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Solution Part I: Exercise for Assignment 5

1. Let A ={1,2,3} and Z be the set of all integers. Let P(A) be the set of all subsets of the set
A. Define a relation r from P(A) to Z as

r={(z,y) € P(A) x Zly = the number of elements in x}.

(a) List all the elements in r.

(b) Is r a function? If so, find the domain, co-domain, and range of r.

Solution:

(a) The relation r is given by
= {100} {0001} (20,1} {03 1 {1,202 {40,312} {(2.3).2). {{1.2.3).5} ).

(b) Yes, ris a function because(i) every element in the domain is used and (ii) for each x € P(A),
there is a unique y € Z so that (z,y) € r, or if (z,y1), (z,y2) € r then y; = yo (i.e. each
x € P(A) gets mapped exactly once).

The domain is P(4) = {0, {1}, {2}, {3}, {1,2}, {1,3}.{2.3}. (1.2.3}}.
The co-domain is Z = { . —3,-2,-1,0,1,2,3, ... }
The range is {0, 1,2,3}.

2. Let X ={1,2,3} and Y = {a,b,c,d}. Define a function f: X — Y by f ={(1,a),(2,a),(3,¢)}.

(a) Find the domain of f, co-domain of f,and range of f.
(b) What is the inverse image of a?
(c) What is f(2)?

(d) Draw the arrow diagram of f.

Solution:

(a) The domain of f is X = {1,2,3},
co-domain of f is Y = {a,b,c,d},and range of f is {a,c}.

(b) The inverse image of a is {1,2} (because there are two elements with second component
being a:(1,a), (2,a) ).

(c) Since (2,a) € f, then f(2) =a

(d) The arrow diagram of f:
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Figure 1: Problem 2(d)

3. Define H : R x R — R x R as follows:
H(z,y) = 2z + 1, 1;23/) for all (z,y) € R x R.

(a) Is H one-to-one? Prove or give a counterexample.
(b) Is H onto? Prove or give a counterexample.
(c) Is H bijective? If so, find H~!, the inverse function of H.

Solution:

(a) Yes, H is one-to-one. To prove this, we will show that for (z1,y1) and (x2,y2) in the
domaina if H(x17y1) = H($2>y2)7 then (xlvyl) = (:L'27y2)' Suppose H(l’l,yl) = H(x27y2)7

Then
H(z1,y1) = H(w2,92)
1—u 1—yo
2 1 = 2 1
< T+ ) 2 > ( T2 + ; ) >
and this is equivalent to 2x1 +1 = 2x9 + 1 and 1_% = 1_2y2, or
201 +1=2294+1 & 2x1 =229 & T1 =29
1-— 1-—
LB 2 o l—p=1-y & 1=
2 2
ie., (z1,y1) = (v2,y2). That is, H(x1,y1) = H(x2,y2) implies (x1,y1) = (22, y2). u

(b) Yes, H is onto. To prove this, we will show that for any (u,v) in the co-domain R x R,
there exists (z,y) from the domain R x R such that H(z,y) = (u,v).
Suppose, temporarily that, there is (z,y) such that H(z,y) = (u,v). Then,

i,e., wemust have 2z +1=u <& |z = “T_l and

Since u,v € R, then x = %,y: 1—-2veR.
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That is, for any given (u,v) in the co-domain R x R, we can find (z,y) = (“T_l, 1— 21)) IS
R x R in the domain, such that

H(z,y) = H (“;1,1—2v> - (2“;1 +1, 12 [12_ 2“]> = (u,v),

and hence H is onto. [ |

(c) From (a) and (b), since H is both one-to-one and onto, then H bijective.
To find the inverse function, H~ ', of H, we recall from the definition

H ' (u,0) = (z,y) &  H(zy) = (u,y).

Since we have from (b) that

-1
H<u2 ,1—21)) = (u,v),

and hence the inverse function H~': R x R — R x R is given by

H Y (u,v) = (“_1,1—%).

2

4. Let f:(0,00) — R defined by

|z, z € (0,1]
f(z)={ 22 z € (1,3]
6+ x|, x€(3,00).

(a) Is f one-to-one? Prove or give a counterexample.
(b) Is f onto? Prove or give a counterexample.

(c) Is f bijective? If so, find the inverse function of f.

Solution:

First notice that since the values in the domain of f is positive so that |z| = x for x € (0, 00)
and we can write f as

x, x € (0,1]
flx) =<4 2? x € (1,3]
6+, x€(3,00).

