EE320 Chapter 8
Optimization without Constraint:
More-Than-One-Independent-Variable Case

Panit Wattanakoon
Faculty of Economics, Thammasat University

1 Review

Recall from one-independent variable optimizations without constraints:

f(x)
f(x)dx

Y
dy

FOC for an optimum necessary condition

Z—i = f'(x) = 0 or first-order differential condition for any dx # 0 and

dy =10

SOC to check sufficient condition

Py

=4 = f"(z) < 0 maximum

f"(x) > 0 minimum
f"(x) < 0 indetermined (max,min,inflection point)

= d?y = d(dy) = d(f'(x)dz) = (df'(z))dz = f"(x)dz
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2 Two-choice-variable optimization

Suppose that we have a function with 2 choice variables: z = f(x,y)

First-order-necessary condition is :
dz = [fydx+ f,dy =0
s.dz = 0 when f,=f,=0

Theorem: A differentiable function z = f(z,y) can only have a max-
imum or minimum at an interior point (xg,yo) if it is a stationary point.
That is , if the point (z.y) = (z*, y*) satisfies the two FOC equations:

fo(xg,95) =0
fy(x0,99) =0

ex. z:f(x,y):10£+ 10y—i—xy—£2—y2

FOC: g2 = 10t ~2X =0 &> 4-2x~10 } e o
ys)o.

& = 1o-+s<~za =0 & 2y = X+410

SM'O\A s ()(k,)') = ([D/{\]
(MHI:I# ,lfu

Next, find whether aghoge points give max, min or saddle point.
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9z 0z _ . .
5= =0 and oy = 0 are necessary but no yet sufficient for max/min.

24 -
sddle foirt
C ¥ .
Y

3 Second-Order Conditions
d’z = d(dz) suppose z = f(x,y)

= a%dzdx + a%dzdy

= ae(fodr + fydy)dz + 5. (fodz + f,dy)dy

= (fwdz + frydy)dz + (fyedr + f,dy)dy

= ferd®® + fr,dydx + fdxdy + f,,dy*
d?z = fopdr® + 2f,dydx + f,,dy*

- oo [ 5 L

Hessian matrix or principal minor
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Note ¢ = au®+ 2huv + bv?
= au® + 2huv + %21)2 +bp? — 12
= a(u? + Rup 4+ 50?) — (b — E)p?
Z_ :@u+ hy) +~ 1
¢>0 when a>0 and ab— 1?50 %2 = ‘Bxx(d“ by *41) MK:? ML

&
¢<0 when a<0 and ab — h>>0 _ E(h( dx\] )} £‘K
q = d’2 , u = dx E-’ K,.I d.{]
a = fa;:r ; v: dy K ‘(31‘ Olj/
b = fyy , h = fxy lH \ )
(| =

First leading principal minor |Hy| = f, [ Mg ﬁ'\ \ f - v]D\(’L
TRy

Second leading principal minor |Hs| = fou fyy — fgy

Second-order sufficient condition

>4y

Given that FOC is satisfied 'f <0 N‘& \Px

1. maximum Whe@ﬂl frz<O | éi

%
Sy <O

I

fmj‘”yy>(fxy)2 or |Hy|>0
/

2. minimum when d?z>0 iff|f,, >0 €¥x7 0

0] o {4, > L2
@% 3

fyy>0

[£ecfo> o o 12150
N



@F{fn 2o

One variphle cose

A

MRX fo)
X
mC’ ') -0 9 ¢

I <o rax
19"06)70 Mn-

$ery=0  iflechm
?p\\/l‘f ,

s -wariadle  case.
M = rﬁ()q J ’(z)
MRy we(x,,all)
XX,
oL - ’? =3 - [ <8
2 Tk =©
o5 ,
SO(« ‘?'1(0 _‘}L&.Aﬁifn§(\|27 o
= max

fy 20 od £e-€,>0
= M
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3. otherwise, saddle point

ex. f(z,y) =102 + 10y + a2y — 2% — /°

FOC: f, = |0}~ } X>Yye(o.
fy = [0+ X’ly
SOC:  fu = £
Joy = 1
fyx - 1
fyy = -2
H = -2 I
[ -2
[Hy| = lﬁ(y, = T4 <o

