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Homework 3 - Suggested Answers

Question 1
af of af . - 2 2
Calculate 5 and o (if possible) of the following functions.
(x,y) = =L
a: flay = 2
b. f(x,y) =In(x%y +xy*) —x* - y*

c. f(x,y 2)=xz?In(y) — ==

Z2Ex—y

d. f(x, y, Z) - ex+111(z] - ln(xz)y223

_ ZHAHE)-(50H)(2x)
Oflox = =S
8f/6y — (XZJ“)’Z)(IOXJ’)*@X)’Z)QJ’)

(2+y2)°

a.

b. offox = 2L oy

o
ofley = S22 — 2y

xyhay?

c. Oflox = 22n(y) + (2 +x— ) ]
ofldy = xz*y — [(22 +x)/(2 +x—y) ]
ofiez = 2xzIn(y) + [2vz/(z* + x — y)* ]
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d. of/ox = ze* — (2/x)y*z>
of 10y =— 2yln(x*)z>
of10z = & — 322 In(x?)y?

Question 2

The optimal profit function of a firm can be given by,

—5
" (p, Wi, wy,A)=A *pl_lTi(le +w,Y) D

where 0 <B <1 and v <1, A is the level of technology, P is price of output, w,
1s the factor price of capital, and w;, 1s the factor price of labor.
Consider the following problem
a. Use the partial derivative to conclude about the relationship between price
and the level of profit.

on’” 1op = ITIBA % p T—B‘ﬁ(wly + sz)@B—T) >0

b. How does the technical progress affect the level of profit? Show your result
by using the partial derivative.

o' 104 = p Fa(w,! +w, )BT >0

c. How does the level of factor price of inputs affect the level of profit? Show
your result for both types of input, using the partial derivative. Then, explain
the intuition of your result in economics.

B
on’low, = [@ELI)] Ap Tl;s(wly +w,Y)16D b« w, 't <0
on"1ow, = [n] Ap TH(w)Y + wy )T wyt !t < 0

This is because 0 <p <1 =>B—1<O=>[@EL1)] <0
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d. Show that the profit function is convex in factor price of inputs. That is, the
second-order partial derivatives of profit with respect to factor price of both
capital and labor are greater than zero.

—_r

2 % L v _
om/ow,? = [5 1)](Y D) Ap T (w, " + wy V)1 D wyt?

1] Ap TE(w, Y + W) 2wy 207D >0
([3 ) v([s D) P 1 2 W,

o*n’fow,? = [gls (v~ 1) Ap T (w, + wy )T s w12

L v =l y—
Il — 4 TR vy +wy )T ey 207D > 0

Note that [(B 1)]<O (y—1)<0 and [=2= o —1]<0.

Question 3

Consider a simple macroeconomic model given below,

Y=C+G
C=Cy+c,(Y —T)
T=T,+t,Y
G=G,

where Y is national income, C is consumption, T is the amount of tax collected, G
is the level of government expenditure.

Answer the following questions:
a. State all the endogenous variables. What are the parameters and exogenous
variables in the model?
Endogenous: C,Y, T
Exo and Parameters: C,c,,T,t;, G,

b. Derive the equilibrium solution of all the endogenous variables?
Y* = Co—e1Ty*Gy
— 1=(11))q
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Cy—c;T,+G,
1-(1-1,)c, ]
x_ i oo TytGy
C =Cyte[(I-1) 17(11—1(,))c, Tyl

T =T,+1[

c. Use the partial derivative to show the effect change in ¢, and G, on the
equilibrium of endogenous variables?

[1=(1=t)c 1(=T )HCy—c; T +Gy)(1-t,) _ (CotGo)(1-t)-T,

oY /66’1 = (1-(1~1))c,)* (1=(1=t))c,)’ =0
* _ 1

oY /0Gy = tre; >0
. (GG T,

OT"foe) =t =y > 0
* o 1

oT /0G,y = 1=(1=t))c, >0
* - - Cy—,Ty+G, (CotG—t)Tyq

oC /501 = (1 tl)[ 1-(1-t))c, 1 (lf(lfrl)cl)2 ] TO -0
. - (1=

6C"10Gy =t > 0

T—(1-1,)c,

d. How does the marginal propensity to tax (¢, ) affect the equilibrium level of
income (Y*) and consumption (C*)?

Y* _ ) <
oY "/ot, (ﬁ(l*tl)q) 0
* o Cy—;TytG, o Cy
oC /ot, = cl[—HHl)C1 +(1 ll)h—(l—tl)c,) 1<0
uestion 4

Write the Hessian Matrix for each of the following functions:
a. U(x,y)=Tx*+8xy +3)?

