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Chapter 12   Sensitivity Analysis and Envelope 
Theorems 

 
12.1 The Meaning of the Multipliers  The Lagrange 
multipliers will be shown to be the rate of change of the 
optimal value of the objective function per unit change of 
the RHS’s of the constraints.  They are called the economic 
values, shadow prices or opportunity costs of the RHS’s.  
 
 We will discuss the Lagrange multiplier for the one 
equality constraint case and then, with the insights gained, 
generalize to the other cases. 
 
12.2 The Meaning of Lagrange Multiplier:  One 
Equality Constraint Case 
 
Theorem  (Simon and Blume [1994], Theorem 19.1, page 
449)  Consider the optimization problem 
 

max(min)	𝑓(𝐱) 
st. 𝑔(𝐱) = 𝑎, 

 
where f and g are functions in 𝑪!.  For any fixed 𝑎, let 𝐱(𝑎) 
be a local optimal solution to the optimization problem, 
with corresponding multiplier 𝜆(𝑎) .  So 𝐱: ℝ → ℝ"  and 
𝜆:ℝ → ℝ are functions and suppose that they are in 𝑪!.  For 
a given value of 𝑎, 
 

𝜆(𝑎) =
𝑑𝑓(𝐱(𝑎))

𝑑𝑎  
 
Proof  The composite function 𝑀(𝑎) = 𝑓(𝐱(𝑎)) is in  𝑪! 
because 𝑓(𝐱) and 𝐱(𝑎) are.  So its derivative exists.  Now 
we will show that the derivative of F with respect to a is 
equal to the multiplier.  Write the Lagrange function, with 
a being the parameter, 
 

ℒ(𝐱, 𝜆; 𝑎) = 𝑓(𝐱) − 𝜆(𝑔(𝐱) − 𝑎). 
 
The first-order necessary condition is  
 
∇𝐱ℒ(𝐱(𝑎), 𝜆(𝑎); 𝑎) = ∇𝑓(𝐱(𝑎)) − 𝜆(𝑎)∇𝑔(𝐱(𝑎)) = 𝟎. 

 
Since 𝑔>𝐱(𝑎)? = 𝑎 , for any 𝑎 , the derivative of 𝑔  with 
respect to 𝑎 by chain rule is 
 

𝑑
𝑑𝑎 𝑔>𝐱

(𝑎)? = ∇𝑔>𝐱(𝑎)?$𝐱%(𝑎) = 1 
Then take the derivative of 𝑓(𝐱(𝑎)) with respect to 𝑎 by 
chain rule, we have 
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𝑑
𝑑𝑎𝑀

(𝑎) =
𝑑
𝑑𝑎 𝑓>𝐱

(𝑎)? = ∇𝑓>𝐱(𝑎)?$𝐱%(𝑎) 

= 𝜆(𝑎)∇𝑔>𝐱(𝑎)?$𝐱%(𝑎) 
= 𝜆(𝑎).∎ 

 
 This theorem is equally applicable in maximization 
and minimization problems. 

 
HW.  What is the relationship between the Lagrange 
multiplier 𝜆& of the problem  
 

max𝑓(𝐱) 
st. 𝑔(𝐱) = 𝑎, 

 
and the Lagrange multiplier 𝜆& of the problem  
 

min𝑔(𝐱) 
st. 𝑓(𝐱) = 𝑏, 

 
if we assume that 𝑓(𝐱(𝑎) = 𝑏. 
 
Example  In the problem of maximizing the utility function 
𝑢(𝐱)  subject to the budget constraint 𝐩$𝐱 = 𝐵 , the 
Lagrange multiplier 𝜆(𝐵)  is the marginal utility the 
consumer receives per one additional baht of money.  If he 
has Δ𝐵  bahts more, he will have approximately Δ𝑢 ≈
𝜆(𝐵)Δ𝐵 additional utility.  (Note this meaning and refer 
back to the inter-temporal consumption example in Section 
9.3.1.) 
 