(a) Is f one-to-one? Prove or give a counterexample.
To show that f is one-to-one, consider the definition (and the version of its contrapositive)
. For any z1,z9 € X,

(I) if f(z1) = f(z2), then =z =ux9
and the equivalent definition from its contrapositive
(IT1) if x9 # x2 then flx1) = f(x2).

We will consider two main cases (with 3 sub-cases for each)
(i) If x; and 2 are from the same subinterval, it is appropriate to use definition in (I) to
show that, for any x1,z9 € X, if f(x1) = f(x2), then z1 = z5.
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— For a1, 29 € (0,1], f(z1) = z1, f(22) = 2.
o,if f(z1) = f(x2), then we must have z1 = f(z1) = f(x2) = z2. Le. 21 = xo.
— For z1,79 € (1,3], f(z1) = 22, f(z2) = 3.
o,if f(z1) = f(x2), then we must have 22 = f(x1) = f(x2) = 22.
Since z1,x2 > 0, then 331 = a;2 implies 21 = xs.
— For x1, 29 € (3,00), f(x1) = x1 + 6, f(x2) = 22 + 6.
o, if f(x1) = f(x2), then

r1+6=20+6 = 21 =19

(ii) If x; and x9 are from different subintervals (0, 1], (1, 3], (3, 00), f has different formulas
and it is appropriate to use definition in (II):for any 1,29 € X, if x1 # x9, then f(z1) #
f(2).
— For 21 € (0,1] and 22 € (1,3], we have f(z1) = 21 and f(z2) = 23.
z1 € (0,1] = f(z1) = x1 € (0,1]
19 € (1,3] = f(x2) = 22 € (1,9]
and hence f(z1) < f(z2). That is, z1 #x2 = f(z1) F# f(z2).
— For 27 € (0,1] and z2 € (3,00), we have f(z1) = z1 and f(x2) = x2 + 6.
z1 € (0,1] = f(x1) =21 € (0,1]
x9 € (3,00) = x9 > 3 = 29+6 > 346 or f(x2) =x9+6 >9 = f(x2) = x2+6 € (9,00)
and hence f(z1) < f(ze2). That is, 21 # z2 = f(z1) # f(x2).
— For z; € (1,3] and x2 E (3,00), we have f(x1) = 2?2 and f(xg) = z2 + 6.
1 € (1,3] = f(a1) = 2 € (1,9]
T2 € (3,00) = wg2 >3 = x9+6 > 346 or f(r2) =x2+6 > 9= f(x2) = x2+6 € (9,00)
and hence f(z1) < f(z2). That is, z1 #x2 = f(x1) # f(z2).

Since cases (i) and (ii), together with their subcases, cover all possible values of x; and x2

from the domain, we have that f is one-to-one. |
(b) f is not onto on the co-domain R. Since f(z) > 0 for all z € (0,00). So when we choose,

for example, z = —1 from the codomain, we cannot find = € (0, 00) such that f(z) = —1.
(¢) Since f is not onto, then it is not bijective and there is no inverse function for f. |

5. Find the largest sets D and S such that the function f : D — S defined by f(x) = —= is an

onto function.
Solution: The largest domain is D =R — {—1}
In order to be an onto function, consider y = %

2
S
y

Notice that when y = 0, we cannot find x in the domain such that y = f(x) and therefore the
largest set for S is R — {0}. [

6. Let f: R — {1} — S be a bijective function defined by f(z) = £

(a) Determine the set S.

(b) Determine the inverse function f~!.
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(c) Compute fo f and fo fL.
Solution:

(a) Notice that, for f(z) = Zt1, we have

1
_rt s yr-1)=(x+1) < yr—zxz=14y < z=

y_x—l y—1

In order for f to be onto, we have to set | S =R — {1}

Note that we can check that f is one-to-one, by letting z1,zs be elements in the domain
R — {1}. Suppose f(z1) = f(z2). Then

r1+1 ozt
1 —1 z9 — 1
(1 +1)(@2—1) = (v2+1)(z1—1)
T1xo +x9—21—1 = 21290+ 21 — 20— 1
To —T1 = I1— T2
2r0 = 2x1
Tro = XI1.

