EE320 Lecture Note
Chapter 8: Optimization without Constraint:
More-Than-One-Independent-Variable Case

Recall from one-independent variable optimization without constraints:

y = f(2)
dy = f'(z)dx

FOC for an optimum necessary condition

j—g = f'(x) = 0 or first-order differential condition for any dx # 0;dy = 0

SOC to check sufficient condition

327?2’ = f"(z) < 0 maximum
f"(z) > 0 minimum
f"(x) < 0 indetermined (max,min,inflection point)

—d?y = d(dy) = d(f'(z)dx) = (df (x))dz = ["(x)dx

1 Two-choice-variable optimization

z = f(xy)

First-order-necessary condition is dz = fgdx+ f,dy =0
s.dz = 0 when f,=f,=0
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Theorem: A differentiable function z = f(x,y) can only have a maximum or minimum
at an interior point (g, yo) if it is a stationary point. That is, if the point (z.y) = (z*, y*)
satisfies the two FOC equations: f,(zj,y5) =0

fy(xéa yEJk) = O

ex. z=f(v,y) =102+ 10y + 2y — 2* —y°
FOC:% = 10+y—20=0-0 = y=2r-10
5 o= 10+2-2y=0-Q
Stationary points (or critical points) are : substitute ) into 2
10+2—2(2x—10) = 0
¥ = 10
y* = 10

Next, find whether those points give max,min or saddle point.

92 — () and 2 =0 are necessary but no yet sufficient for max/min.
ox dy

2 Second-Order Conditions

A’z = d(dz) suppose z = f(z,y)
= gdzdr + Sdzdy
= g (fodz + fydy)de + 3. (fodz + fydy)dy
= (foxdr + foydy)dx + (fyedz + f,,dy)dy
= fed2® + foydydz + fdxdy + fy,dy?
Pz = fopda® + 20 dydz + foydy’
w5 L

Hessian matrix or principal minor
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First leading principal minor |Hy| = fu.

2

Second leading principal minor |Hs| = fiu fyy — f7,

Note q = au®+ 2huv + bv?

= au®+ 2huv + %202 + ? — %21)2

= a(u®+ Zuv + Z—;UQ) — (b — )2

= afu+ bo)? 4 ()2

¢>0 when a>0 and ab — h?>0

¢<0 when a<0 and ab — h?>>0

g = d*z , u = dr
@ = fou , Yy = dy
b = fyy 5 h = fxy

Second-order sufficient condition

Given that FOC is satisfied

(D maximum whend?z<0 iff f,,<0

fyy<O

fmzfyy>(fmy>2 or ‘H2‘>O

@ minimum when d?z>0 iff f,,>0

fyy>0

faafyy>(fay)? or |Ha|>0

@ otherwise, saddle point

ex. f(z,y) = 10x + 10y + zy — 2% — ¢?
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FoCc: f, = 104+y—2x . .
fy = 10+z—2y }x_lo’y_lo
SOC :  foo = —2,fp=-2 "o -2 1
Joy = Lfm=1 1 =2
|| = =2

|Hy| =4—1=3>0

Since Sz

< 0, (=2<0) = d%2<0

foy < 0, (—2<0)

foc:cfyy > (fxy)2 ) (4>1)

ex. f(z,y) = =22 — 2zy — 2y + 32x + 42y — 158

VoAl

—2? +ay —y? + 3z

)
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3 Concavity and Convexity: 2-independent-variable-
case

Consider f(x1,z2)

Definition the function is (strictly) concave iff for any pair of distinct points M & N
on its graph or surface, line segment MN lies either below or entirely below

Definition the function is (strictly) convex iff for any pair of distinct points M & N
on its graph or surface, line segment MN lies either above or entirely above

”Height of MN” ”Height of arc”

or ;sz(x) +(1-a)f(2) < }(a:p +(1— a)x'} = strictly concave
af(z)+ (1 —a)f(z") > flax+ (1 — a)2’) = strictly convex

If we use derivative conditions;

Consider

z = f(x1, ) - twice continuously differentiable — d?z is defined.

2 = f(x1,22) is strictly concave iff d*z is everywhere definite negative or d>2<0

= 2* Is max.