HW  In the problem of minimizing the expenditure 𝐩$𝐱 =
𝐵  subject to the level of utility 𝑢(𝐱) = 𝑢' , interpret the 
economic meaning of the Lagrange multiplier 𝜇(𝑢').  How 
are 𝜇(𝑢') and 𝜆(𝐵) of the previous example related if the 
maximal utility attained in the previous example 
𝑢>𝐱(𝐵)? = 𝑢'? 
 
Example Simon and Blume [1994], Example 19.1.  The 
problem of maximizing 𝑥!(𝑥(  subject to the constraint 
2𝑥!( + 𝑥(( = 3 has the Lagrange multiplier 𝜆(3) = 0.5.  If 
the RHS is changed to 3.3, the optimal objective function 
will change by approximately 0.5 × 0.3 = 0.15. 
 
12.3 The Meaning Lagrange Multiplier:  
Several Equality Constraint Case 
 
Theorem  (Simon and Blume [1994], Theorem 19.2, page 
450)  Consider the optimization problem with 𝑘 equality 
constraints, 
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max	(min)𝑓(𝐱) 
st. 𝐠(𝐱) = 𝐚, 

 
where f and g are functions in 𝑪!.  For any fixed vector 𝐚, 
let 𝐱(𝐚)  be a local optimal solution to the optimization 
problem, with corresponding multiplier 𝛌(𝐚).  So 𝐱:ℝ →
ℝ" and 𝛌: ℝ) → ℝ) are functions and suppose that they are 
in 𝑪!.  For a given value of a, 
 

𝛌(𝐚) = ∇𝐚𝑓>𝐱(𝐚)?. 
 
Proof  The composite function 𝐹(𝐚) = 𝑓(𝐱(𝐚)) is in 𝑪! 
because f and x are and thus its gradient exists.  We will 
show that it is the vector of multipliers as given in the 
theorem.  Write the Lagrange function, with 𝐚 being the 
parameter, 
 

ℒ(𝐱, 𝛌; 𝐚) = 𝑓(𝐱) − 𝛌$(𝐠(𝐱) − 𝐚). 
 
The first-order necessary conditions that 
 
∇𝐱ℒ(𝐱(𝐚), 𝛌(𝐚); 𝐚) = ∇𝐱𝑓>𝐱(𝐚)? − ∇𝐱𝐠>𝐱(𝐚)?

$𝛌(𝐚) = 𝟎 
 
Since 𝐠>𝐱(𝐚)? = 𝐚 , for any 𝐚 , the derivative of 𝐠  with 
respect to 𝐚 by chain rule 
 

∇𝐚𝐠>𝐱(𝐚)? = ∇𝐱𝐠>𝐱(𝐚)?∇𝐚𝐱(𝐚) = 𝐈, 
 
where 𝐈 is an identity matrix of order k.  Then taking the 
derivative of 𝑓(𝐱(𝐚)) with respect to 𝐚 by chain rule, we 
have 
 

∇𝐚𝑓>𝐱(𝐚)?
$ = ∇𝐱𝑓>𝐱(𝐚)?

$∇𝐚𝐱(𝐚) 
= 𝛌(𝐚)$∇𝐱𝐠>𝐱(𝐚)?∇𝐚𝐱(𝐚) 
= 𝛌(𝐚)$. 

q 
 
12.4 The Meaning of Lagrange Multiplier:  
Inequality Constraint Case 
 
Theorem (Simon and Blume [1994], Theorem 19.3, page 
451)  Consider the maximization problem with 𝑚 
inequality constraints, 
 

max	 𝑓(𝐱) 
𝐡(𝐱) ≤ 𝐚, 
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where 𝑓	and 𝐡 are functions in 𝑪!.  For any fixed vector 𝐚, 
let 𝐱(𝐚)  be a local optimal solution to the optimization 
problem, with corresponding multiplier 𝛍(𝐚).  So 𝐱:ℝ+ →
ℝ"  and 𝛍:ℝ+ → ℝ+  are functions and suppose that they 
are in 𝑪!.  For a given value of 𝐚, 
 

𝛍(𝐚) = ∇𝐚𝑓>𝐱(𝐚)?. 
 
