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8. Multiple Regression Analysis: The Problem of Inference

In this chapter, we will extend the ideas of interval estimation and hypothesis testing developed there to
models involving three or more variables.
Yi = B+ BaXoi + B3 Xai +
We have already known that if our objective is to do interval estimation and hypothesis testing, we
need to assume that the w; follow the normal distribution with zero mean and constant variance a?

With the normality assumption and the CLRM assumptions, we know that:

[1] The OLS estimations of partial regression coefficients are best linear unbiased estimators
(BLUE).

[2] The estimators 3, fi2, and f; are normally distributed with means equal to true §;.fs, and B
and variances are following:

var(fiy) = ! + s, +1X"h ’;«-‘%i 2% ?"'JI'-".V xo?
" Loy Lo, — (Eoaixsi )

se(fy) = +y var(fy)
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Moreover, 4=3)°

o7 follows the 2 distribution with n-3 df. We can also show that, if we replace the

true & by its unbiased estimator ¢ in the computation of the standard errors, we then get
BB

se(f)

B B

se(f)

[
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follows the t distribution with n-3 df.

Example Consider the following regression:

log(salary) = 4.32+40.280 log(sales)+0.0174 ROE+0.00024 ROS
se = (0.32) (0.035) (0.0041) (0.00054)

(8.1)

R® =0.283

where
salary =salary of CEO ( toKkand "/F do““VS)
sales=annual firm sales ‘1 “
ROE=return on equity in percent —% E¥Y. RUE = ‘C)) ﬁqugg ke.‘bw'

ROS =return on firm’s stock gi,u,'fg s 1o/
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Interpreter the partial regression coefficients

Questions What about the statistical significance of the observed results?
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Questions What about the statistical significance of the observed results?

For the coefficient of log(sales) of 0.280, Is this coefficient statistically significant different from
zero?

For the coefficient of ROE of 0.0174, Is this coefficient statistically significant different from zero?
For the coefficient of ROS of 0.00024, Is this coefficient statistically significant different from zero?

Are these three coefficients statistically significant?
To answer these questions, we have to learn the Kinds of hypothesis testing.
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8.1 Hypothesis Testing About Individual Regression Coefficients 129
8.1 Hypothesis Testing Ano(mivlduul Regression Coefficients)

We can use the t-test to test a hypothesis about any individual partial regression coefficient.

8.1.1 Two-tail test:
Let us postulate that

Hy: p=0 ( sales does nol affect ceo sB,lqry)
e B#0 ( shles ofon effect cEo gq/q,y)

Supprre & = oof
© compute £
t ”ﬁ;/_’c - 9228 -0 _ 900
sep"L 0.02¢
Q Fived  erit el 1
L N= 209
Voifz Nn-h = wWS-4 =1c5
t % 1 -t = 1.9
o.01v 015 _921 sn-p = 0.025 108 -

L Gy—compare £ w/ cxilical ¢

> A

i }E simee b S Lipemy, , Then we may efect-

570 e vl hypothesis theit Hy: p, = o,

T dhwywrcls/ f)\z is S‘h‘(’lsﬂmlg sbn!f/mm—f_ U(IW
»ewm zevo at as/
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8.1 Hypothesis Testing About Individual Regression Coefficients

131

8.1.2 One-tail fests
Let us postulate that ©

Ho: <0 (5“"’.5' Nﬁqﬂn[} im,)qc‘f cev Sﬁlﬁrg,)
Hy: fp=0 (Sollcs ros;’//u(g mec,d’ CEo g;,/qy?)

D—T-Y

{(/d%; ‘fo’o(lwf = [r ‘(‘S-

CH8 Page 6




132 Chapter 8. Multiple Regression Analysis: The Problem of Inference

8.2 Testing The Overall Significance of the Sample Regression C QJO0TNT TEST)
In the previous section, we test the significance of the estimated partial regression coefficients individu-
ally, that is under the separate hypothesis that each true population partial regression coefficient was
zero. Bul now we are interested in testing a2, Bz and fiy are jointly or simultaneously equal 1o zero, In
other words, we would like 1o test the following hypothesis:

! Ho' B =Ps=Ps =0 & HI N M {%1" ong 6£M s ”O-t'
4ual to 2010

In order to reach this goal, we have to learn the following test.
The Analysis of Variance Approach to Testing the Overall Significance of an Observed Mul-
tiple Regression: The F-Test

The joint hypothesis can be tested by the Analysis of Variance (ANOVA) which can be demon-
strated as follows:

(&:9)

Table 8.1: ANOVA Table for the three-variable regression model

Source of variation Sum of Square df Mean Sum of Square
A s A MSS,, A
Due to regression (ESS) r)z S '#ikﬁ + Siy'}"n‘ 2 Pe 2y Xy +/’3£%/%.,’;
"L AT <
£ U n-3% Zu

Due to residuals (RSS) P
"3

2 2

TSS Z 9,- n—| =@
-1

TSS = ESS f RS N
N A Al
2y + P LY T 2 W

=z “J_ZI' = PL

FOR  JoVT TS| 5 WE  (oMfUTE F - sTATISTZC
. -p = n
[Ho' Pr=f OJ F = ESS /OHL _ (ﬁzfq(gf f“P;27‘31'g) /Z
Rss /A Z4& /n-3)

F is distyibuted w/ 2 omt/ -2 d‘F,

7{.) om ¢47L€ ZCZ/Z/
we have, to estimale

P fe) Py which (omeme
3 of g0, o= n-3,

8.2 Testing The Overall Significance of the Sample Regression
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Decision Rule Given the k- variable regression model:

Yi= B+ BaXoi + BsXai + oo+ BiXpi + 1

To test the hypothesis
Hy: ph=f=..=f=0

{i.e ., all slope coefficients are simultaneously zero) versus

Hy Not all slope coeflicients are simultancously zero

If F = Fa(k — 1,n — k), we reject H, ; otherwise we cannot reject it, where Fg(k — 1.n — k) is
the critical F value at the @ level of significance and (k-1) numerator df and (n-k) denominator df.
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An important Relationship between & and F

oL —regressors——ipytercepl
- f—reg P
- ESY /-
RSS / (n A )
= h-A). ESS
(R-0 RSS
= (Y\-/é) a_ﬂ—_
R-1) 1SS - ES¢
= h-b ES
(/h-l) ’TSS_’__
T - FESs
2 799
- (w—k) , R 2
Ck-1)  1-R* Q@ F|F=0 f=0
YA _ The |hisher the 2
T (~K_{/cf%@) = @/(M‘irtﬂ‘lﬂ’m/Flf"u
I vez n-
_ 4 @I fimrt , vl &S l
‘ e lis ingimite.
Ex’ Hot Po=fy=py =0 C Ceo sacApy MopEC )
Ht Mot all slope (M(g’cf'/w'fs ave o Sfmulv‘meaaség
57ef | @M= F - STATISTI
F= p*/B-1) 026/ (4~} - 24.9H2
(=Rt Mgl (1=028 X2 ~-5)
S11244 PMP  cRTTAL F o STAT ©
/
o = 0.05 ) FU,U() .‘]').0{ Q Z,GS—,
/—STKP; (orPARE Ft'aM(’oTEn wy/ F CRTTcAL
A —
Sinee F=269%2 7 Foortw, = z,ac;
‘H’W we VVID(’ Mf&cj_ HO‘F)’L "/'1, :/350:0
0]1- qf./, (OV“F/‘M M:

8.2 Testing The Overall Significance of the Sample Regression

Table 8.2: ANOVA Table in Terms of R?

Source of variation Sum of Square df Mean Sum of Square
ss MSS
Due to regression (ESS) R". 4 qél._ 2 R™ E%f'/z
. z - G-r*)-2yf An-3)
Due to residuals (RSS) ([' k ) 2‘4’ n-> #' /{
TSS < 14,“ n-
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Decision Rule Testing the overall significance of a regression in terms of R

Given the k- variable regression model:

Yi =B+ BaXoi 4 BaXai 4 o + BiXu + g
To test the hypothesis

Hy: po=PBi=..=B=0

(i.e ., all slope coefficients are simultaneously zero) versus

Hy Not all slope coefficients are simultaneously zero

Compute

_ RY(k-1)
(1 —R)/(n—k)

