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4 Testing Hypotheses about a Single Linear Combination of the
Parameter

Consider

log(wage) = By + Prjc + Pauniv + Byexper +u

where jc = number of years attending a two-year college
univ = number of years at a four-year college

exp er = months in the workforce. if the returns from 1 more Vear of educttion
We want to test whether 8, = 3,. ot d SMNOV (‘.0”@59 s the ¢ame 0 that

fy pp=p, — p,~B, <0 e univevsity.
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another possible hypothesis test (one-tailed alternative)
; = —~ : - -

oo by = ba o By 7pa =0

H‘l .' E 1 < F L Hq ' B] - p z

‘1 is agrumed that B would hot be more than p,

(refurns To a4 2-years college would ntver be more than
retuvns fo umvemry education)

toct t: ( 61 - é\z) =0
Jefee .. (By-$))
S\ ¥ then go o the extrd nofe

J

Ured < Sy level

5 Computing p-Values for t-Tests

e What is the significance level given the computed t-statistics?

-tailed rejedt | o
This Shaded aveq in e rejechon

region is The p-vdlue
— T

tefioh
fet)
3.0. pj
)- taile d \
\ Toml ared from 2 SideJ.
t =compund t < p
se. 5J

T = t-distribured random variable with 4.f. - h-k-1
t = Compured t-gsturistic

e p-value : P(|T| > |t])

~ )-Valu, = probability that o random T vaiue wil be preqte).
(in thel | ferm ) than gur tin the | test,



In-clogs exercise

ansider {he multiple regression model, agume MLR 1-6  are Jaliefied.
Y = Byt BaXy 48, X T BY; +U

You would like o oot fhe Ho : py -8B, 1

1) write the t-stutishic for festing Ky

t = (B,-3p,) 1
$.e. ( pf?’z)

") Define By = By -3, = Mot 8,1 yHg Bq¢ 1

=

b= §,-1 - We need our regregion
52.(8,) 0 have, B4 in it
S0, STATA OF OLSRSnmarion
will quromatically give 6,46..0,

Supsfitufe in e main regpession and et
V=B T(0, 138, )% + B Xy +h¥; 4 U
TBo 109K IRy o xy £ By U
= by T 0aXat By (3%, 4 05) 1 BsXy HU
¥ Mw , The eyplanafory variables are going +0 be Xy , X, t3X, anhd X,

» We QN calculefe = é1~1
§.0.0 4
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Example 1: Hj :Sﬁj >0, H,:3;,<0, df=140. ¥ T tuble
f ),z
~ p-valve = what should be

the significant level

0.5-0.49% given the oritical vale
Z0003 ) of -2.4577
lr D oe T,2 — find the shaded area’
suppose the calculated ty, = —2.75 o ke - (BJ' "PJ)
K se.§;
R X
e From the z-table, the value -2.75 corresponds to area = _.D 0_ 3_ ______
e Thus, p-value = 0__00_3 _____
e Would we reject Hy if we use the significance level = 5%7 Ve
Krukel we reject kg i p-value Csig. level
Example 2(:1_)]-[0 18 =aj, Ha:pB;#a;, df=18.<_ \g t-t1b\e
=218 213
I T
suppose the calculated tBj = —-2.18
e From the t-table, the value -2.18 corresponds to area = 9-9?-_ 1:0_0_05 o
e Thus, p-value = I§_befweein 0.02- 0.05.
e Would we reject Hj if we use the significance level = 5%7
Vs, reject Hy becquse the Qrea, is less than 0.05 or p-value ¢ 0.05
6 Confidence Intervals (CI)
e Confidence Intervales for the POPULATION PARAMETER (§;)
—— The range 0f values that would
e A 95% CI of 3, is given by
- Captuve the true Bj af a 157 chance
reject f(n) ‘
—" ;o regject
! —
— '
Toful aveq 5.

| (I—B; + @ s.e.(f;)
/
' C i§ the percentile

in the t-digtrbutiop

WA, With n-k-1 df.