Proof  (Sketch) Suppose that the first 𝑏  constraints are 
binding, then we can apply the previous theorem to obtain 
 

𝜇,(𝐚) =
𝜕𝑓(𝐱(𝐚))
𝜕𝑎,

, 𝑖 = 1,2, … , 𝑟. 

 
We will show that the multipliers for the unbinding 
constraints are zeros.  For the constraints that are not 
binding at 𝐱(𝐚) , ℎ,>𝐱(𝐚)? < 𝑎, , 𝑖 = 𝑟 + 1, 𝑟 + 2, … ,𝑚.  
We can thus reduce the values of unbinding constraints 𝑖 =
𝑟 + 1, 𝑟 + 2,… ,𝑚,  by some sufficiently small 𝜀 > 0  and 
still keep the solution 𝐱(𝐚) feasible.  With this new value of 
RHS 𝐚′, the new feasible set is a subset of the original one.  
Thus the solution 𝐱(𝐚) is also a local maximum of the new 
feasible set.  That is, 
 

𝑓>𝐱(𝐚)? = 𝑓>𝐱(𝐚%)?. 
 
This means for some sufficiently small change in 𝑎, , 𝑖 =
𝑟 + 1, 𝑟 + 2,… ,𝑚,  there is no change in the maximal 
objective function value.  So -.(𝐱(𝐚))

-&!
= 0, 𝑖 = 𝑟 + 1, 𝑟 +

2,… ,𝑚.q 
 
HW  Write the corresponding result of the previous 
theorem for the minimization problem. 

 
HW  Write the theorem for the mixed-constraint 
optimization. 
 
Example Simon and Blume [1994], Example 19.2.  The 
problem of maximizing 𝑥𝑦𝑧 subject to the constraints, 𝑥 +
𝑦 + 𝑧 ≤ 1,  𝑥 ≥ 0, 𝑦 ≥ 0,  and 𝑧 ≥ 0 , has the optimal 
solution (𝑥∗, 𝑦∗, 𝑧∗) = (!

2
, !
2
, !
2
).  Only the first constraint is 

binding and its Lagrange multiplier is !
3
, while all others are 

zero.  If the RHS of the first constraint is increased by 0.1, 
the optimal objective function value will change 
approximately by 0.1 × !

3
. 

 
Example  At the optimal solution of the Linear 
Programming problem, 
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max 𝑓(𝐱) = 𝐜$𝐱 
st. 𝐡(𝐱) = 𝐀𝐱 − 𝐛 ≤ 𝟎 

𝐱 ≥ 𝟎, 
 
the value of the Lagrange multiplier vector 𝛍(𝐛) is the rate 
of the change of the optimal objective function value as the 
RHS 𝐛 change.   
 
HW  In the dual problem, 
 

min 𝐛$𝛍 
st. 𝐀$𝛍 ≥ 𝐜 

𝛍 ≥ 𝟎, 
 
let 𝐱 be the vector of the Lagrange multipliers.  Interpret the 
critical value of the Lagrange multiplier 𝐱∗. 
 
12.5 Envelope Theorems 
 
 We can generalize the analysis of the change in the 
optimal value of the objective function when the RHS 
changes.  The Envelope Theorem will analyze the change 
in the optimal objective function value when a parameter of 
the problem changes.  For example, in the unconstrained 
maximization of 𝑓(𝑥!, 𝑥() = 3𝑥!&𝑥( − 𝑥!𝑥(2 ,  what is the 
rate of change of the optimal objective function value when 
the parameter 𝑎 changes? 
 
