Appendix C Fundamentals of Mathematical Statistics

PROBLEMS

Let Y, Y, Y, and Y, be independent, identically distributed random variables from a

population with mean p and variance o2 Let ¥ = + (Y + Y, + ¥, + Y, denote the
average of these four random variables.

(i) What are the expected value and variance of ¥ in terms of y and o?

(ii)) Now, consider a different estimator of w.:

|
W= 8Y1+8Y1+ Y -I~2Y4
This is an example of a weighted average of the Y. Show that Wis also an unbiased
estimator of . Find the variance of W.
(1i1) l}ased on your answers to parts (i) and (ii), which estimator of w do you prefer,
Y or W?

This is a more general version of Problem C.1. Let ¥, ¥,, ..., ¥, be n pairwise uncor-
related random variables with common mean p and common variance o”. Let Y denote
the sample average.

(i) Define the class of linear estimators of u by

W=al¥ + af. + ..+ ay,

where the a, are constants. What restriction on the a. is needed for W to be an
unbiased estimator of w?

Find Var(W).

For any numbers a,, a,, ..., a,, the following inequality holds: (a, + a, + ... +
ayin s at + ai + .. + a’. Use this, along with parts (i) and (11) to show
that Var(W) >Var(Y) whenever W is unbiased, so that Y is the best linear unbi-
ased estimator. [Hint: What does the inequality become when the a, satisfy the
restriction from part (i)?]

Let Y denote the sample average from a random sample with mean w and variance o?.

Consider two alternative estimators of u: W, = [(n — l)fn]? and W, =¥/

(i) Show that W and W, are both biased estimators of w and find the biases. What
happens to the biases as n — %? Comment on any important differences in bias

- for the two estimators as the sample size gets large.

(i) Find the probability limits of W, and W,. {Hint: Use Properties PLIM.1 and
PLIM.2; for W, note that plim [(n — 1)/n] = 1.} Which estimator is consistent?

(iii) Find Var(W) and Var(W,).

(iv) Argue that W, is a better estimator than Y if w is “close” to zero. (Consider both
bias and variance.)

For positive random variables X and Y, suppose the expected value of ¥ given X is
E(Y|X) = 6X. The unknown parameter  shows how the expected value of ¥ changes
with X,

(i) Define the random variable Z = Y/X. Show that E(Z) = 6. [Hint: Use Property
CE.2 along with the law of iterated expectations, Property CE.4. In particular,
first show that E(Z|X) = 6 and then use CE.4.]

Use part (i) to prove that the estimator W, = n”! 2:#] (¥,/X,) is unbiased for 0,
where {(X,Y):i= 1,2, ...,n} is a random sample.
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