Inference ~» hypothesis resting  about “B* the true parameter

wage - Byt pyeduc t p,txperience t..+u

We Weht +0 fest — hypo theses abour the true impact (p) of each X
varfables (educ ,e¥perience) gn the dependent variable (V)
BUT. we dont kpow what the frve b are. 6o, we ue B (estimamr)

Ohd  §.e.C8) +o fest 1he hypetheges.

fd 1) test i § = SIme number
tei ! reiect ¢.9. Bj=0 ™ Xj ha ho
ey\m_‘c, impact on ¥
f N Bj 1~ 1 unift inXj Wrrespong
1 unjitt jny

B= 0 hypothesited valug

eX B=0 , p=1,60.
= t-wst # - how?

\l/ A
(1) Bi bty
J.e.(ﬁj)
T - ﬁj“h’
5. ()
fan area < 2x (0.5-0.4803) * Suppos , we Calculate a

ags df. 100
57 rejed ] = 2% 0.079% = 0.039¢ = p-value! t-Statistic = Bj-Bj = 2.06
/ ‘(é 57 reject s,o,.(@d-)
. . A
@\@ M T = (F-P) * Suppose , we re testing
208 0 t-105 bR i Bj <0 o pjto
G2 tailed et

Significant level
Which we rejecr H,
* p-value = totul Shaded areq,
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(1)
Example 1: 95% CI dF' 25
l NN T
-1.06 L.06 = yqiug of 93.5M percentile

,\ in The t,c distribution
- . - A, ,\
The 957 (T for g, = [ B;-2.06 5o (Bj) ﬁj £2.0 5.0 (§))

Example 2: 99% CI

0.F =15

What pctile 77 9.5
0r qreq < 1-00005 < 0.99¢

[ orea <1 00n s
[

il |\N\/\£M L

~1%%H 1.3

A

A A
e qarcr for by = | ;- 2050 f; | Bys LY S0



F -test motivation

»we want 1 o5t fhe significance of 0 group of hypotheses (Multiple hypothests)

Grade ,c = By +pq# Timesfront + B, #times_back +pghr-study +p ¢ past_GPA t by ender +u

W, © sear pogition doesw't hove impact on GPA
By=0 and $,=0 - By=p, -0

Hq : seat position matters

or p,#0 and B,=0 }qtleaﬁone(ﬂhe by 9Py 0
Ok B <0 Ond g, 40
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7 Testing Multiple Linear Restrictions: The F-test

Suppose the model is specified by

y = Bo+ Bia1+ Porz + Pyxs+u
Hy : fBy=0and B3=0 -»We Wanf Fo festif X, and X, bOTH
Wa,H: : Hjisnot true have 1o impact on Y

We can use the F-test to test this type of "multiple hypotheses".
Lb'lg modg)|
1. Our full model is called the "unrestricted" model (ur). Suppose it can be expressed

& Y= B, tBq Xy TB X, ¥BX5t U i§ Trye-s YQ}ec’rHo
y = By + 171 + PBoxo + f3x3 + ... + Brap +u

2. The model which takes out = (which we think its associated § = 0) is called the
restricted model (r). & Small model

Us byt BaXytu is true = 00 not reject

1+ Suppose there are "g" number of B that we would like to perform a

. joint-test of =0
*»e.g. in this model =2

Y - boi'bﬂ(/‘ t ?)ZXZ t 0t Bk-oka_% + 4

o ’E’k-q{ﬂ ‘Bk-a,n = Bz

(the lat o p. =0)

Hq’ Ho Is ot trye.
(

Yo Bot bkt B Xato Fh X, T pk_qf_qu#’_f Bk_%nx I b X, U

-

"

r
N—

\f
ur
This is elways (+)
{ bIG SR, < SR,
F = ( §SR -SSRMV) Every time you add 1 more X,
av the mode| will be better eXplained.