12.6 Envelope Theorem:  Unconstrained Case 
 
Theorem (Simon and Blume [1994], Theorem 19.4)  Let 
𝑓(𝐱; 𝑎) be a 𝑪! function of 𝐱 ∈ ℝ" and scalar 𝑎 ∈ ℝ.  For 
each choice of 𝑎, consider the unconstrained optimization 
max (min) 𝑓(𝐱; 𝑎).  Let 𝐱(𝑎) be a local optimal solution 
for each specification of 𝑎, and so 𝐱(𝑎)  is a function of 𝑎.  
Suppose that 𝐱(𝑎)   is a 𝑪!  function and write 𝑀(𝑎) =
𝑓(𝐱(𝑎); 𝑎), which is called the maximal (minimal) value 
function.  Then, 
 

𝑑𝑀(𝑎)
𝑑𝑎 =

𝜕𝑓(𝐱; 𝑎)
𝜕𝑎 j

	
	

𝐱(𝑎)
, 

 
where the partial derivative on the right hand side is 
evaluated at the point 𝐱(𝑎). 
 
Proof  By the definition that 𝑀(𝑎) = 𝑓(𝐱(𝑎); 𝑎) , the 
derivate of 𝑀(𝑎)  is equal to the total derivative of 
𝑓(𝐱(𝑎); 𝑎), and by chain rule, 
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𝑑𝑀(𝑎)
𝑑𝑎 =k

𝜕𝑓(𝐱(𝑎); 𝑎)
𝜕𝑥4

𝑑𝑥4
𝑑𝑎

"

45!

+
𝜕𝑓(𝐱; 𝑎)
𝜕𝑎 j

	
	

𝐱(𝑎)
 

= ∇𝐱𝑓(𝐱(𝑎); 𝑎)$𝐱%(𝐚) +
𝜕𝑓(𝐱; 𝑎)
𝜕𝑎 j

	
	

𝐱(𝑎)
 

=
𝜕𝑓(𝐱; 𝑎)
𝜕𝑎 j

	
	

𝐱(𝑎)
. 

 
The last equation holds because when 𝐱(𝑎)  is a local 
optimal solution the gradient of 𝑓  with respect to 𝐱 , 
∇𝐱𝑓(𝐱(𝑎); 𝑎)  is necessarily zero by the first-order 
necessary condition.q 
 
Example  Maximize 𝑓(𝑥; 𝑎) = −𝑥( + 4𝑎𝑥 + 4𝑎(.   The 
optimal solution is 𝑥(𝑎) = 2𝑎.   The maximal value 
function is 𝑀(𝑎) = 8𝑎(, and 𝑀%(𝑎) = 16𝑎. 
 

Using the Envelope Theorem we also get 
 

𝜕𝑓(𝑥; 𝑎)
𝜕𝑎 j

	
	

𝑥(𝑎)
= 4𝑥 + 8𝑎 j

	
	

𝑥(𝑎)
 

= 4𝑥(𝑎) + 8𝑎 = 4 × 2𝑎 + 8𝑎 = 16𝑎. 
 
Example  Defectives in Production.  If s is the fraction of 
total output that is defective, the profit function becomes 
 

𝜋(𝐿, 𝐾; 𝑠) = (1 − 𝑠)𝑝 ∙ 𝑓(𝐿,𝐾) − (𝑤𝐿 + 𝑟𝐾). 
 
Then, the maximal value function is 
 
𝑀(𝑠) = 𝜋(𝐿(𝑠), 𝐾(𝑠); 𝑠) 

= (1 − 𝑠)𝑝 ∙ 𝑓>𝐿(𝑠), 𝐾(𝑠)? − >𝑤𝐿(𝑠) + 𝑟𝐾(𝑠)?, 
 
and by the Envelope Theorem, 
 

𝑑𝑀(𝑠)
𝑑𝑠 =

𝜕𝜋(𝐿,𝐾; 𝑠)
𝜕𝑠 j

	
	

𝐿(𝑠), 𝐾(𝑠)
 

= −𝑝𝑓(𝐿, 𝐾)	j
	
	

𝐿(𝑠), 𝐾(𝑠)
 

= −𝑝𝑓>𝐿(𝑠), 𝐾(𝑠)?, 
 
which is just the total revenue at the optimal production 
point.  If the defective fraction 𝑠 is changed by 0.01, i.e. 1%, 
the profit will decrease by approximately, 
 

Δ𝑀(𝑠) ≈
𝑑𝑀(𝑠)
𝑑𝑠 ∙ Δ𝑠 

= −0.01
𝑑𝑀(𝑠)
𝑑𝑠  
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= −0.01𝑝𝑓>𝐿(𝑠), 𝐾(𝑠)?, 
 
which is 1% of the total revenue. 
 
