14. This is not just a coincidence. It turns out that the mixed

partial derivatives f, and f, are equal for most functions that one meets in practices.

Theorem: Let f be a function of two variables. If f,, and fy, are continuous on some open disk,
then f,, = f,x on that disk.
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7.3 The Chain Rule
7.3.1 Chain Rules for Derivatives

Theorem (Chain Rules for Derivatives): If x = x(t) and y = y(t) are differentiable at t, and if
z = f(x,y) is differentiable at the point (x,y)=(x(t),y(t)) . then z=f (x(t),y(t)) is
differentiable at t and

dz_ozde, oz dy
dt oxdt oy dt

where the ordinary derivatives are evaluated at t and the partial derivatives are evaluated at

(x,y).

If each of the functions x = x(t), y=y(t), and z=z(t) is differentiable at t, and if
w= f (Xx,y,z) is differentiable at the point (x,y,z)= (x(t), y(t), z(t)), then the function
w=f(x(t),y(t),z(t)) is differentiable at t and

dw_owdx owdy owdz
dt oxdt oy dt oz dt

where the ordinary derivatives are evaluated at t and the partial derivatives are evaluated at
(x,y,2).

dx
dt

dz _9zdx | dzdy
dt — oxdt = dy dt
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Example 1: Suppose that
z=x%y, x=t°, y=t°

Use the chain rule to find dz/dt, and check the result by expressing z as a function of t and
differentiating directly.

Example 2: If
z=x°y+3xy* where x=sin2t, y=cost

Find dz/dtwhen t=0.
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Example 3: Suppose that

w=x*+y*+2°, x=co0sf, y=sing, z=tand

Use the chain rule to find dw/d@ when 8 =714
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7.3.2 Chain Rules for Partial Derivatives

Theorem (Chain Rules for Partial Derivatives): If x=x(u,v) and y = y(u,v) have first-order
partial derivatives at the point (u,v), and if z= f (x,y) is differentiable at the point

(%, y)=(x(u,v),y(u,v)) , then z= f (x(u,v),y(u,v)) has first order partial derivatives at the
point (u,v) given by

8z_gax oz oy d_z 0z 0X azay

ou oOxou oy ou ov axav oy ov

If each function X = x(u,v), y=y(u,v),and z=2z(u,v) has first-order partial derivatives at the
point (U,V), and if w= f (X, y,2) is differentiable at the point (X, y,z)=(x(u,v),y(u,v),z(u,v)),
then w=f (x(u,v),y(u,v),z(u,v)) has first order partial derivatives at the point (u,v) given
by

oW _Owox owdy owdr . ow_owdx owdy owar

+
ou oOXxou oyou o0zdu ov axav 6’y8v oz v

ox ox oy ay ax

ou av du au

u v u [ u
9z _ 9z 9x | 9z dy 9z 9z ax Az Ay

ou  Ix du Ay ou EZQEjLBvHU
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Example 5: Given that
z=eY, Xx=2u+v, y=ulv

Find 0z/0ou and oz /ov using the chain rule.
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ow _ dwdx | dwdy | dwdz
au dx ou ay ou dz du

dw _ dwox | dwdy | dwiz
v ox ov dy dv az dv

Example 6: Suppose that

w=eY, x=3u+v, y=3u-v, z=u’

Find ow/ou and ow/ov using the chain rule.



MA 216 Functions of Several Variables Asst.Prof. Dr. Supranee Lisawadi 18

Example 7: Suppose that w = x* + y* —z* and
X=psingcosd, y=psingsingd, z=pcos¢g

Use appropriate forms of the chain rule to find ow/ép and ow/ o8

Example 8: Suppose that

W=Xy+Yyz, y=sinx, z=e

Use an appropriate form of the chain rule to find dw/ dx



MA 216 Functions of Several Variables Asst.Prof. Dr. Supranee Lisawadi 19

7.3.3 Implicit Differentiation

Consider the special case where z = f (x,y) is a function of x and y is a differentiable function
of x . Equation (5) then becomes

dz _of dx of dy of  of dy

— (*)
dx oxdx oydx oOx oydx

This result can be used to find derivatives of functions that are defined implicitly. For example,
suppose that the equation

f(xy)=c (%)

Defines y implicitly as a differentiable function of x and we are interested in finding dy / dx.
Differentiating both sides of (**) with respect to x and applying (*) yields

o ady_,
ox oy dx

Thus, if of /0y =0, we obtain

dy  of /ox
dx  of /oy

In summary, we have the following result.

Theorem: If the equation f (x, y) =c defines y implicitly as a differentiable function of x, and

if ﬂ;«rsO,then
oy

d_y__é’f/ax

dx  of Joy
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Example 10: Given that x* + y°x—3=0, find dy/dx using (14) and check the result using
implicit differentiation.

Example 11: Find dy/dx if x*+y® =6xy using (14)



MA 216 Functions of Several Variables Asst.Prof. Dr. Supranee Lisawadi

The chain rule also applies to implicit partial differentiation. Consider the case where
w=f (x, y,z) is a function of x,y,and z and z is a differentiable function of x and y. It

follows from Theorem that

ow of of oz
—_— = — (*)
OX OX 0z oOX
If the equation
f(xy,2)=c (*%)

21

defines z implicitly as a differentiable function of x and y, then taking te partial derivative of

each side of () with respect to x and applying (*) gives

of of 82_0

oX 0z ox

If of /0z#0, then

@__6f [ OX
OX of oz

A similar result holds for 6z /oy .

Theorem: If the equation f (x, Y, z) =c defines z implicitly as a differentiable function of x

and y ,and if ﬂ;«rsO,then
oz

dz _ of Jox dz
dx  of oz dy of Joz

q dz _ of joy

Example 12: Consider the sphere x*+y*+z°=1.Findoz/ox and dz/dy at the point

212
3'3'3
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7.4 Total Differential and Its Applications

For a differentiable function of one variable, y = f (x) , we define the differential dx to be an

independent variable; that is, dx can be given the value of any real number. The differential of y
is then defined as

dy=f' (X) N
-1.‘
.1-' — F|'|. :I -
e T .
o hn®
dx=Ax i
- | l
\Itll | I |
U I".| i i+ Il= :

tangent line
y=fla)+ flla)ix—a)

The figure above shows the relationship between the increment Ay and the differential dy: Ay
represents the change in height of the curve y = f (x) and dy represents the change in height of
the tangent line when x changes by an amount dx = Ax.

For a differentiable function of two variables, z = f (x, y), we define the differentials dx

and dy to be independent variables; that is, they can be given any values. Then the differential
dz, also called the total differential, is defined by

0z 0z
dz = fx(x,y)dx+fy(x,y)dyzadx+5dy *)

Sometimes the notation df is used in place of dz.

If we take dx =Ax=x-a and dy = Ay = y—bin Equation (*), then the differential of z is
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dz=f,(a,b)(x—a)+f, (ab)(y-b)

So, in the notation of differentials, the linear approximation

f(x,y)= f(ab)+f,(ab)(x-a)+f (ab)(y-b)
can be written as

f(x,y)~f(ab)+dz

Note: The linearization of f at (a,b) is

L(x,y)=f(ab)+f,(ab)(x-a)+f, (ab)(y-b)
Example 1:

(@) If z=f(x,y)=x*+3xy—y?, find the differential dz.

(b) If xchanges from 2 to 2.05 and y changes from 3 to 2.96, compare the values of Az and
dz.
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Example 2: Show that f (x,y)=xe" is differentiable at (1,0)and find its linearization there.

Then use it to approximate f (1.1,-0.1).