SRy
n-k - d.f.0f the “ur”
( 4)F_/ of the model




“§0 , if every fimg you add 1 more X variables 4 the LSRY
ong R, why dop'T we §ust keep the additional X v
the wodel 77

= becquse Query ftme we add 1 more X o var( g,)
Wil increafe , Making the  predichon of g lesC precie.
So, We oNnly Ieep the addifion X if it/ihey Can improve
e model enough can sighificanrly ¥ &SR and 1R

f(F)

to: By Py =7 0

- reject .
’ g Ho not frue
F~F n-K-1
B /"53 .
# 0f JoINT Hypotneses df.of the

bing tested ur mode|
T 7 , f
! 1

G C Critical level) ‘y’f: Jf?gggfl.f“oFojGJOW\ﬂv
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3. Some useful facts
@ sz Y er becawse any addiional X would increage R
(tmprove fit)

> SRy <SSRy
(D By including move X , the model is cerhinly betrer ¢xplained.

However, we would Iike fo rgject Hy if the inclusion of
BIrd vaiables does not Imprave the model enough.

4. Other ways to calculate the F-statistics:

RIS
= fram R <9 - ﬂj
ST %N
We have £ = (R%, -R%)
(1, ('l*Kzur)
h-K-1
- If we Wanr 0 fest e overal
Significance 0f the model
fy - Prsby=byc . <Br<0 ,H, = 0thewise

F = YK
(=R [ (h=k~1)

Example: Suppose we are interested in understanding the determinant of a baseball

player’s salary. I we want 10 fest whether performance

Y salary = season salary ,
v { years = years in major leagues nas ny impact 0n & |Gl"y.
gamesyr = games per year in the league HO B - p 2B =0
ur 1\ bavg = career batting average bavg hrunsyr rbisyr
hrunsyr = homeruns per year H a0’ 0herwice
rbisyr = runs batted in per year

e the unrestricted model (ur) is defined by



Ur model 6. Multiple Regression Analysis (Inference) 73

Y X

. regress log salary years gamesyr bavg hrunsyr rbisyr

Source 55 df MS Number of obs = 353
F( 5, 347) = 117.06
Model 308.989208 5 61.7978416 Prob > F = 0.0000
Residual 183.186327 347 .527914487 R-squared = 0.6278
Adj R-squared = 0.6224
Total 492.175535 352 1.39822595 Root MSE = .72658
log_salary Coef. Std. Err. t B>|t]| [95% Conf. Interval]
vears .0688626 .0121145 5.68 0.000 .0450355 .0926898
gamesyr 2 .0125521 .0026468 4.74 0.000 .0073464 .0177578
bavg 3 .0009786 .0011035 0.89 0.376 -.0011918 .003149
qﬁ hrunsyr § .0144295 .016057 0.90 0.3695 -.0171518 .0460107
rbisyr§ .0107657 .007175 1.50 0.134 -.0033462 .0248776
_cons 11.19242 .2888229 38.75 0.000 10.62435 11.76048
When Conglderivg each of +he rformane X
e the restmcte?/ model (r) 1; defined by 0ne -by ~0ng , Nohe o them has a Signifcant
impact at 57
. regress log salary years gamesyr
Source 55 df MS Number of obs = 353
F( 2, 350) = 259.32
$E Model 293.864058 2 146.932029 Prob > F = 0.0000
§SR Residual 198.311477 350 .566604221 R-squared = 0.5971
Adj R-squared = 0.5948
SKT Total 492.175535 352 1.39822595 Root MSE = .75273
log_salary Coef. Std. Err. t P>|t] [95% Conf. Interval]
years .071318 .012505 5.70 0.000 .0467236 .0959124
gamesyr .0201745 .0013429 15.02 0.000 .0175334 .0228156
_cons 11.2238 .108312 103.62 0.000 11.01078 11.43683
+but when performing an F-tert
Now, our H, and H, becomes perfomances "\Q\IQ,JU\V\T 1Mpact.
Fz (SR, -Sskye) [
SRy, /(n-K-~ W o
ar /(=K1 F= (RY1)
Z 198, - / _pl }
§.311 193186 / 3 x4 55 (1-RY/n-Kk-1
. 183. 186 /(353-5-1) = (0.6238]3) ¥ 185 0141
, Lot use S lewel of Sig) (1-0.823) [ 353-5-1
\
reject at S