 When the function f depends on r parameters, we 
can find the partial derivative of the value function with 
respect to each parameter. 
 
Corollary Consider the unconstrained optimization 
maxmin 𝑓(𝐱; 𝐚) , 𝒙 ∈ ℝ" ,  for each choice of vector of 
parameters 𝐚 ∈ ℝ6 .  Assume that 𝐱(𝐚) be a local optimal 
solution that is a 𝑪! function of 𝐚.  Write the value function 
𝑀(𝐚) = 𝑓(𝐱(𝐚); 𝐚).  Then, 
 

∇𝐚𝑀(𝐚) = ∇𝐚𝑓(𝐱; 𝐚) j
	
	

𝐱(𝐚)
. 

 
Proof  Using the chain rule, 
 

∇𝐚𝑀(𝐚)$ = ∇𝐱𝑓(𝐱(𝐚); 𝐚)$∇𝐚𝐱(𝐚) + ∇𝐚𝑓(𝐱; 𝐚)$ j
	
	

𝐱(𝐚)
. 

= ∇𝐚𝑓(𝐱; 𝐚)$ j
	
	

𝐱(𝐚)
, 

 
where ∇𝐱𝑓(𝐱(𝐚); 𝐚) = 𝟎  by the first-order necessary 
condition.q 
 
Example  Maximize the profit function 𝜋(𝐿, 𝐾) =
𝑝𝑓(𝐿, 𝐾) − (𝑤𝐿 + 𝑟𝐾).  Taking (𝑤, 𝑟) as parameters, by 
the Envelope Theorem we have 
 

𝜕𝑀(𝑤, 𝑟)
𝜕𝑟 =

𝜕𝜋(𝐿, 𝐾; 𝑤, 𝑟)
𝜕𝑟 j

	
	

𝐿(𝑤, 𝑟), 𝐾(𝑤, 𝑟)
 

= −𝐾 j
	
	

𝐿(𝑤, 𝑟), 𝐾(𝑤, 𝑟)
 

= −𝐾(𝑤, 𝑟). 
 
That is, when the price of capital 𝑟 changes the total profit 
will change equal to the level of capital used 𝐾(𝑤, 𝑟) per 
unit change in 𝑟. 
 
12.7 Envelope Theorem:  Equality Constraints 
Case 
 
Theorem  (Simon and Blume [1994], Theorem 19.5, and  
Jehle [1991], Theorem 2.4.1)  Consider the constrained 
optimization, 
 

maxmin 𝑓(𝐱; 𝐚) 
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st. 𝐠(𝐱; 𝐚) = 𝟎, 
 
where 𝐚 ∈ ℝ6 is a vector of parameters.  Let 𝐱(𝐚) be a local 
optimal solution with multiplier 𝛌(𝐚), for each choice of 𝐚.  
Suppose that 𝐱(𝐚)  is a 𝑪!  function.  Write the maximal 
value function 𝑀(𝐚) = 𝑓(𝐱(𝐚); 𝐚).  Then, 
 

∇𝐚𝑀(𝐚) = ∇𝐚ℒ(𝐱, 𝛌; 𝐚) j
	
	

𝐱(𝐚), 𝛌(𝐚)
, 

 
where ℒ is the Lagrange function, 
 

ℒ(𝐱, 𝛌; 𝐚) = 𝑓(𝐱; 𝐚) − 𝛌$𝐠(𝐱; 𝐚) 
 

Proof  By chain rule, as in the previous corollary, 
 

∇𝐚𝑀(𝐚)$ = ∇𝐱𝑓(𝐱(𝐚); 𝐚)$∇𝐚𝐱(𝐚) + ∇𝐚𝑓(𝐱; 𝐚)$ j
	
	

𝐱(𝐚)
				(1) 

 
Since 𝐱(𝐚) is a local optimal solution, from the first-order 
necessary condition there exists 𝛌(𝐚) that 
 