= | by fyy [ = fely by = 417200

y Bl (2 ey

ex. f(z,y) = —22% — 2y — 2y* + 32z + 42y — 158

¥ =5
yw = 8
|H1| < 0
Hy| = 12 >0 } Has
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ex. f(z,y) = —2°+ay—y’+3z
(2,1) 2 =3

|H1‘ < 0

|H2‘ > 0

4 Concavity and Convexity: 2-independent-
variable-case

Consider a function with 2 choice variable: f(x1,x9)

» Golul ey
Definition the function is (strictly) concave iff for any pair of distinct
points M & N on its graph or surface, line segment MN lies either below

or entirely below
2 Q[OM MW

Definition the function is (strictly) convex iff for any pair of distinct
points M & N on its graph or surface, line segment MN lies either above

or entirely above = = ((\() - dﬁm«(m)ﬁ(i’)
¥ A A 2054w car b ’

k=07 fv')
%5“W .
T ( .
SRy \ QSW“M /
L ﬁ(uw (t=) x')

“Height of MN” “Height of arc”

>

A~

r b\

or af(z)+ (1 —a)f(z) < flax+ (1 —a)z') = strictly concave

You € o]
af(z)+ (1 —a)f(2) > f(ax+ (1 —«a)z') = strictly convex

If we use derivative conditions;
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Consider

f(x1,19) - twice continuously differentiable — d?z is defined.

z = f(xq,35) is strictly concave iff d*z is everywhere definite negative
or'd 2<0

\e“<9 ol 4((£Lz ’fw 70 VX,,V}(

= 2" is max.

z = f(x1,x9) is strictly convex iff d*z is everywhere definite positive or
d*2>0 - fl Z \./ f v

= z* is min.

fufn'f(: =202)-0 2420 V

W, W, s‘fnd(q_ Convex D?J)CTL[ of e
7 " @|°)



Chapter 8

ex. z=21%—ay+9° (convex)

Application: Duopoly

There are 2 firms with identical cost T'C; = c@);, where i = 1,2 and

market demand P = a — bQ) , () = Q)1 + ()2 Find @1, Q)2 that maximizes
each firm’s profit.

Firm 1: II; = P(Q)- Q1 — cQy
= [o—b(Q1 + Q2)]Q1 — s
I = (a—c)Q1 — QT —bQ1Q>
(a— C)Q1 — le - leQz

Foc 21 = (at)-2bQ,- M, =0

O

max I1;

= Q] = (&‘M - wz firm’s best response function

- (1) =/L/(@7

Tk _ (0-¢) - b@
- = (&-¢) - [
&l = &Q ( ) 2_
-3_5 ol
QF = a-c 3 T e - oqe 440

4l



m, = (1e)-246,-50,

o=
)

‘ - C4 L(Q [
iﬁfgt YA =LV tl
Chaptert8 J&\}

- 460, = a- c+la,
U‘l"*bU’

FICRY SV
T TS ;ﬂ(é\( 0
bg&b@ Exrﬁ% 3 (o)~ 147
Qw,/ 3;{;'&1_ ’éﬂ 28* 34 &&@J = :z 9<).c>.
Qu'g 0 "

ex. Given the following information, market demand P = 150—Q) , () =
Ql + QZ ’ P = Pl —

= Py and TC, = 60Q, , TCy = 60Q). Find optimal
quantity that each firm should produce. Also check for their SOC.

m, = (-840~ 8, T, =(19-0:8,) - tol,
= I&)Q(—Ql]‘-&‘&z~£00, : . "4 SOQ 3}:"( _9 /< o
- =10
= -0!-Q, 10l o= X c o
A = ~20,-0, 140 =0. / .
3Q, 4o 42( g =~
o = @zL / - 30 36,6,
—-
- 2
| bl b= @)~ e
Application: Duopoly-extension ’

1[ Cournot: Move at the same time

2. Stackelberg: One seller can move first

Suppose that there are two firms and they face the market demand
P = 30— @, where QQ = ¢; + ¢

Their marginal cost structures are the
same: MC7 = MCy = 3. Consider the following scenarios
1) Both move simultaneously " _ﬁ g
2) Firm 1 leads/moves first ( 0 T ,,X,
3) Firm 2 leads/moves first RC : ﬁ =0 % X-;)v;
4) Both try to lead ﬁ =6
St - ‘Eu< ° & Mg olferude ,Sdldk ‘PW’

