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CHAPTER 4

Basic Matrix Algebra and Applications

Topics: Economic Applications of Matrix Algebra

Outline:

i How to use matrix to solve system of simultaneous equations
& Partial market equilibrium

i The effect of specific tax on market equilibrium

i Simple Macroeconomic Model
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“How to use matrix to-solve \s‘ystem of simultaneous equations {

When we have the system of simultaneous equations:

1.) Identify endogenous variables, exogenous variables, parameters:

This is a system of m linear equations with n endogenous variables:

s

n Ve

q
a11®+a12x2+"'+aln ) =4,
Ay X, +anX, +-+a,,x, =d, [wm
a,x,+a x,+-+a, x =d,

-

Q,c“.s
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2.) Reduce the system of equations to have number of equations equal to number of
endogenous variables and to have only necessary information

That is, we need to have:

number of equations = number of endogenous variables

3.) Rearrange every equations in the system so that all endogenous variables are on

one side and all other exogenous variables on the other side

From:
ax, =k — bx,
dx, = h—cx;
To:
ax, +bx, =k
cxy+dx, =h

4.) Rewrite the system into matrix form:

ax; +bx, =k

cxy+dx, =h
[ax1 + bxz] _ k]
cx; +dx,| — Lh

[Ccl Z 2%2 [iﬂzm B ;{l]le
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Anxnxnxl - dnxl

A is matrix of parameters that are in front of endogenous variables.

x is column vector of endogenous variables to solve for its final values as a
function of exogenous variables and parameters

d is column vector of parameters that don’t multiply with endogenous
variables and exogenous variables

5.) Check that det A must not equal to 0, so that A~ exists.

|A] # 0
,where det A can be computed by:

e [Ifasquare matrix 4 is a 2 by 2 matrix, then det A is equal to:

a, a
11 12
|A| = =011032 — A21013

a, dy

e [fasquare matrix A is a 3 by 3 matrix, then det A is equal to:
Al
A1 Q12 Qg3

a1 Ay diz
a31 dzp; AQ4szsz

= Q41032033 T A12073031 T 01303207,
—031022093 — A33033011 — Q33021013

e n™order determinant by Laplace Expansion

Let A be a matrix in R™*™. The determinant of A or det A is given by |A|.

> a,C, i=1,2,...,n (expansion by i"row)
4=

Z%Cy j=1,2,...,n (expansion by j"column)
i=1

We call C;;, Cofactor of element a;;.
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Cyj = (=DM,

The minor of element a;j, M;;, is the determinant of the matrix resulting from

ij»
deleting row i and column j of matrix A,y, . In other words, a "minor" is the
determinant of the square matrix formed by deleting one row and one column from

some larger square matrix.

Note: If determinant is found by using Cofactor for elements from the WRONG row

41 2

12 4 2 4 1
521 |C21|=—0 573 |sz|=1 5710 |cz3|=—0 Iz
103

|4]=4(-3)+1(10)+2(1)=0
6.) Use inverse matrix or Cramer’s rule to find the solution of the system of
simultaneous equations:
6.1) Inverse matrix:
Ax =d
A'Ax = A7'd
Ix =A"1d

x=A"1d
,where we can find A™1 by
A1t ! djA
=—-q
4]

ad]A = [CU]T

6.2) Cramer’s rule:
A
4

| Ay | is the determinant of matrix A when replacing column k of matrix A by vector d.
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é¥Partial market equilibrium

Demand: QP =a-bP
Supply: Q5 =—-c+dP P
Equilibrium: QP =0Q°

Q
N
1) ddentify-endogenous variables, exogenous variables, parameters: =

Endogenous variables:........ Q O e

2.) Reduce the system of equations-to havd number of equations \equal to number of
‘ endogenous variableﬂ

How many equations will we be working with? .............. 3 ..............................