If F = Fa(k = 1,n—k), we reject H, ; otherwise we cannot reject it, where Fg (k= 1.n—k) is
the critical F value at the ¢ level of significance and (k-1) numerator df and (n-k) denominator df.
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136 Chapter 8. Multiple Regression Analysis: The Problem of Inference

8.3 The "Incremental” or "Marginal” Contribution of an Explanatory Variable
Let consider the following regression:

__%mooael

Yi = o + 00X +u;

Having run the above regression, let us suppose we decide 1o add the additional variable, X3, to the
model and obtain the multiple regression as follow:

—> ol
Yi =B+ PaXai + BaXai + mb z
Comparing between these two regressions, we might need to answer the below questions:

[1]. What are the marginal. or incremental, contribution of X;, knowing that X»; is already in the
model and that it is significantly related 1o ¥;.

[2]. Is the incremental contribution of X3, statistically significant?

[3]. What is the criterion for adding variables to the model?

By contribution we mean whether the additional of the variable, X5;, to the model increases ESS
(and hence R*) "significantly” in relation to the RSS. This contribution is called the incremental, or
marginal contribution of an additional variable.

To assess the incremental contribution of X5 after allowing for the contribution of X>, we form

E5S—whon—we—have X, 2}(3 " —3 (Q'L)
A 2
b= g;;j: / - Esf when we hewe only X, M e wodal (Q‘)

(ESSyew — ESS,14) /mumber of new regressors
RSS,e/d f(=n-number of parameters in the new model)
( 82)

Under the normalRy assumption of i; and CLRM assumptions, this F value follows the F distribution
with 1 and n-number oNparameters in the new model. )

RSS v the new wodel ( w/ X, £
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8.3 The “Incremental” or "Marginal” Contribution of an Explanatory Variable 137

Table 8.3: ANOVA Table To Assess Incremental Contribution of A Variable(s)

{r

™ Source of variation Sum of Square df Mean Sum of Square
WMol | S8 MSS
N ESS due to X5 alone 0 =d’ L0 1 o
ESS due to the addition of X3 0:=03- 0 1 &
— ESS due to both X3.X; 05 = P Xy + s Taii 2 @
RSS Gi=05-0s n-3 fas
2 ;
T<< %S’mnlﬂffl
TSS Os=YLy n-1

As usual method, we can re write 8.2 in term of & only. Thus the F ratio of 8.2 is equivalent to
the following F ratio:

? _ R R
(1= R3,,.)/df
(R2.,, — B2 ;) /number of new regressors

1 — R, /d f(=n-number of parameters in the new model)

(8.3)

This F ratio follows the F distribution with 1 and n-number of parameters in the new model.

CHB8 Page 12



138 Chapter 8. Multiple Regression Analysis: The Problem of Inference

Example

Consider the child mortality example. We considered the behavior of child mortality (CM)
in relation to per capita GNP (PGNP). 7 nd that PGNP hasa VG jpact on
as one would expect. Now let us bring in female literacy as measured by the female literacy rate
(FLR). A priori, we expect that FLR too will have a negative impact on CM. Our sample consists
of 64 countries.

In model 1, we regressed child mortality (CM) on per capita GNP (PGNP) and female literacy
rate (FLR).

A A
Model 1: ﬁ r.b ,'v,
(,T.ﬂr},- = 263.6416 — 0.0056PGNF; — 2.2316F LR;
se = (11.5932) (0.0019) (0.2099) R*=0.7077
(8.4)
Now we extend this model to model 2 by including total fertility rate (TFR):
n " A\ A
o v -
Model 2: i i3 A [’(,
CM; = 168.3067 — 0.00555GNP, — 1. T680FLR; + 12.8686T FR;
se = (32.8916) (0.0018) (0.2480) (7 R =0.7474
(8.5)

Questions

I.How would you choose between models | and 27 Which statistical test would you use to
answer this question? Show the necessary calculations.
2. We have not given the standard error of the coefficient of TFR. Can you find it owt? (Hint:
Recall the relationship between the t and F distributions.
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8.3 The “Incremental’ or "Marginal® Contribution of an Explanatory Variable 139
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140 Chapter 8. Multiple Regression Analysis: The Problem of Inference

8.4 Testing the Equality of Two Regression Coefficients
Suppose we have the following model:

¥Yi = B+ BoXai + BaXai + PaXai + o+ BiXai + 1

We would like to test the hypotheses:

fo: Ba=ps or (s PBs) =0
Hy: Ps# By oor (B~ Pa) #0

s, it can be shown that:

Under the classical assump

where the t follows the t distribution with (n-k) df because the above equation is a k-variable model,
where K is the total number of parameters estimated, including the constant term.