∇𝐱ℒ(𝐱(𝐚), 𝛌(𝐚); 𝐚) = ∇𝐱𝑓(𝐱(𝐚); 𝐚) − ∇𝐱𝐠(𝐱(𝐚); 𝐚)$𝛌(𝐚) 

= 𝟎, 
 
we have, 
 

∇𝐱𝑓(𝐱(𝐚); 𝐚) = ∇𝐱𝐠(𝐱(𝐚); 𝐚)$𝛌(𝐚).               (2) 
 
Since 𝐠(𝐱; 𝐚) = 𝟎 for any feasible point 𝐱 and 𝐚, 
 

∇𝐚𝐠(𝐱(𝐚); 𝐚) = ∇𝐱𝐠(𝐱(𝐚); 𝐚)∇𝐱(𝐚) + ∇𝐚𝐠(𝐱; 𝐚) j
	
⬚
𝐱(𝐚)

 

= 𝟎 
 
and so, 
 

∇𝐱𝐠(𝐱(𝐚); 𝐚)∇𝐚𝐱(𝐚) = −∇𝐚𝐠(𝐱; 𝐚) j
	
	

𝐱(𝐚)
               (3) 

 
From (1), (2) and (3),  

∇𝐚𝑀(𝐚)$ = 𝛌(𝐚)$∇𝐱𝐠(𝐱(𝐚); 𝐚)$∇𝐚𝐱(𝐚) + ∇𝐚𝑓(𝐱; 𝐚)$ j
	
	

𝐱(𝐚)
 

= 𝛌(𝐚)$ x−∇𝐚𝐠(𝐱; 𝐚) j
	
	

𝐱(𝐚)
y + ∇𝐚𝑓(𝐱; 𝐚)$ j

	
	

𝐱(𝐚)
 

= ∇𝐚𝑓(𝐱; 𝐚)$ j
	
	

𝐱(𝐚)
− 𝛌(𝐚)$ x∇𝐚𝐠(𝐱; 𝐚) j

	
	

𝐱(𝐚)
y 
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= ∇𝐚ℒ(𝐱, 𝛌; 𝐚)$ j
	
	

𝐱(𝐚)
. 

 
Example See Simon and Blume [1994], Example 19.6 and 
Jehle [1991], Example 2.4.1. 
 
HW  Show that the theorem on the meaning of the multipliers 
is just a special case of this Envelope Theorem in the equality 
constraint case. 
 
12.8 Applications:  Shephard’s Lemma, Roy’s 
Identity and Demand Function, and Slutsky 
Equation 
 
Theorem  (Shephard’s Lemma)  Consider the cost 
minimization , subject to the output level 𝑓(𝐱) = 𝑦, 𝑓	is in 
𝑪!.  This problem is parameterized by (𝐰, 𝑦).  Let 𝐱(𝐰, 𝑦) 
be the optimal solution and assume that it is in 𝑪!.  The value 
function 𝐶(𝐰, 𝑦) = 𝐰$𝐱(𝐰, 𝑦) is just the cost function as it 
is the minimum cost the firm has to pay for a given output 
level y at given input prices w.  Then, 
 

∇𝐰𝐶(𝐰, 𝑦) = 𝐱(𝐰, 𝑦), 
 
or equivalently, 
 

𝜕𝐶(𝐰, 𝑦)
𝜕𝑤4

= 𝑥4(𝐰, 𝑦), 𝑗 = 1,2,… , 𝑛, 

 
which is the demand function for input 𝑗  as a function of 
input prices and output level. 

 
Proof  The Lagrange function is given by 
 

ℒ(𝐱, 𝜆; 𝐰, 𝑦) = 𝐰$𝐱 − 𝜆(𝑓(𝐱) − 𝑦) 
 
By the Envelope Theorem, 
 

∇𝐰𝐶(𝐰, 𝑦) = ∇𝐰ℒ(𝐱, 𝜆;𝐰, 𝑦) j
	
	

𝐱(𝐰, 𝑦), 𝜆(𝐰, 𝑦)
 

= ∇𝐰(𝐰$𝐱 − 𝜆(𝑓(𝐱) − 𝑦))	j
	
	

𝐱(𝐰, 𝑦), 𝜆(𝐰, 𝑦)
 

= 𝐱 j
	
	

𝐱(𝐰, 𝑦), 𝜆(𝐰, 𝑦)
 

= 𝐱(𝐰, 𝑦). 
q 
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HW  What is the partial derivative of the cost function with 
respect to output? 