2z = f(xy, ) is strictly convex iff d?z is everywhere definite positive or d?2>0

= z* is min.

ex. z = 13 — 13
fii= 9 0 foz > 0
fi2=fau = H = { } fow < O .. neither concave nor convex
0 —2 5
ex. z = 17 — 13
— fyy = few > 0
thn _ thzz _ g } H = [?) (2)} fow > 0 . d%*2 > 0 = strictly convex
12 = J21 Focfuy— 2 > 0
ex. z=22%—ay+19° (convex)
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(Application: Duopoly)

There are 2 firms with identical cost

TCZ = CQi )

market demand P =a —bQ , Q = Q1 + Q-

Find )1, Q)> that maximizes each firm’s profit.

= Firm 1: II;

1
max I

Q1
Foc S

—¢)—b
Qr = (a C;b Q2

= Firm 2: I,

FOC Q3

= PQi—cQ

= [a—=b(Q1+ Q2)]Q1 — Qs
= (a—c)Q1 — Q7 — bQ1Q
= (a—c)Q1 — Q7 — bQ1Q

= (a—c)—2bQ; —bQy =0

firm’s best response function

= PQy— cQs

(a—c)—bQ1

2b

Oty = 5

.Q — a—c
Q: F+@ = F

[

= =%

Q=%

firm’s best response function

1=1,2 and
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ex. market demand P=150—Q , Q =Q1+ Q2 , P=P =P,

Check for SOC : TC, = 60Q, , TCy = 60Qs , QF, Q57

90— Qz 90— Q1
= Ql ) QQ
Q7 = 30 0 = 60
Q;=30 [

= dIl < 0 max. 7
(Application: Duopoly-extension)
1. Cournot: move at the same time
2. Stackelberg: one seller can move first
ex.

P=30—-@ two firms

Q=q+q¢

MCy=MC; =3

i) move simultaneously
TR, = P-q1=(30-Q)q1 = (30 —q1 — 2)q1 = 3001 — ¢ — 12
TC, = 31 +5

II = TR—TC =30q1 — ¢} — q1g2 — 3q1 — 5

g—g=30—2q1—qg—3=o = ¢ = 13.5—0.5¢
reaction functions

Repeat the same process for ¢ = ¢ = 13.5—0.5¢;

Solve for ¢ =13.5—0.5(13.5—-0.5¢1) = ¢; =9, =9 = Q=18,P =12
I} =30-9-81-81—-27—-5=76

II;=30-9-81-81-27T—-5=76
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ii) firm 1 moves first:

TR1 = 30¢1 — ¢ — 12
@ = 135—05q

perfect knowledge = 1 knows reaction function of 2. So take 2’s behaviour into
account.

TR, = 30¢1 — ¢ — q1(13.5 — 0.5q;) = 16.5¢; — 0.5¢? = MR =165 — ¢, -
TC = 3¢ +c = MC =3 ME = MC
= q =135

Firm 2 will realize and react ¢ = 13.5—0.5(13.5) =6.75
Q = 13.5+6.75=20.25
P = 30-20.25=9.75
I, = 16.5(13.5) — 0.5(13.5)% — 3(13.5) — 5 = 86.125

I, = 9.75(6.75) — 3(0.75) — 5 = 58.5625

iii) firm 2 moves first:

Similarly, ¢ = 13.5

g1 = 6.75

Q = 20.25
P = 975
II, = 86.125
I, = 58.5625

iv) both firms try to lead

Q = 27
P =3
I, = 3(13.5) —3(13.5) — 5= —5
H2 - —5
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(Application: Multiproduct firm)
PCP =6, P=9 and TC =2Q3%+ Q:Q> + 2Q3. Find Q; and Q, that max II

H(Ql, QQ) - TRl + TR2 — TC

max M(Q1,Q2) = 6Q1+9Q2 — (207 + Q1Q2 + 2Q3)

_FOOZ%:6—4Q1—Q2:O 4Q1+Q2 = 6

3%12:9—Q1—Q2=0 @Q1+4Q2 = 9

[t i8] - w-

SOC : II;;, = -4 II;; < 0
IIog = —4 I, < 0 = d*II < 0 max
I =-1 IT11115o - H%Q > 0

MOHOpOly . P1 =35 — Ql s P2 =33 — QQ and TC = 2Q% -+ QlQZ -+ 2@%
Find @; and Q)5 that max II