The .sc(ﬁ_x - ﬁ;] is calculated from the following formula:

.\'('(33 - ﬁ;] = \.."'Imr(ﬁj] + rr:rb;.; - 2('t1|'[,(§_1.[§4)
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8.4 Testing the Equality of Two Regression Coefficients 141

Example

among other things, you were asked to consider xc following demand function for chicken:

/AN
i B é‘—,_co

In¥, = 2.0328+04515InX5 —0.3772InX5
se = (0.1162) (0.0247) (0.0635)  R® = 0.9801 Se

(8.6)

where Y = per capita consumption of chicken, 1b, X = real disposable per capita income, S, X3 =
real retail price of chicken per Ib.

Question
For the above demand function, how would you test the hypothesis that the income elasticity

is equal in value but opposite in sign to the price elasticity of demand? Show the necessary
calculations., [Note: cov(fs, ;) = —0.00142. and the sample data = 23 observations]
_—

Q Ho: Potpr=0 ce ﬁl—""&n
He Rt E0 o ft -5 o

o L- (Bd - R

J v (fy) + var () —2¢v(fy, f)
= 0.4515 4+ (037 1)

—

) (osaPtt (o063t 2 (-0.00147)

o

=~ 0.%59)

-
Y

-k osp
z

- 0.002€, 20 = 2.086

l\
@ smee.  t= 09739 <L tcm-rnch, = 2 094

)
then  we fail to Vejuf Ho? Pl‘["P} =0 OR P, = —f4
at 957 Conficlemee level,

CRTCWC A = 23%-3

polf

)

MU\MMQ ! Price dmkm‘y o(]ﬁ emmed  AND py,m ﬂ/eﬁs’f?'(ﬁ}
Gqﬁ dmomd agre  eyua| in magnitude S hot™

N \)
differ i s 913,
|[: ¥4 Chapfer 8. Mulfiple Kegression Analysis: e Froblem nierence

8.5 Restricted Least Squares: Testing Linear Equality Restriction
In economic theories, the coefficients in a regression model need to satisfy some linear equality restric-
tions, For example, in microeconomics, consider the Cobb-Douglas production function:

Y= B|X£:X_ﬂ‘=""

where Y=output, X> = labor input, and Xs=capital input. We can transform the above equation to
be the log form as:

In¥; = Bo+ BrInXo; + BaIn X3, + w;
where fiy = In f§;

Now, if there are the constant returns to scallc;sconnmic theory would suggest that
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In¥; = Py + P2 InXz; + PF3In X35 +
where By = In )

Now, if there are the constant returns to scale, economic theory would suggest that
N

[ pospi \ Vha= 7L =/ Ak

which is an example of a linear equality restriction.
In order to test the above linear equality restriction, we can follow two approaches which are;

[1]. The t-test approach pL; V'-AY = /‘l bal’ - OUf-ppf—
2hasticity

[2]. The F-test approach: Restricted Least Squares. 7. AL

First Approach: The t-Test 7 bY capltn |- output
A test of the hypothesis or restriction can be conducted by the t-test: ——— =
. B plastrer ]
(B2t PBs)— (Bt Bs) -
se(fr+Ps)
where the t follows the t distribution with (n-k) df for a k-variable model, where k is the total number
of parameters estimated, including the constant term. In this case, df=n-3.

The .re(ﬁ; + ,(;_1] is calculated from the following formula:

.ee(Bg i-ﬂ\;] = \/n>¢:r(BgJ ] lwrﬁg-l-z(‘nv[ﬁg.ﬁg)
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8.5 Restricted Least Squares: Testing Linear Equality Restriction 143

Example A
Consider the Cobb-Douglas production function 1o the Mexican economy (1955-1974: n=20): —t = C W
INGDP, = —1.6524+0.3307 InLabor, +0.8460InCapiral, se
r = (—2.7259) (1.8295) (9.0625) R* =0.9951 RSSyg = 0.0136
(8.7)

where GDP = Real GDP, Millions of 1960 pesos, Labor = Employment, Thousands of People,
Capital = Fixed Capital, Millions of 1960 pesos.