 
Theorem  (Indirect Utility Function and Marshallian 
Demand)  For the consumer’s problem that a utility function  
𝑢(𝒙) is maximized subject to the budget constraint 𝐩$𝐱 =
𝐵', let 𝐱8(𝐩, 𝐵') be the optimal solution for given prices 𝐩 
and income 𝐵' , called Marshallian demand.  The value 
function here is 𝜈(𝐩, 𝐵') = 𝑢(𝐱8(𝐩, 𝐵'); 𝐩, 𝐵') , which is 
called the indirect utility function.  Suppose 𝑢  and 
𝐱8(𝐩, 𝐵') are in 𝑪!, then  
 

𝑥48(𝐩, 𝐵') = −

𝜕𝜈(𝐩, 𝐵')
𝜕𝑝4

𝜕𝜈(𝐩, 𝐵')
𝜕𝐵

, 𝑗 = 1,2,… , 𝑛, 

 
and this is called Roy’s Identity. 
 
Proof  Write the Lagrange function 
 

ℒ(𝐱, 𝜆; 𝐩, 𝐵') = 𝑢(𝐱) − 𝜆(𝐩$𝐱 − 𝐵') 
 
and apply the Envelope Theorem, we have 
 

∇𝐩𝜈(𝐩, 𝐵') = ∇𝐩ℒ(𝐱, 𝜆; 𝐩, 𝐵') j
	
	

𝐱8(𝐩, 𝐵'), 𝜆8(𝐩, 𝐵')
 

= 𝜆𝐱 j
	
	

𝐱8(𝐩, 𝐵'), 𝜆8(𝐩, 𝐵')
 

= 𝜆8(𝐩, 𝐵')𝐱8(𝐩, 𝐵') 
 
and  
 

𝜕𝜈(𝐩, 𝐵')
𝜕𝐵 =

𝜕ℒ(𝐱, 𝜆; 𝐩, 𝐵')
𝜕𝐵 j

	
	

𝐱8(𝐩, 𝐵'), 𝜆8(𝐩, 𝐵')
 

= 𝜆8(𝐩, 𝐵'). 
q 

 
Theorem  (Expenditure Function and Hicksian Demand)  
For the consumer’s problem that the expenditure is 
minimized subject to the utility constraint 𝑢(𝐱) = 𝑢' , let 
𝐱:(𝐩, 𝑢')  be the optimal solution for given prices 𝐩  and 
utility level  𝑢', called Hicksian demand.  The expenditure 
function is given by 𝑒(𝐩, 𝑢') = 𝐩$𝐱:(𝐩, 𝑢') .  Suppose 𝑢 
and 𝐱:(𝐩, 𝑢')	 are in 𝑪!, then  
 

∇𝐩𝑒(𝐩, 𝑢') = 𝐱:(𝐩, 𝑢') 
 
Proof  Write the Lagrange function 
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ℒ(𝐱, 𝜆; 𝐩, 𝑢') = 𝐩$𝐱 − 𝜆(𝑢(𝐱) − 𝑢') 

 
and apply the Envelope Theorem, we have 
 

∇𝐩𝑒(𝐩, 𝑢') = ∇𝐩ℒ(𝐱, 𝜆; 𝐩, 𝑢') j
	
	

𝐱:(𝐩, 𝑢'), 𝜆:(𝐩, 𝑢')
	

= 𝐱 j
	
	

𝐱:(𝐩, 𝑢'), 𝜆:(𝐩, 𝑢')
	

= 𝐱:(𝐩, 𝑢') 
 

q 
 
Note:  
 

𝜕𝑒(𝐩, 𝑢')
𝜕𝑝4

= 𝑥4:(𝐩, 𝑢'), 𝑗 = 1,2,… , 𝑛. 