9 él 70
>0
\ FL b2 a0) ™
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0 Cournet - B‘Tl'{ - P'z\— S\‘ :i:'mv‘ﬁr
= (30 'y )' i" - 8?.' 0522: (g;,zl
A

= % =92 -
= 301,'1,2‘ 29, ‘“32‘ 9 2

Ahedy o
) ® ‘L.=\3.s-osh}

12080,
!
=23
30C. -

o il

& |
T, =(g:)eg, - 35, [ e g bkl = @
- | ks mmﬁhr&’ﬁ‘? N
T\WI»L A lQLlQW\W NS 0/Q
¢r(={§o—z,-(w,)]% ",
:3@~ﬁuwm&1a%2“%;

fOQ ‘QCTC = EGPZZ R’gfr’fg/m'\.g = O
e |
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R IRty
( T =4 15y 0 =9, = (3.5¢475
T = 4§
y W«SGZS

bk\ (%) 1:(}'1 2 vows First FL:B'S 039 | 1's veechm i
(“'z - CPILL" G, 2(30-11’%2) iz" ?’22

_ (%,@* ‘2) b~ 324,

s R 2F - g
0 a‘h
9, =138 > =B5-15(8s) = 76

(T[; =GS-S Q09
T = 6885 = 45518

) Yhfivs by b lead

X

@ i, =~ (%-¢,- (35 ‘0'%,’)?4’32. :; g = 135
(PC ﬂzz (30 —(\&3'0&%) §%b) {h - 2? L77 ZI; - B‘S
t/nm\?’l&‘ =71TT:-5 -0 @
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Application: Multiproduct firm

1. Suppose a firm produce two goods where both of them are selling into
perfectly competitive markets. Given all the following information of mar-
ket structure: P, = 6,, P» =9/ and TC = 207 + Q1Q2 + 2Q3. Find Q,
and )y that maximize its profit 11

N H(Ql, QQ) = TR +TRy —TC

M AW AN

max I1(Q1, Q2) = 6Q1+9Q> — (20F + Q1Q2 +203)

WC—" Q\ ,ﬂ: F@ J'IT b-1¢, -0, = % Yl | J b
— I
| JLJM
ot = -
S0 9-¢,~ 4¢=0- I
S /6,22
8. = -y
‘rt”z‘Lf ‘[T<O RT?— yeﬂm@
7
A m - TE = ) L) >0
L - =S

Suppose instead that this particular firm operate as a monopoly for both
goods. Consider all the following information: P, =35—0Q: , P» = 33—Q)2
and TC =2Q7 + Q1Q2 +2Q3. Find Q1 and Q5 that maximize II

[(Q1,Q2) = T31®32—T0
max I1(Q1,Q2) = (35— Q1)Q1 % (33— Q2)Q> — (2Q% + Q102 + 2Q3)

Ql QQ — f/—

M| 68 FC BT[F = 35-90,~ wrs»/o 10,163

|
= 13- 2&'9~%&=o 0, ¢8>y

N 93829_%—3)0}%-%

N—
—0g,

—_a 6

J&f»
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Lo EQ,] >[‘s€] 0= S0y

L Mt =ln) 2 B, = b j o pl
S6C Tfu = -t T, <0

Tru/i"(a ﬂ‘”\ Tl\ Z 0
TF = -

BY
lfipedect g7 Al 6 g
/?n ’
Application: Multiplant firm )g(@ E mrw‘

Consider a firm that operate in perfectly competitive market with P_= 25
ayd has two factories which gach has the following cost structures@ =
202 +5Q1+10 and@— 2003 +3Q2+15. Find Q7 and @, that maximize
firm’s profit: II(Q1,()2) = TR, — TC, —TCy

AN IV

max T1(@1, Q) —3[01 + @2) = (207 +5Q1 +10) = (203 + 302 + 19

I@C aft :Z@g\e’ZO = @§>6

36,
%Q H> % 0 ] =5 Tr” =~
— _ 1
O —¢ mﬂnv M, 20

|

= nae0 =7 g 5s

13
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Application: Multimarket Monopoly or Price discrimination