F=455 Cinee F<9.55 Y 2.6 , we reject ft, ot 57 lew
! P Od conciude that perfyrmances have Joint effects
Fr — (= 2.6 on Qlary.
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TABLE D.3 UPPER PERCENTAGE POINTS OF THE F DISTRIBUTION
Example

Pr(F > 1.59) = 0.25

Pr(F > 2.42) =0.10 for df Ny =10
Pr(F > 3.14) = 0.05 and Np =9
Pr(F > 5.26) = 0.01

5% area

/ 1% area
| /

F
0 3.14 5.26
Ala L
Fthe #0f oy poteres fested (
df for _}u L m %)
denom- df for numerator N,
inator
/ No Pr 1 2 3 4 5 6 7 8 9 10 1 12
( 254 o5 5.83 7.50 8.20 8.58 8.82 8.98 9.10 9.19 9.26 9.32 9.36 9.41
n k'ﬂ 1104 10 39.9 49.5 53.6 55.8 57.2 58.2 58.9 59.4 59.9 60.2 60.5 60.7
$/.| .05 161 200 216 225 230 234 237 239 241 242 243 244
.25 2.57 3.00 3.15 3.23 3.28 3.31 3.34 3.35 3.37 3.38 3.39 3.39
o 10 8.53 9.00 9.16 9.24 9.29 9.33 9.35 9.37 9.38 9.39 9.40 9.41
.05 18.5 19.0 19.2 19.2 19.3 19.3 19.4 19.4 19.4 19.4 19.4 19.4
.01 98.5 99.0 99.2 99.2 99.3 99.3 99.4 99.4 99.4 99.4 99.4 99.4
.25 2.02 2.28 2.36 2.39 2.41 2.42 2.43 2.44 2.44 2.44 2.45 2.45
3 10 5.54 5.46 5.39 5.34 5.31 5.28 5.27 5.25 5.24 5.23 5.22 5.22
.05 10.1 9.55 9.28 9.12 9.01 8.94 8.89 8.85 8.81 8.79 8.76 8.74
.01 34.1 30.8 29.5 28.7 28.2 27.9 27.7 27.5 27.3 27.2 271 271
.25 1.81 2.00 2.05 2.06 2.07 2.08 2.08 2.08 2.08 2.08 2.08 2.08
4 10 4.54 4.32 4.19 4.11 4.05 4.01 3.98 3.95 3.94 3.92 3.91 3.90
.05 7.71 6.94 6.59 6.39 6.26 6.16 6.09 6.04 6.00 5.96 5.94 5.91
.01 21.2 18.0 16.7 16.0 15.5 15.2 15.0 14.8 14.7 14.5 14.4 14.4
.25 1.69 1.85 1.88 1.89 1.89 1.89 1.89 1.89 1.89 1.89 1.89 1.89
5 .10 4.06 3.78 3.62 3.52 3.45 3.40 3.37 3.34 3.32 3.30 3.28 3.27
.05 6.61 5.79 5.41 5.19 5.05 4.95 4.88 4.82 4.77 4.74 4.71 4.68
.01 16.3 13.3 12.1 1.4 11.0 10.7 10.5 10.3 10.2 10.1 9.96 9.89
.25 1.62 1.76 1.78 1.79 1.79 1.78 1.78 1.78 1.77 1.77 1.77 1.77
6 .10 3.78 3.46 3.29 3.18 3.1 3.05 3.01 2.98 2.96 2.94 2.92 2.90
.05 5.99 5.14 4.76 4.53 4.39 4.28 4.21 4.15 4.10 4.06 4.03 4.00
.01 13.7 10.9 9.78 9.15 8.75 8.47 8.26 8.10 7.98 7.87 7.79 7.72
.25 1.57 1.70 1.72 1.72 1.71 1.71 1.70 1.70 1.69 1.69 1.69 1.68
7 .10 3.59 3.26 3.07 2.96 2.88 2.83 2.78 2.75 2.72 2.70 2.68 2.67
.05 5.59 4.74 4.35 412 3.97 3.87 3.79 3.73 3.68 3.64 3.60 3.57
.01 12.2 9.55 8.45 7.85 7.46 7.19 6.99 6.84 6.72 6.62 6.54 6.47
.25 1.54 1.66 1.67 1.66 1.66 1.65 1.64 1.64 1.63 1.63 1.63 1.62
8 10 3.46 3.11 2.92 2.81 2.73 2.67 2.62 2.59 2.56 2.54 2.52 2.50
.05 5.32 4.46 4.07 3.84 3.69 3.58 3.50 3.44 3.39 3.35 3.31 3.28
.01 11.3 8.65 7.59 7.01 6.63 6.37 6.18 6.03 5.91 5.81 5.73 5.67
.25 1.51 1.62 1.63 1.63 1.62 1.61 1.60 1.60 1.59 1.59 1.58 1.58
9 10 3.36 3.01 2.81 2.69 2.61 2.55 2.51 2.47 2.44 2.42 2.40 2.38
.05 5.12 4.26 3.86 3.63 3.48 3.37 3.29 3.23 3.18 3.14 3.10 3.07
.01 10.6 8.02 6.99 6.42 6.06 5.80 5.61 5.47 5.35 5.26 5.18 5.1