3.) Rearrange every equations in the system so that all endogenous variables are on
onesideand.all other exogenous variables on the other side

L+ - @

Demand: Q° =a—-bP = 3

4+ 0@+EP =
Supply: Q5 =—-c+dP A
Equilibrium: QP = Q%

- A’“f@ ] Z

Demand: 41 @P+0 @S +b p M) 4%
Supply: 0 QP+1 Q5 =4 P — A—‘A A = OL
Equilibrium: 1 0° =15 +0 P30 et x - A—‘ OL

4.) Rewrite the sy??ém into matrix form: e I

Al

coefti in Derevd % yowy —5 f1hsomib |

Coafly fn swepty € vowe —l1O 01 —~
oful On yuwd —Z0L VUL 02

VA W A\

)

*x = A
coetl; of Coefhlck @ _

QP ;&S ov(b‘e 1 - Ad
Coefhi © -
%o x =AOQ:

\)
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5.) Check that det A must not equal to 0, so that A~ exists.

: due Mor1?

ol
P:rgce |6hh

A= |2 °‘n,1
G, @
R £ N1

o mefixA  (n thet raw

sem2/23020

Cofoctr of eadn eloment,

Tufersession = Mard, &3P0

........ d eFA=|A‘:+C1><l\<0)+(‘7“‘&"13+('b“ 0x=1) §

A (s & honsingsla
has A——‘,

6.) Use inverse matrix or Cramer’s rule to find the solution of the system of

simultaneous equations: A= 1 ¢ b
c 1 -d
1 - o
1 ~
4 = g )

' [C(:)j is called o cofacter refrin

6.1) Inverse matrix:

o & matrix A
Cdl | adea'[C)i_j] Cey = C’DHU MC\j
= the dek of A after deleti
_ 1 {d "4 ) Glo méu@trrg
o (—1)“( 1 0 (—1@0 1 —d
1 -1 1 1 -1
[ 0 b 1 0 1 0
2 ¢ =| (1Dt} 1D —al D1
| -1 0 1 -1 0 1 -1
I 0 b 1 0 b 1 0
3 COE0 1 —d| 120 1 —d| o 1 Ja
i —1_0 1 0 1 1 1943
May -7;0_("’
- 0 —d 0 1
(_1)1+1'_ l (—1)1+2 |1 . | (—1)1+3 |1 _1|
— _1)2+1 0 b _1)\2+2 1 b _1)2+3 1 0
o G Ve Ined IR G DEcl buled I CE Vi I
_1y3+1|0 b _1y3+2|1 b _1y3+3|1 O
| (=D |1 _d| D |0 —d| (-1) |0 11
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Mol
[(_1)1+1® (—1)1+2d (_1)1+3(_1)“
C —_

(—1)2+1b (—1)2+2(—b) (_1)2+3(_1)
(=D (=b) (=1)°*2(=d) (=1)°**"3(1)

—d —-d -1
co";ac{-cr A _ C= [—b b ]
b d 1

" . [-d -b —b
1= adjA = —-d —-b d
detA —b-d|_{ T ]
Therefore, 7°
» ~ad, + bc “%O)
()47 [ -
01 | 4 ~HD o
0S| =g lma—=b—a||CH | = [
p -1 1 1]l0]
. X’3l
clia cker
Gd — bo Camn v
b +
lg’;l Ao
b+d
P a+c
b+d
y & = Ajp.
koA A, |
L [ A | ) A= 2
[ Aq] 7 A
W 16 = ‘ &,\
_ |14l al
|A]
sl
4] |




thinlncd,

From the model:;

Demand:

Crogenag
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Repl&c,q Cel 1 with vede d, E
L N G v onginely  containg oeffi of
4 G in mehix A
|4 |
TS ;
= ‘O(,—-O«.OL el COCHL" ot &
Lod o2 is oY
1 G b
0 -c¢ —d
os=l_l1 o o
|A] -b—d
1 0 o«
0 1 -c
14:l 11 -1 o
P = =
|A] -b—d
© If we assume QP = Q5 = Q,
D=q-bP
> ende 3  &s.
QS =—c+dP

Supply:

Equilibrium: - QP =0Q° l

If we assumd

QP =Q°5 = a,\then we can reduce the system of simultaneous

equations down to:

Demand:

Supply:

Q =a-—>bP
Q=-c+dP

Rearrange & Rewrite into matrix form:

Demand:

Supply:

evir=a |
[ 2)8)=]

A ® = d f \

R N T



Ch 4 Econ Application of Matrix Algebra sem2/23020 Page|9

ad oAy el 1A

('|/a_\b m [ Al
m_ —~od.+b
[Q]z —b=4d. = | ==«
[ _p—d- “b-d

© If we collect specific tax from supplier t baht per unit

From the model: 9( P
- ( /A
Demand: —a—bp>  oFS
Supply: &'\\@ —c+ c@y * ecfs ) o s
Equilibrium: Q0 = 0° 4 endo D &, &7
P.S‘ — PD _ —_
v M (
: equiibrium priel
If we assumg QP = Q5 = {an pP ﬁ then we can reduce the S}l}éterﬁv‘ X
simultaneous equations do‘h\téqlwwonw Gq"c"\hb
Demand: Q =a—bP
Supply: Q=—-c+dp_-df
Rearrange & Rewrite into matrix form:
he +°~X
Demand: Q+bP=a Q+bP=a 1
Supply: Q—-dP =—c_-dt Q—dP =—c
L -

HA B I

_|—c(i_d.&-
[IQ3 - 1_b_d
|1 —c@d:(;|
T —p—d |
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Exercise:
1.)
O =24—-4P
0’ =13P-27 (P"=3,0 =12)
QD — QS
2.) Consider a simple model in which two commodities are related to each other
Good 1 Good 2
O, =0, 0, =0,
O, =a,+ahb +a,F, O, =¢+ah+c,P
0, = bo +b1]:{ +b2P2 0, = do + dlpl + dzpz

Find the equilibrium prices and quantities in good 1 and good 2

& Simple Macroeconomic Model

esian crossing model:

Can e we all S epediag

K

At =%
heo (

Endogenous variables:..... Y. Jooo <. Do Yd,

Reduce the system of equations to have number of equations equal to number of
endogenous variables

How many equations will we be working with? ........... 3

Y=C+1,+G, @E@
C =a+bY?

Yé=Y-T
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Rearrange every equations in the system so that all endogenous variables are on one

side and all other exogenous variables on the other side

1 v-1 ¢ +0 yd = 1,6

0 vy+i ¢ -b ya a

-1 y+oc ! yd=_—T

Rewrite the system into matrix form: @, a(’ C

L /,;Y 246
)13

1 < o
1 o0 1

L“'_Go -1 0

1 _1 IO + GO
0 1 a
* -1 0 T
YD
1-b

Note: We can also work with the system with two equations:

From
Y:C+10+G0

C=a+by?
Yé=Y-T

To
Y=C+1I,+ G
C=a+bY—>bT

]

Y=CH+1, + G,
C =a+bY?
Yé=Y-T

a t b (,10"'60) =bT

1 =4
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IS -LM

The Good Market: \

lv=c+1+6)|

v 3 e ——p 1S
? (1-bL16))y ter = C *lt6o @

v ke
9. eindo

M= fY - Br — 1 5 e —7 LM

gi; ) f = pro= N @

Identify endogenous variables, exogenous variables, parameters:

Endogenous variables: Y, C, I, Md . vo.....

Reduce the system of equations to have number of equations equal to number of
endogenous variables

How many equations will we be working with? 4'Q cluc‘hcﬂ‘s ..............
C=Co+b(1-1t)Y
0 €, ¢ 1,F
[ =1,—er )
My = fY — pr

Rearrange

Y—C—-1+0r Gy
—b(T=T7)Y +C + 0l + 0r_=C,
Y +0C+ 1 +er =1,
fY+oC+0I—-pr =M,

Rewrite the system into matrix form:



Pafg e |1
Al

\CVU""‘\W{S nde,

Tips: In this case, it will be easier if you use Cramer’s rule for the solution and you

will need to use Laplace’s expansion to compute the determinants

Alternatively, we can use matrix algebra to solve the system of two equations: IS-LM

—pla-b-4) —fe -£ 1-ba
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