(Q1,Q2) = TRy +TRy,—-TC

31135; I(Q1,Q2) = (35—Q1)Q1— (33 —Q2)Q2 — (2Q7 + Q1Q2 +2Q3)

FOC:%:35—2Q1—4Q1—Q2=0 6Q1 + Q2 =35

5%12:33—2622—@1—4@2:0 Q1+ 202 =33

= [f (13] {8;} = Bg} = Q=4 =505 , Q=466

SOC : II,, = —-6<0
H22 = —6<0 = H11H22 . H%2 >0 = d2H<0 max
p = -1
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(Application: Multiplant firm)

Let P=25, TC; =2Q? +5Q; + 10, TCy, = 2Q3 + 3Q, + 15
Find @, and @2 that maximize firm’s profit

(Q1,Q2) = TR +TC,—TC,

maxI(Q1, ) = 25(Q1 +Q2) - (2Q7 +5Q1 +10) — (203 + 3Q2 + 15)

Foczg% = 20-4Q, =0 = @Q'=5

= 2240, =0 = Q3=55

SOC :1I;; = —-4<0 40
My = —4<0 }{:[ }Jﬂwzl&w S dPTI<0 max
0 —4
H12 - O

(Application: Multimarket Monopoly or Price discrimination)

Let R = Rl(Cl) + RQ(CQ) and C = C(Q) where Q = Ql + Qg.
Find FONC and SOSC for II max.

II=Ri(Q1) — Ra(Q2) — C(Q)

I
max (Q1,Q2)

FONC
g%M@DU@ﬁ%OéZMQDO@ﬂ}
0Q

5 = Ba(Q2) — Q)3 =0 = Ry(Q3) = C'(Q")
Solve for (Q7,Q3) makes MRy = MRy = MC

SOSC
_ 1" " 0Q
I = R{(Q1) - C"(Q)55,<0
_ " " 0Q
Iy = Ry(Q2) — C"(Q)75,<0

My = Iy = 54 [Ro(Q2) — C'(Q)] = ~C"(Q)<0
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SOSC is satisfied when 1. R}/ —C" <0
2. RI—-C"<0

3. HOylly — I3, = [RY — C"][R; — C"] = (—=C"(Q))* > 0

%Pl :22—2Q1,P2: 10-05@2 andTC:2Q+5
Find @1, @2, Piand P, that maximize firm’s profit.

nax I(Q1,Q2) = (22 — 2Q1)Q1 + (10 — 0.5Q2) — (2Q +5)

=22Q; — 2Q? +10Q3 — 0.5Q% — 2Q; — 2Q2 — 5

FONC 2L — 20-4Q:=0 = Q'=5

9Q1
o= 8-Q;=0 = Q=8

SOSC My = —4 40
My, = —1 H= {O _1] ,|H1|<0, |H|>0 = d*II<0 max

H12 = H21 =0

(Application: Input decision of a firm)
Let Q = f(K,L) =5K% L% P =4 w=10, r =5. Find K*, L* max profit.
M=P.Q—TC
— 4(5K%3L0%) — (10K + 5L)
max [I(K, L)
K,L
FONC gL = 10K L% -5=0 = 2K [0 _1=0) K* = 4

on 5K—0.5L—0.75 ~10=0 = K0'5L_0'75 —92—=0 L* = 1

oL
HLL = —3.75K0'5L_1'75 = HLL(K* = 4, L* = 1) — —%<0

Mg, = 25K 051707 = T (K*=4L"=1)= —%

_5 5
H= { ¥ _4§} |Hq|<0, |Hs|>0 ..11(4,1) is max.
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4 Comparative-Static Aspects of Optimization

ex. In PC, P, P, are exogenous
R = PiQ + PQ
C =201+ @Q1Q2 + Q3

gllaé I(Q1,Q2) = PiQ1 + PQ2 — (2Q7 + Q1Q2 + Q3)

FONC zo- =P —4Q7 - Q2=0) 4Q1+ Q> =P

%sz—‘lQ%—Ql:O Q1 +4Q: =P,

4 1| |G Py ¥ —Py  )x »—4P;
I RE R

SOSC

QT _ 4 0Q; _ —4
am — 15 > o, — 15 <0
Q1 _ -1 0Q; _ 1
8P2_15<0 8P2_15>0

ex. Consider R =P -Q(K,L)

where P, w, and r are exogenous. Find%k, 2K
Given,C' = wL +rK

aP ) 9P °

maxII(K, L) = P- Q(K, L) - (wL + rK)