Question
As you can see, the output/labor elasticity is about 0.34 and the output/capital elasticity is about
0.85. If we add these coefficients, we obtain 1.19, suggesting that perhaps the Mexican economy
during the stated time period was experiencing increasing returns to scale. However, we do not
know if 1.19 is statistically different from 1. ="

Therefore, we have to test this linear equality restriction.

Ho * Pf_h,i'_ C crd)
M h*(‘»ﬁm

ccomwre £ 7 ‘LA: (’3‘ *!”ﬁz\‘([’;‘”"’i)

,/ vw(ﬁz) 4 vav(/gs); Z(ov{/al-np;)

(073 + 0.9aw) =1

= e
St v ————
(o0ssm* (01033,",)_,» 2 (U..”m)

L. 0444

* Find tca.”fl'r«l : t a /‘A_
0.025 20-3  ~ 2.to

A

N (OW‘P"Ve t with tcw'fc'r«‘ . sSimae t =2.0499 < fom‘//m/ =2./i0
thn  ne 'fﬁ;‘ to Yej‘cf fhe Ho' ;l'f'ﬁ;=/_
%m'@n /‘n«z Pyoc(uc‘f‘)w %qwofﬁm exhibits
(onstart vetwns to scale : 7.8k= 2802 74Q
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144 Chapter 8. Multiple Regression Analysis: The Problem of Inference

8.6 The F-Test Approach: Restricted Least Squares

From the Cobb-Douglas production function:

In¥; = Bo+BaInXs+ BalnXy+ 1
(8.8)

if there are the constant returns to scale, economic theory would suggest that

Bt pPi=1
We can rewrite it as:
Br=1-p5
or
Bs=1-p

Using either of these equalities, we can eliminate one of the § coefficients. Therefore, we can
rewrite the Cobb-Douglas production function as:
7 ¢
Let % substitute Pr=l —Ps into  (9.3) %
AaNi= Po + (1-pdink, + Py A% HU;
(o + Ay 4 Py (X - Amxy) 44

n

MY - Mmxy = P P (i ~tnxy) +w

this eg & RESTRLCTEP MODEL v

In(V/Xa) = PotBsln(Xs/Xa)+tu; — we call
(8.49)
¥, )
phierel v-Foutput/labor ratio
Lg;%l labor ratio. (pl GDP - Po + r”; A(C‘("K} +[(/
Lahoy, LABoR

It should be noted that:
8.8 is known as unrestricted Least Squares (URLS)
8.9 is known as restricted Least Squares (RLS)
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8.6 The F-Test Approach: Restricted Least Squares 145

We can compare the unrestricted and restricted least-squares regressions by applying the F-test as
follows:

2
éd{_ ,@,FRSS of the unrestricted regression 8.8
R
éa,_ .$= RSS of the restricted regression 8.9
m=number of linear restrictions ( in this example, we have 1 restriction )

k= number of parameters in the unrestricted regression

n= number of observations

Then, we have

£ (RSSe—RSSun)/m

© RSSyr/(n—k)

_ (EOR-EUig)/m
L024/(n— k)

(8.10)

follows the F-distribution with m, (n-k) df.

We can also rewrite the F-test in terms of R as follows:

A 2 2
Fo— Ror—Rg/m
= LR __ &

(1= Rijg)/nek

(8.1
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Chapter 8. Multiple Regression Analysis: The Problem of Inference
A