(b) Since f is bijective (one-to-one and onto) we can find its inverse function. To determine
the inverse function f~1, we first notice from (a) that for z = %

y—17

14+y—1
f y—l—l _Z—1+1_y+ytzlJ _2£_
y_]_ _y+1_1_y+£}!:2il+1_ 2 =Y

Therefore, f~!: R — {1} — R — {1} defined by

Remark: f = f~L

(c) Compute fo f and fo f~!. First notice that, since the domain and the co-domain of both
f and f~! are the same, fo f and fo f~! exist.
The function fo f: R —{-1} - R — {—1} is defined by

z+1 z+14z—1

s r+1\ ;=1 +1 5 2z
z+1 1 7 xt+l-z+1
x

(fof)(x) = f(f(x)) =

r—1/) 5 a—1

The function fo f~':R —{-1} — R — {—1} is defined by

y+i +1 y+14+y—1

(o) =170 =1 (V5]) = S = e = v

y—1 y—1 y—1

Remark: fo f = fo f~! which is equal to the identity function on R — {1}.
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7. Graph the function f: R — ZT U {0}, f(z) = |x] — [z] on the closed interval [—4,4].

Solution:

Figure 2: Problem 7

8. If f: X Y and g: Y — Z are functions and go f : X — Z is onto, must both f and g be
onto? Prove or give a counterexample.

Solution: No, when go f : X — Z is onto, it is not necessarily that both f and g have to
be onto. Counterexample: Let f : X — Y and g : Y — Z be functions with X = {a,b, c},
Y ={1,2,3,4}, Z = {r,s,t}. where

f= {(aa 1)7 (ba 2)7 (073)}

and
9= {(17 r)> (27 8)7 (37t)7 (47t)}'

Notice that f is not onto because it does not map any element in the domain to the element “4”
in the co-domain Y. We have that go f : X — Y defined by:

gof= {(CL,T’), (bv 5)7 (C7t)}

is onto (also shown in the diagram). Hence go f : X — Z can be onto, even when f is not onto.

f g

2 VaEh

Figure 3: Problem 8
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9. Let f and g be functions from R to R. Find fog, go f, and determine whether or not fog = go f
for the given formulas for f and g. Compute (f o ¢)(2) and (g o f)(2).

() fla) = 2=, glo)=a®+1.

(b) f(z)=2° g(z)=a'/>.

Solution: First notice that all domains and ranges of f and g for both (a) and (b) are the set
of real numbers R and therefore it is possible to define f o g and go f.

(a) f(z) = \/a%ﬂ’ g(z) = 23 + 1. The function fog:R — R is defined by
23+ 1

(fog)(:];):f(g(ﬂf)): ($3+1)2+1

and function go f : R — R is defined by
" 3
= =(——) +1.
(9o 1)) = o) = (=)
3 3 .
So we have (f0.9)(2) = < 22— = & and (g0 £)(2) = () +1= 234 Notice

that since (f 0 ¢)(2) # (go f)(2), then fog#go f. [
(b) f(z) =2° g(x) = z'/°. The function fog:R — R is defined by

(o 9)(@) = Flgw) = (¥°) ==

and function go f : R — R is defined by

(g0 f)) = 9(f@) = (=°)"7" =2
Notice that since (f o g)(z) = (g o f)(x) for all x € R, then fog = go f. So we have
(fog)(2)= (90 f)(2) =2 u
10. Let f and g be functions defined by f(z) =+/2 — z,2 > 2 and

g(x) =19 1

{ 221, 1z € (—o0,—1]
)
Find g o f and its domain.

Solution: Notice that f is defined only when = = 2 which gives f(2) = 0. Hence the range of f
is {0}. From the formula of g, the domain of g is R — {0}. Hence, if we let Dy be the domain of
g and Ry is the range of f, then Dy N Ry = ). Therefore, g o f is undefined. |

10. (Modified) Let f and g be functions defined by f(z) =2 —z, z < 2 and

[ 2?-1, x€(—00,—1]
9(z) = { L z € (—1,00).

)

Find g o f and its domain.
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Solution: Notice that v/2 — 2z > 0 for x < 2, i.e. the range of f is [0,00). From the formula of
g, the domain of g is R — {0}. Hence, if we let D, be the domain of g and Ry is the range of f,
then Dy, N Ry = (0,00) # (). Therefore, g o f can be defined as follows.

(go f)(z) =g(f(z)) = 9(V2 — ) =

Note that we have used the fact that f(z) = v/2 — 2 > 0 so that the second formula of g was
used. Notice that we must use z < 2 for (g o f)(z). Hence the domain of go f is (—c0,2). N



