EE320 (1/2011)

Chapter 8

Optimization without Constraints: More-Than-One Independent Variable
Cases

8.1 Optimization and Derivative

(@) (b)
Maximum point Minimum point
Let y = f(xq, x2)
Optimization:
First-Order condition: f'(x;) =0
f(x2) =0

Second-Order condition:
Case I:
If fxlxl >0

fx2x2 > O
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and faa * fae > [fael’
y = minimum
Case ll:
If fxa < O
fxoxa < 0
and fua * fae > [fael’

y = maximum

Saddle point Inflection point

Case Il

If fuxt > 0 and fo o < O
or fux <0 and fo > 0
So  fypa *fiae < O

2
fxlxl * fx2x2 < [fx1x2]

y = saddle point
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Case IV:

If fuix1 < 0 and foo < O
or fua >0 and fo0 >0
and  fux * fue < [fx1x2]2

y —> inflection point

8.2 Condition for Maximum and Minimum
Differential:
Let y = f(x1, x2)
Find the stationary value - dy = 0
dy = fidx; +fdx; = 0
First-Order condition:
dy =0iff; =f, =0
Differential of dy:
d(dy) = d’ = a(dy) dx; + d(dy) dx,
0x, 0%,

where d(dy) = 9(fidx; + fodx,) = fiidxy + fr1dx,

0%y 0x%1

(dy) = a(fidxy + fodx;) = fidxg + frdx;

9)0) 0x,
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So dzy (f11dx1 + f21dX2)dX1 + (f12dX1 + fzdez)dXz

f11dX12 + 2f12dX1dX2 + fzdezZ

Note: d’ is the second-order differential of y
dx,” is the squaring of the first-order differential dx;
fio = fn
Finding the extreme value by differential method:
First-Order condition: - find stationary value
dy=0->f, =1 =0
Second-Order condition:
d’y < 0 = yis maximum
d’y > 0 > yis minimum

From dzy = f11dX12 + 2f12dX1dX2 + fzdezz

Given that q = d’
a = fi
b =f,
h =f,="fy
u = dxq
v = dx,

a=twaly ]

adding to and subtracting from the above equation by h*v’

a
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P

a a

C o, 2h e N R
a(u‘+—uv+—qv“ +(h—— v

h 2 ab — k*

za(u+jv] + - o)
So gq>0ifa>0andab-h’>>0
q<O0ifa<0andab-h’>>0
gis | POSIUVE definite | fa > 0} and ab — h? > 0
| negative definite | la <0

From q: |E }l;| = ab—h?

a h| _|fi1 f12| _ g 2 nd
where |h b| = |f21 ol = f11f2o —f1,">0 - apartof 2 order

condition for both maximum and minimum

Hessian Determinant:

|f11 12| _

21 221 IH]

Condition for Maximum and Minimum:
First-Order condition: f,=f =0
Second-Order condition:

(1) fi1 < 0 and |H| > 0 = yis maximum
(2) fi1 > 0 and |H| > 0 = yis minimum
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More than 2 independent variables:

y= f(X]_, X2, vy Xn)

1. f1=f2=...=fn=0

2. Find the solutions from 1. = stationary value
3. Find second-order derivatives of function y and form Hessian
Matrix and Determinant of Principle Minor of the Hessian

Matrix.
EX: |H1| = f11
_If11
H2| = 21
f11
|H3| = |f21
f31
f11
f21
|Hn| =
fnl
4.
Condition

1%-Order condition
2"_Order condition

Ifd’y < 0 > y=f(xq, X,

If dzy >0 > vy= f(x1, X2, ..

f12
f22

f12 13
f22 123
f32 33

f12 .. fln

fn2 .. fnn

Maximum Minimum
fi=f,=..=f,=0 fi=f,=..=f,=0
|[H1| < 0; |[H2| > 0; |[H1| > 0; |[H2| > 0;
|[H3| <0; ... |[H3| >0; ...

..., Xn) = concave - maximum

., Xn) = convex - minimum
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8.3 Third Degree Price Discrimination

Assume that there are 3 markets.