Suppose that a firm has certain market pOﬁi over 2 goods. The total

revenue for goods 1 and 2 is R = and C' = C(Q) where
Q = Q1+ Q. Find FONC and SOSTTor maximum profit I1

= 7,(Q) (@) - C@) = R(0)%,(v) - ¢gte, )
max I(Q1,Q2)

0-0x
N, / /
A N O N A e

( , j HR,QHZI::HC,
3 - ‘Rpw O P

Solve for (Q7, Q3):

Firms need to produce until: lM Ry = MRy = M({
U

SOSC - \ -
[ (
HH:R,"C 9,8
[
Iy = ?\L - d/'
( (
I = Iy = —Q ['R/' C(@)] = - Q(&)
o0, .\
SOSC is satisfied when @ R —C"<0 v
+
2. rRi—c" % <

(3 Ml — 18, > 0 f
= Q‘\,Oj ghe T b W‘ﬁ

14
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ex. P1 =22 — 2@1,P2 =10 — 05@2 andT'C = 2Q+5 Find Ql,QQ,Pl
and P, that maximize firm’s profit.

max I(Q1,Q2) = (22 — 2Q1)Q1 + (10 — 0.5Q2) — (2 +5)

r " L
O =0, @9/:8 ) 8¢/ lmu“ﬂ?lwlw i

Application: Input decision of a firm

Let Q = f(K,L) =5K% L% P =4 w=10, r =5 Find K*, L* max

profit. 'que:M QD* M= N A,
W
=P Q-TC ‘[\TC_= reK+ wl

— 4. (5K"5L0%) — (10K + 5L)

N~ ANA——

max [I(K, L)
K,L

FONC: &1 = 10K %L -5=0 = 2K LM% _-1=0
VAN~

L* =

T ee—

(9_12 — FK 051075 _10=0 = K507 _9_
K 4
1

-
o fb(u’(p) *

15 HC: 16{"“(0 = &C
‘ﬁzzo,
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SOSC HKK — —5K_1'5L0'25 i HKK(K* = 47 L* = 1) — —%<O
HLL = —3.75K0'5L_1‘75 = HLL(K* = 4, L* — ) — —175<O

Mgy = 25K L0 = g (K*=4,L*=1)=-2

oot

5
H = [ 415] |H1|<0, |Ho|>0 . 1I(4, 1) is max.

5 _15
4 2

5 Comparative-Static Aspects of Optimiza-
tion
We can use partial differentiation to study how a change in exogenous

variables affect the equilibrium outcome in the model.

ex. Consider a perfectly competitive markets. P; and P, are exogenous
variables. The total revenue of the firm is R = P01 + P>, and its cost
is lC’ = 202 + Q:1Q; +2_Q§ Find how equilibrium quantity of goods 1 and

2 will be affected after a change in market prices P, and P. - »
28 348

giaQ)i [(Q1,Q2) = PLQ1 + P2Qy — <2Q% + Q102 "'2@%) 6?' 3’&

MU =4t -F 26,11 28
®1)&v FGC, &( [ 2 d»ﬁ Q(PL
s /

@:=4?L‘ P/
s/

P

N\

g?l 6 d?l E
\ 53?51 = -l ;@:L = 1
7 2 5 % 5
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ex~Lonsider R = P - Q(K, L) where P w, and r are exogenous. Find
%AP%LP Given,C' = wL +rK v ~
oo, Gt M MC.
%H(K,L):P-Q(K,L)—(wl}—i—r[() J/ J/

m@: PO~ v =0 = Zﬁ“t"/ 5 K
LA T B R £ RV 2

= K*= K*(P,w,r), L* = L*(P,w,r)
If P changes, while w and r remain constant; what will happen to K*, L*?
K* = K*(P) = K*(P,w,T)
L* = L*(P)= L*(P,w,r)

For FONC:

_ 48y Ak ¢ 48y .dL - 4l

P[MLKIP L dP:‘ &7 T 0,
rlffu TP ey e pg A 46y
| P d Ok« (Q,l‘iw ~r
dly — AL % & xp 4P