Usrx ny _{14 8]
. B.l"le &

yx

Ans. H = [

b. z(x,y)=5(13x— 5)/)2
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Zxx Z.r_"y‘]_ 1690 —650

Zyx Zyyl  l—g50 250

Ans. H = { e

C. fx,y)=4x—1lxy—7»

f:u frv] 24x —11 ]
Ans. ¥l = ¢ | =1 3 ,
; [f” fy] — |-11 —140y3

d. OK,L)=(QK+1)(3L*+2)

TR 1. QKL] & [ 13k
Ans. H = Qi Q] 112L 6(2K +1)
Question 5

The demand for a product depends on the price p, of the product and on the price
p, charged by a competing producer, and it is given by:

8
D(plsp2) =36 % .

D

a. Find gp% and and comment on the signs of the partial derivatives.

o, °
ap —- . . L
Ans. N —8(p;) %% < 0. showing that the demand decreases as its own price increases.
1
aD 3! 1 -2 S ¥ e
e —(8) N p;(p5) z = 4p,(p,) 2 > 0. showing that the demand mcreases as
P2 o

the price of a competing product increases.

b. Calculate the own-price and cross-price elasticities of demand when p, =3
and p, =4.

Ans. When p, =3and p, =4, D=36—-(8)(3)/2=24

—ODD 2D .P—_ 8.3 —_
 pp. " pipy  op D 2 24 0-5

Question 6

Suppose the production function Q depends on the number of workers L according
to the formula:
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In(L
0 = Lg("™P)
dQ dQ
d ok

where g(.) is a differentiable function. Find expressions for —= an

In(L)

Ans.

d 1 In(L
_Q_ !(_u][}: n(L)

T o e T} + g(u) whereu =

0 _ paf-L- (- DO L W gl 00 B BN

Question 6: Given the production function Q = f(K,L) = A[K™ + L" ] where A is the level
of technology, Kis capital and L is labor. Suppose that n > 0. Consider the following
problem.

a) To ensure that the above production function exhibits a decreasing return to
scale technology, what additional restrictions do one need to place on n?

b) Under the assumption used in (a), show that the production function satisfies
the law of diminishing returns.

c) Calculate the marginal rate of technical substitution (MRTS) of labor (L) for
capital (K).

d) Show that MRTS is a decreasing function in L. That is, as labor increases, the
value of MRTS decreases.

e) Under the condition(s) assumed in (a), does the production function have the
global concave property? (Optional)

Suppose that K(t) = %tz + 2t + 3 and L(t) = e’ + 3, where t = 0 is the number of periods

from now. Consider the following problem

f) Show that Q is increasing over time.
ﬂ
g) Compute % when t = 0, i.e. growth of output in the initial period.

a) To ensure a decreasing return to scale, n must be less than one.
b) This requires that MPK decreases in K, and MPL decreases in L.

OMEK — gn(n—1)k"> -->n<1 is needed to ensure the decreasing.

—a]vé};L = An(n — l)ln_2 — n < 1 is needed to ensure the decreasing.
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¢) MRTS, ,,, x =|dK/dL| = MPLIMPK = (LIK)"" = (K/L)""

d) dMRTS, ;,, x/dL = {L""(1 =K dK/dL — (1 —nm)L "K' "L
Note that (1-n) > 0 (from the condition in b) but dK/dL < 0.
As a result, dMRTSLfor /AL <0,

e) H=1[An(n—-1)k"? 0

0 An(n—1)L"?]
Note that [H1|=4n(n — I)k"_2 < 0 for all positive value of K.
Also, we observe that [H2| = Anzz(n— 1 )2(ch)”_2 > (0 for any strict positive
combination of K and L. This implies that H is negative definite for all strict
positive combination of K and L, and hence suggesting that f(K,L) is globally
concave.

f) dQ/dt = MPK = (dK/dt) + MPL * (dL/df)
Note that (dK/dt)=t+2>0 forallt >0
(dL/dt)y=¢e" >0 forallt >0
Since both MPK and MPL are greater than zero, this implies that
dQ/dt > 0. That is, output is a strictly increasing function over time.

h) For t = 0, we note that K(0) = 3 and L(0) = 4 — Q(t=0) = A[3" +4"]

dQ/dt = MPK(t=0) * (2) + MPL(t=0) *(1)

(Use the above equation that we derived dK/dt and dL/dt, and substitute t=0 into.)
MPK(t=0) = AnK(t = 0Y""' = 4n(3"")

MPL(t=0) = AnL(t = 0)""' = An(4"")

(dQ/At)/Q = {An(3" ) *2+ An(4" ) *1 } / A[3" +4"] #



