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Chapter 6: Function of several variables
and Multivariate calculus

6.1) Function of several variables

Suppose we have two variables (x,y). A function that maps these two variables
into another set valued of variable, z, is called function of two variables.

1 1
2 2

Example 6.A f(x,y) = 2x + x?y3 Z=R ay

Similarly, a function that maps from the value of N-variable into another set
valued of variable, z, is called function of N variables.

Example 6.B T B e M) = i X v

Most economic functions require the representation of multivariate
relationship.

Utility function: U = f(xq,x3, X3, ..., Xp)
Production function: y = f(K,L,...)
Demand function: Q¢ = f(P,1,P,,T)

Supply function: Q3 = f (P, w, P))
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6.2) Multivariate differential calculus

6.2.1) Partial derivative

Definition: Suppose y = f(x;,x,,%3,...,%,), i.e. f:R™ - R, the partial
derivative of “y” with respect to “x;” is denoted by:

dy | of _ £ =lim fxn e Xp By, xn) = F(X1, o) Xy oees X)
6xi Bx[- . h-0 h

* Operationally, deriving the partial derivative of a function is so simple!!
* We simply treat all other variables, except x;, as constant.
AT BTG A ST

SR ST R N IR T N AT
* Then, apply all the rule of differentiations that we knew from the case of

single variable calculus to the multivariate function.
* Let’s proceed to some examples.

Example 6.C:

Suppose that U = —5x2 — 12xy — 6y? find 2—: (=U,) and Z—: (=U,).
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Graphical illustration of partial derivative

22

Definition: Gradient vector C “'thhh)
s RS
Vector of the Collection of all the first-order partial derivative terms in matrix
it T EAL TR
(vector)
T=lox-|2y

=[] =T ey

For any arbitrary “n” variables, the gradient vector of y = f(xy, x5, X3, ..., x,,) is
given by / Celf Gﬂg.‘ s f‘
vf = [ ] b '-"fvr
fn

nx1 Q\‘
CB Opﬁhﬁlﬁs"'ﬂ\. Phlnw
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Example 6.C (cont): What is the second-order partial derivatives of the
function used in Example 6.C above
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Hessian matrix: Collection of the second-order partjal derivative in matrix
[Ger Vo) clone x
H =
U Uyy

. oxis
Y Uxx 20 5 Qe
.lw: X

Example 6.C (cont): Hessian matrix of U

oxis
U xen U%‘ﬁ =10 -z
R\ Uyx Uyy e -1z
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Example 6.D: f(x3,x,,..x,) = x1X,%3 ... X, Jl_ x
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Higher-order partial derivative

2
- Second-order partial derivative: (axf)
i
Differentiating the first-order derivative function with the same

of
. a(axi) . . . . . . . .
argument: ——=, i.e. differentiating the multivariate function with respect to
L
the same argument twice.

(o) _

ox; o fU

: -
- Second-order cross partial derivative: L) =
axian

What does the second-order partial derivative tell us?

Concavity/Convexity along a certain axis!
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Notice an important property of the Hessian matrix

Haestlen (Mdvix

For any arbitrary “n” variables, the gradientweetor of y = f(x;, x5, X3, ..., x,,) is
given by
-5 -Cl\ ‘Flz 4l3" 'ﬂn
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Example 6.D (cont): Hessian matrix of “f”
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What does partial derivative tell us in economics?

ay _of _

¢ Economically, what does the partial derivative, i.e. T o
i i

fi (x1,%3,%3,...,%,), tell us about?
* Marginal effect of x; on y. (marginal treatments)

— Measuring the change in “y” that is purely attributed to the change
crR1s in particular “x”, while keeping all other “x” stay the same.
/

% V“. %his basically ce'lptures th% concept so called “Ceteris Paribus”.
7
UkLS (k)P ULY? e (fk,td)

1 2
Example 6.E Consider a production function given by, Q = K3L3

a) Derive the expression for marginal product of labor (MPL) and capital
(MPK), respectively

2\ = MPLlw é@_ —

AL /3% i
LB SNt TS ‘:;Liv;
= = 52 - >0 i
Pk mpL fumcton (ML fuverhon ; kL) Oliming

3

o)

MP = AR .5 MPke 28
¥ Pk

S
NPk Gunchin Inlevm & Kowml.
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b) How does the MPK change with respect to k? Similarly, how does the MPL
change with respect to L?

c) How does the MPL change with respect to k? Discuss the implication of
you result.
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Cobb-Douglass function

Charles W. Cobb and Paul H. Douglas (1928) “A Theory of Production”
AER: cited as one of the top 20 most influential paper in economics

General form: Q = K“L5;
— Inour example 6.E, a = % and f§ = ;

Mathematically, the Cobb-Douglass production function is a
homogenous function.

— a + f is the degree of homogeneity.

Definition: A function is said to be a homogenous function if

F kg, T8y, £X) = T (05 e i )

where “m” is called the degree of homogeneity.

The Cobb-Douglass function is a homogenous function

- Proof: (tK)*(tL)? = t@+tPKgaB=ta+B
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Example 6.F: Which one is HM function, and to what degree.
-z=x*+y? 4 2
- z=x+y> Nt l‘\hwwc}.e reavs £ 5
—z=x¥y+xiys H D
— z=(akKTo 4ty H 4

o CES (>|'cO\\AL’|"bh -C:Z

Mathematical properties of HM function of degree “m”.

(i)  f;is degree of homogeneity “m-1".

(i) Eulertheorem: YN, fix; = mf(xy, x5, ..., xy)

Why do we use HM function in economics?

e For the production, HM reflects the assumption that production
technology exhibits return to scale.

e Whatis the return to scale?

— If you proportionately increase “K” and “L”, how much is the
increase in “Q”, measuring in terms of its proportion to an increase
in factor input.
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e Degree of homogeneity can tell us:
a + f = 1: Constantreturn to scale
a + B > 1: Increasing return to scale

a + B < 1: Decreasing return to scale

Elasticity versus Partial elasticity
* y = f(x) =» Elasticity = Z—i *%
Y
* z=f(w,x) 4 -
'Y
— Partial elasticity of z with respect on w

dz w dIn(2)
— S T ———
dw z dln(w)

— Partial elasticity of z with respect on x

dz x JdIn(2)

ax z @ In(x)
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