P OKLdP P8, G0t

Y 7| A0 Ak Bl | 4
/ [P Qrx P- QLK] {%] _QK] [a\‘oq'tALAL] @k

P-Qgr P-Qur| |55 —Qr

v/

17
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w_ POl t P60, >0 g, 7o

.. - P80y~ &5 )

dP G‘ P&LQ“L‘(' P(QKQLK) /[PZ(&KJLQU,—QL; ):l 7 0 ‘#%& 6

.. L and K are complement

rag 10,%,)

6 Multivariable Optimization .- _(f -0 {-0
(TU,

Let a function with 3 choice variables: .
KL & goC: fox ﬂ<f0

z = f(x1, 29, x3) ‘ﬁmﬂu f’ﬁj?”’

dz = fidx, + fodxo + f3dxs

€ «
/' FONC: dz:O<:>~]:1 :A{2=f3:0 = XT)(“S{S i ﬁ(l7o

w

/ sosc e o Gt ﬂ
0

9] 9]
2, _
d°z = axl(dz)dafl + o, (dz)dxzs + o (dz)dzs

fir fiz fiz| |dxy
- [dwl dzxy d5’33] Jo1 faa fa3| |dwo
31 f32 f33/ dzs

A

Hessian Matrix

]
=
il
~
£
P
=
g

n

o
Wl = -(f;\f; $e0oMA — —

\ | = \Quﬁ: ?
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« LN

\/‘t \1‘) I“
"Mt Y

Xi—
1

¥

d’z < 0 (max) d?z > 0 (min)
|Hi| = fu ) |H|<0 CF = [Hi|>0(®)
L s
fuﬁn'flb 7 = |} @ ) |H[>0 (5
’
~ [Hs|<0 (5 > |H3|>0@
Juu fiz S \ I
|Hs| = [ fa1 fa2 fo3 negative definite “positive definite!
fa1 fs2 f33) |
= all principal minoxg| = all principal minor
alternate its sign must be positive
Summar
max min
FONC | fi=fo==f,=0|fi=fo=-=f, =0
SOSC | (H)| <8, |Ho| >0 | |Hi|>0, |Ha| >0
|Hs| <0, -.|4| 70 |, [Hs|>0,..
or| (—1)|H;| > 0] |or [Hi| > 0
fori=1,2,...,n fori=1,2,....,n

E')L'H(] 70 .&' §=l,‘lm,,\4

Y '\[2()(”\(”\1&))(“)(‘)‘, Nax .
W< 0 't(-l)tll'(; 20|
) >0
tty| <0
Hy| 7 O-

ofleriag, siddle cioid

i=1 = (=1)"|H,| > o

lz5 = (‘T)F‘Hs'?o
19 [H|<0 v/

1=19 %48 -

[H,| <0 v

i conciions.
hH;‘ 20 c}vj\
|l 72

ARz

Mg | 72

[EL >
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%y:x%—|—6x§+3x§—2w1$2—433‘2953 'F(X”)(u%)
N~V
€l= 68—51: 28(‘- 212, =0
TR VRS RN S SR AR
=2 LK~4l, =0
/ fi =2 ) I | .
J2 = \L R L _
i bt t 1 : )
fiz = -2 L Y 1T
Jiz = 0o p H= ‘:\éz*’:&]’ 2 ‘ZJ '4
fa =-2 { - = =
Joz3 = -4 d gi % 0 "Lf' b J
fs1. = 0O —
feo = -4
[Hil= 2 > O
= |3 -é = 20 >0 ®
H= W] = 70

. d*y > 0 positive definite (min)

20
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Application: Multimarket Monopoly

Let P, — 63— 40,
P, = 105 — 509
Py = 75— Q3
TC = 15Q + 20

Find ()1 and P, for + = 1, 2,3 that max II

max [I(Qq, Qo,
%, THQ1, 02, Qs)

= (63—40Q1)Q1+(105-5Q2) Q2+ (75— Q3)Q3 — [15(Q1 + Q2+ Q3) +20]

FONC I, = 48—-8@Q; = Q'=6
90 — 10Qs = Q5=09
Iy = 60—20Q5 = QF=30

=
[

SOSC II;; = -8 )
Iy, = —10
IIip = IIi3=0
Iy = I3 =10
I3 = I3 =0 |

Hl=-8<0y/ Q@
|Hy|=80>0 / ©®
| = —160¢0 /O

. d?z < 0 negative definite U']N)

Quiz v o Nov &7, 2220 | (b8

21
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