Source: From E. S. Pearson and H. O. Hartley, eds., Biometrika Tables for Statisticians, vol. 1, 3d ed., table 18, Cambridge University
Press, New York, 1966. Reproduced by permission of the editors and trustees of Biometrika.
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TABLE D.3 UPPER PERCENTAGE POINTS OF THE F DISTRIBUTION (Continued)

df for
denom- df for numerator Ny
inator
N> Pr 1 2 3 4 5 6 7 8 9 10 1 12
.25 1.40 1.48 1.47 1.45 1.44 1.42 1.41 1.40 1.39 1.39 1.38 1.37
20 10 2.95 2.56 2.35 2.22 2.13 2.06 2.01 1.97 1.93 1.90 1.88 1.86
.05 4.30 3.44 3.05 2.82 2.66 2.55 2.46 2.40 2.34 2.30 2.26 2.23
.01 7.95 5.72 4.82 4.31 3.99 3.76 3.59 3.45 3.35 3.26 3.18 3.12
.25 1.39 1.47 1.46 1.44 1.43 1.41 1.40 1.39 1.38 1.38 1.37 1.36
o4 .10 2.93 2.54 2.33 2.19 2.10 2.04 1.98 1.94 1.91 1.88 1.85 1.83
.05 4.26 3.40 3.01 2.78 2.62 2.51 2.42 2.36 2.30 2.25 2.21 2.18
.01 7.82 5.61 4.72 4.22 3.90 3.67 3.50 3.36 3.26 3.17 3.09 3.03
.25 1.38 1.46 1.45 1.44 1.42 1.41 1.39 1.38 1.37 1.37 1.36 1.35
26 .10 2.91 2.52 2.31 217 2.08 2.01 1.96 1.92 1.88 1.86 1.84 1.81
.05 4.23 3.37 2.98 2.74 2.59 2.47 2.39 2.32 2.27 2.22 2.18 2.15
.01 7.72 5.53 4.64 414 3.82 3.59 3.42 3.29 3.18 3.09 3.02 2.96
.25 1.38 1.46 1.45 1.43 1.41 1.40 1.39 1.38 1.37 1.36 1.35 1.34
28 .10 2.89 2.50 2.29 2.16 2.06 2.00 1.94 1.90 1.87 1.84 1.81 1.79
.05 4.20 3.34 2.95 2.71 2.56 2.45 2.36 2.29 2.24 2.19 2.15 2.12
.01 7.64 5.45 4,57 4.07 3.75 3.53 3.36 3.23 3.12 3.03 2.96 2.90
.25 1.38 1.45 1.44 1.42 1.41 1.39 1.38 1.37 1.36 1.35 1.35 1.34
30 10 2.88 2.49 2.28 2.14 2.05 1.98 1.93 1.88 1.85 1.82 1.79 1.77
.05 417 3.32 2.92 2.69 2.53 2.42 2.33 2.27 2.21 2.16 2.13 2.09
.01 7.56 5.39 4.51 4.02 3.70 3.47 3.30 3.17 3.07 2.98 2.91 2.84
.25 1.36 1.44 1.42 1.40 1.39 1.37 1.36 1.35 1.34 1.33 1.32 1.31
40 10 2.84 2.44 2.23 2.09 2.00 1.93 1.87 1.83 1.79 1.76 1.73 1.71
.05 4.08 3.23 2.84 2.61 2.45 2.34 2.25 2.18 2.12 2.08 2.04 2.00
.01 7.31 5.18 4.31 3.83 3.51 3.29 3.12 2.99 2.89 2.80 2.73 2.66
.25 1.35 1.42 1.41 1.38 1.37 1.35 1.33 1.32 1.31 1.30 1.29 1.29
60 10 2.79 2.39 2.18 2.04 1.95 1.87 1.82 1.77 1.74 1.71 1.68 1.66
.05 4.00 3.15 2.76 2.53 2.37 2.25 217 2.10 2.04 1.99 1.95 1.92
.01 7.08 4.98 4.13 3.65 3.34 3.12 2.95 2.82 2.72 2.63 2.56 2.50
.25 1.34 1.40 1.39 1.37 1.35 1.33 1.31 1.30 1.29 1.28 1.27 1.26
120 .10 2.75 2.35 2.13 1.99 1.90 1.82 1.77 1.72 1.68 1.65 1.62 1.60
.05 3.92 3.07 2.68 2.45 2.29 217 2.09 2.02 1.96 1.91 1.87 1.83
.01 6.85 4.79 3.95 3.48 3.17 2.96 2.79 2.66 2.56 2.47 2.40 2.34
.25 1.33 1.39 1.38 1.36 1.34 1.32 1.31 1.29 1.28 1.27 1.26 1.25
200 .10 2.73 2.33 2.1 1.97 1.88 1.80 1.75 1.70 1.66 1.63 1.60 1.57
.05 3.89 3.04 2.65 2.42 2.26 2.14 2.06 1.98 1.93 1.88 1.84 1.80
.01 6.76 4.71 3.88 3.41 3.1 2.89 2.73 2.60 2.50 2.41 2.34 2.27
.25 1.32 1.39 1.37 1.35 1.33 1.31 1.29 1.28 1.27 1.25 1.24 1.24
o .10 2.71 2.30 2.08 1.94 1.85 1.77 1.72 1.67 1.63 1.60 1.57 1.55
.05 3.84 3.00 2.60 2.37 2.21 2.10 2.01 1.94 1.88 1.83 1.79 1.75
.01 6.63 4.61 3.78 3.32 3.02 2.80 2.64 2.51 2.41 2.32 2.25 2.18
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8 How the Hypothesis Testing is done in Practice