Let TR = TRy(Qq) + TRy(Qy) + TR3(Qs3)
TC = TC(Q)
where Q=Q+Q;+Qs

9 = TRi(Qi) + TR(Qy) + TR3(Q3) — TC(Q)

Given 9, = 29 (1=1, 2, 3)
0Q;
9. = TR'1(Q1) = TC'(Q)2Q = TR'1(Q1) -TC(Q) ; 9Q =1
0Q 0Q;
72 = TR,(Q;) -TC'(Q)AQ = TR»(Qy) -TC'(Q) ; 9Q =1
0Q, 0Q,
9: = TR’3(Qs3) —TC'(Q)2Q = TR’3(Q3)-TC'(Q) ; 9Q =1

0Q3 0Qs3
First-Order condition:
TC'(Q) = TR'1(Q1) = TR(Qz) = TR3(Qs)
or MC = MR; = MR, = MR;
Second-Order condition:
%11 = TR”3(Q1) = TC’(Q)AQ = TR”3(Q1) —TC”(Q)
0Qy
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922 = TR”,(Qy) = TC”(Q)2Q = TR”,(Qz) —TC"(Q)
0Q;
133 = TR”3(Qs) — TC”(Q)AQ = TR”3(Qs) - TC”(Q)
0Q;
where dQ =1
0Q;

and 912 = %21 = Yz = Y31 = Y2z = 32 = -TC"(Q)

TR"1 —TC" —TC"
H| = [-TC" TR"2-TC" —TC"
—TC" —TC" TR"3 —TC"

1. |H1| = TR";-TC” < O,
TR”,-TC”" < 0
and TR”;-TC” < 0.

(slope of MR < slope of MC)

2. |H2| = (TR”;-TC")(TR”,—TC”) - (TC")*>0
or TR”{TR”, — (TR”1 + TR”,)TC" >0
3. |H3| TR”lTR”zTR”3 - (TR”1TR”2 + TR”lTRng + TR”zTRng)TC” <0

Qs, Q; and Q3 = Maximize profit

8.4 The Multiple-Plant Monopolist
1 market, 2 factories

9 = TR(Q) = TC4(q1) — TCy(q2)
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= TR(qgy + q2) — TC1(q1) — TCa(q2)

Max Profit:
First-Order condition:
01 = TR'(q1+q2) —TC4(a:1) = o
da,
01 = TR(q1+q2) —TC'2(q2) = ©
09,
TR'(d1+02) = TC'1(q1) = TC2(q2)
MR = MC; = MG,
Second-Order condition:
T2 = TR"(Q) 9Q-TC"1(q1) = TR*(Q) — TC"1(q1)
da,
722 = TR”(Q) dQ - TC"2(q2) = TR"(Q) - TC"2(q2)
09,
T2 = TR(Q) =
where dQ =1

dq;

TR"(Q)-TC"1(q1) TR"(Q)
TR"(Q) TR"(Q)-TC"2(q2)

1. |[H1| = TR”(Q) —TC"1(a1) <0

2. |[H2| = [TR”(Q) — TC"1(q1)][TR”(Q) — TC"3(q2)] - [TR”(Q)]* > 0

|H| =

g: and q; = Maximize profit
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8.5 The Multiple-Product Monopolist
A monopolist produces 2 products.
d1 = fi(p1, p2)
a2 = fa(p1, P2)
If q;i (i#]j) > 0 - substituted goods
dp;
If g (i#j) < 0 > complementary goods
ap;
Inverse function:
p1=F1(q1,02)

P2 = F1(91,92)

TR1 = p101

TR2 = p2q2

TR1(q1, q2)

TR2(q1, 92)

JdTR; (i#j) > 0 - complementary goods

aq;
JdTR; (i#j) < 0 - substituted goods

dq;

9 = TRi(q1, 92) +TRa(q1, 92) = TC1(a1) — TCx(q2)

First-Order condition:

dY = dTR1+dTR2-TC'1(q1) = 0

oq1  Jdqa 0q1
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dY = dTR1 + dTR2-TC’2(q2) = 0
0qz 0q2 0Qz
dTR:1 + dTR; = TC’1(q1)

dq1 dq1
dTR1 + dTR; = TC’2(q2)
d0q2 Q2

Second-Order condition:

1'|11 TR"]_ + -l-R)I2 _ TC”]_

TR”l + TR”2 - TC”2

922
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