K

Example k)
Consider the Cobb-Douglas productiop/function to the Méxican economy(1935-1974: n=20):
INGDF, = —1.6524 4 0.3397In Labor, 4+ 0.84601n Capital, UR
] (—2.7259) (1.8295) (9.0625) R® =0.9951 RSSyp = 0.0136
(8.12)

where GDP = Real GDP, Millions of 1960 pesos, Labor = Employment, Thousands of People,
Capital = Fixed Capital, Millions of 1960 pesos.
A =/
The restriction of constant return to scale, which gives the following regression:

ln(G7J')_:!-:'.-g?-!"._ﬁ'.hmr'JJ = —0.4947 + 1.01531In (Capiral [ Labor),
f = (—4.0612) (28.1056) R%=0.9777 RSSg=0.0166
Q@ SET HYPoTHEses Ho:  PetPy=( (8.13) R
H, I‘L*ﬁ;'*"
A A
Q@ wweae - £= (RS _res,) /M
PR A
R o /-A)

= (o016 = 0.0135)/]

0,010 /(20 -%)

= 5T
@ FovP - (RIDc F 5 Fo,oy7l’(} = 4. 45 .
SN
[~ ™ w-A

n n

@ (Ompavre  F M F‘”"‘("’L o Simee F=3%7< (50,3,_,"“: 4,9\’)
ot Koty =
at agy (oh.'ﬂ:’oiwl;
(IMV%{‘N(/. Me(fmy\ E(Wlomoi ef&”bvvf He ¢

thev we  Camit e

witanmt  Retums 1o
ele  (crY, 4
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8.7

STAPTLITY TEST OR STRUCTURAL BREAK TEST
8.7 Testing for Structural or Parameter Stability of Regression Models: The Chow Teld7

Testing for Structural or Parameter Stability of Regression Models: The Chow
Test —

Sometime when we estimate the regression model, it may happen that there is a Structural Change
in the relationship between the regressand Y and the regressors X's, especially the model involving
time series data. The structural change may be due to the external forces (i.c the financial crisis of
2007-2008) or due to policy changes ( such as the switch from a fixed exchange rate system to a flexible
exchange rate system in 1997).

The question is "How do we figure out that there is a structural change in our sample data?"

To answer this question, consider the following example.
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148 Chapter 8. Multiple Regression Analysis: The Problem of Inference

Based on the sample data, we found out that in 1982 the United State suffers its worst peacetime
regression, This event might disturb the relationship between savings and DPIL

To see this effect, we can divide our sample data into two time periods: 1970-1981 (Pre-1982 crisis)
and 1982-1995 (Post-1982 crisis).

Therefore we have three possible regressions:

Time period 1970-1981: ¥, = f; + 2X, + g1 where my = 12

Time period 1982-1995: ¥, = ¥ + 15X, +war where ns = 14

Time period 1970-1995: ¥, = ¢ + @ X; + u, where n = iy + 12 = 26
For our sample data, we can get the following results:

Time period 1970-1981:

¥, = 10161 +0.0803X, i Crr's /i
' ' - Crr'sis
= (0.00873) (9.6015 2‘41‘ {yr Pre
(8.14)
RT=0.9021 RSS; = 1785.032 df =10
'——\ V\,/k;lz-z Zro
Time period 1982-1995:
1 o
fd'. efyy fost Cuisis
B = 153.4947 +0.0148%,
o= (4.6922) (177
(8.15)

_ lq-2-=12
R?=02971 RSS;=10,005.22 df=12 — n-A =

Time period 1970-1995:

P, = 62.4226+0.0376, .
(= (4.8917) (8.8937) éb{,’ {UY fe whole F-(yr'oc(,
(8.16)
= - = 2
R —07672 RSS;—23,24830 df—24 — WA 26-2 4
af=24
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8.7 Testing for Structural or Parameter Stability of Regression Models: The Chow Teld9

We can apply the Chow test to investigate the structural changes that may be caused by differences
in the intercept or the slope coefficient or both,

The chow test assumes that:
[1] ), ~ N(0,67) and 1z, ~ N(0, %)

[2] The two error terms w, and iz are independently distributed.

Chow Test

Hy: There is no structural change in the model
Hy : There is structural change in the model

Then, we need to construct the F-ratio:

F/'  (RSSg— RSSu)/k
© RSSur/(ny 4+ m —2k)
(8.17)
where the F ratio follows the F distribution with k and (n; + n2 — 2k) df in the numerator and

denominator, respectively.

We do not reject the null hypothesis of parameter stability (i.e no structural change) if the
computed F value does not exceed the critical value F value obtained from the F table.
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