1. Check the values of t — statistic reported by the statistical software (i.e. STATA,
SPSS, SAS)

= These t — statistics are to test Hy : 3; =0
¢ 2 -table , ,
= If the d.f. > 30, then when ¢ > 1.96, we can reject H Wlﬂl\ Y2 {]9 jeve |

= When t > 1.96, we can say that (3, is statistically significant at 5% level.
(value of 3, # 0)

= When t < 1.96 we can say that 3, is not statistically significant at 5%
level.

= If t < 1.96 we can drop z; from the model
= After we drop x;, we estimate the new regression function and obtain a new set

offi’.

2. We can also perform other hypothesis testings of interest.

e.g. Ho: B, =p;
or Hy:[B,=5 etc.

or perform an F-test for testing multiple linear restrictions

3. Usually, in economics, the estimation results are reported using this form

Dependent Variable: log(salary)
Independent Variables 1) 2) 3)
SQIEJ — log(sales) 224 158 .188
(.027) (.040) (.040)
log(mktval) — 112 .100
0¥er Company (050) (.049)
pev formane profmarg — —.0023 —.0022
(.0022) (.0021)
ceoten e s 0171
CEO (‘]\QMCTQHSTICS (.0055)
comten — —.0092
(.0033)
intercept 4.94 4.62 4.57
(0.20) 0.25) (0.25)
Observations 177 177 177
R-squared 281 304 353

, t
like o simple regresrion
with 1X