9K _ 1
oL — w

FONC HK = P'QK—T:O
HL = P'QL—U}:O

= K* = K*(P,w,r), L* = L*(P,w,r)
If P changes, while w and r remain constant; what will happen to K*, L*?
K* = K*(P) = K*(P,w,T)
L* = L*(P) = L*(P,w,T)
For FONC:
g = P-Qk(K*(P),L*(P)) —r =0

I, =P QuK*(P),L*(P)) —w =0

8-12
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Mo~ (P Qu(K(P),L*(P) — 1]
= P 5Qu(K*(P), L*(P)) + Qx(K*(P), L*(P))4% -
[Note: r is constant]
= P-(Qx - G5 + Qur - 55) + Qx

. dI dK* dL*
B = P Qg+ P Qur - G5 = —Qk

dIt dK* dL*
b= P Qkr 5 +P-Qu- 55 = -0

P'QKK PQLK:| |:d£:| — |:_QK:|
P- QKL P- QLL i _QL

dP

dK* _ —PQrQrr+PQrQrk :
dP —  P2(QrxQrr—Q%ig) >0 if QLK>O

dL* _ —PQrLQrrx+PQrQrLK :
P = P omor—a g >0 i Qrx>0

.. L and K are complement
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5 Multivariable Optimization
Let 2z = f(x1,x2,23)
dz = fidz) + fodas + fadrs
FONCdz =0« fi=fa=/f3=0
SOSC d*z = 32 (dz)dwy + 32 (dz)dxy + 3% (dz)das

dzs

fu fiz fiz] |do
- [dml dz dl’:s] for for foz| |dx
\f31 J32 f33/ dxs

Hessian Matrix

d?z > 0 (min)

Ju fiz Ji3
H= |{fa foo fo
far a2 fas
d’z < 0 (max)
|Hil = fu ) |H|<0
i fiz |H2|>0
H =
el =
|H3|<0
fu fiz fis
|Hs| = |fa foo fos "negative definite”
far fa2 fa3] )
= all principal minor
alternate its sign

|Hy|>0

| Ha|>0

|H3|>0
"positive definite”

= all principal minor
must be positive
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Summary

max min
FONC | fi=fo=-=f,=0| fi=fo=-= f, =0
SOSC | |Hy| <0, |Hy| >0 |H,|>0, |Hy| >0

|Hj| <0, ...
or (—1)'|H;| >0

fori=1,2,...,n

.| Hs| >0, ...
or |H;| >0

fori=1,2,...,n

ex. y = 7 + 623 + 3x§ — 20129 — 4x923

;—Iyl = 2$1 — 2$2

T = 121y — 23 — Ay

5_53:’, = 6[)’23 - 41‘2

fir = 2

foo = 12

fzs = 6

fi2 = -2 2 -2 0
fis = 0 SH=|2 12 -4
foo = =2 0 —4 6
fos = —4

fai = 0

fz2 = —4 |

Hy|=2>0

|Hy| =20 > 0

|Hy| = 88 > 0

. d?y > 0 positive definite (min)
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(Application: Multimarket Monopoly)

Let P, = 63— 40,
P, = 105 —5Q,
Py = 75-Q3
TC = 15Q + 20

Find @, and P; for ¢ = 1,2, 3 that max II

= max [I(Qq,Qo,
Q1,Q2,Q3 (Ql @ Q3)

= (63 — 4Q1)Q1 + (105 = 5Q2)Q2 + (75 — Q3)Q3 — [15(Q1 + Q2 + Q3) + 20]

FONC 1, = 48-8Q, = Q=6
I, = 90—10Q; = Q;=9
M, = 60—20Q; = Q=30

SOSC H11 = —8 )
g” B :;O -8 0 0
37 H=|0 =10 0
M, = Mz =0 0 0 9
Iy = I3 =0
I3y = l33=0 )

|H| =—-8<0

|Hy| =80 >0

|Hs| = —160 > 0

. d?z < 0 negative definite
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