 
Slutsky Equation  Total effect of the change in price of a 
good can be separated into the Substitution Effect and 
Income Effect. 
 
As shown in Chapter 8, the Marshallian demand and 
Hicksian demand have the following relationship, 
 

𝐱:(𝐩, 𝑢') = 𝐱8>𝐩, 𝑒(𝐩, 𝑢')? 
 
Theorem (Slutsky Equation)!
 
∇𝐩𝐱8>𝐩, 𝑒(𝐩, 𝑢')? 

= ∇𝐩𝐱:(𝐩, 𝑢') − �
𝜕
𝜕𝐵 𝐱8>𝐩, 𝑒

(𝐩, 𝑢')?� 𝐱8>𝐩, 𝑒(𝐩, 𝑢')?
$ 

 
Proof   Taking gradient on both sides with respect to 𝐩	of 

	
𝐱:(𝐩, 𝑢') = 𝐱8>𝐩, 𝑒(𝐩, 𝑢')? 

 
we have 
 
∇𝐩𝐱:(𝐩, 𝑢') = ∇;𝐩<=

𝐱8>𝐩, 𝑒(𝐩, 𝑢')?∇𝐩 �
𝐩

𝑒(𝐩, 𝑢')
� 

= �∇;𝐩<=
𝐱8>𝐩, 𝑒(𝐩, 𝑢')?

𝜕
𝜕𝐵

𝐱8>𝐩, 𝑒(𝐩, 𝑢')?� �
𝐈"

∇𝐩𝑒(𝐩, 𝑢')$	
� 

= ∇;𝐩<=
𝐱8>𝐩, 𝑒(𝐩, 𝑢')? +

𝜕
𝜕𝐵 𝐱8>𝐩, 𝑒

(𝐩, 𝑢')?∇𝐩𝑒(𝐩, 𝑢')$ 

= ∇;𝐩<=
𝐱8>𝐩, 𝑒(𝐩, 𝑢')? +

𝜕
𝜕𝐵 𝐱8>𝐩, 𝑒

(𝐩, 𝑢')?𝐱:(𝐩, 𝑢')$ 



Thanet Makjamroen  Chapter 12 
10/ 1 /2022 Sensitivity Analysis and Envelope Theorems 

 

(12) 

= ∇;𝐩<=
𝐱8>𝐩, 𝑒(𝐩, 𝑢')?

+ �
𝜕
𝜕𝐵 𝐱8>𝐩, 𝑒

(𝐩, 𝑢')?� 𝐱8>𝐩, 𝑒(𝐩, 𝑢')?
$ 

q 
 
Thus we have, for any product 𝑥, and price 𝑝4, 
 

𝜕𝑥,8>𝐩, 𝑒(𝐩, 𝑢')?
𝜕𝑝4

 

=
𝜕𝑥,:(𝐩, 𝑢')

𝜕𝑝4
−
𝜕𝑥,8>𝐩, 𝑒(𝐩, 𝑢')?

𝜕𝐵 𝑥,8>𝐩, 𝑒(𝐩, 𝑢')? 

 
With a change in 𝑝4 = Δ𝑝4, we have 
 
𝜕𝑥,8>𝐩, 𝑒(𝐩, 𝑢')?

𝜕𝑝4
Δ𝑝4

≈
𝜕𝑥,:(𝐩, 𝑢')

𝜕𝑝4
Δ𝑝4

−
𝜕𝑥,8>𝐩, 𝑒(𝐩, 𝑢')?

𝜕𝐵 𝑥,8>𝐩, 𝑒(𝐩, 𝑢')?Δ𝑝4 
 
Total Effect = Substitution effect + Income Effect. 
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Example:  As also stated in Chapter 8, consumption problem with Cobb-Douglas utility 
function, we have 
 

max 𝑢(𝑥!, 𝑥() = 𝐴𝑥!&𝑥(!>&	
st.		𝑝!𝑥! + 𝑝(𝑥( = 𝐵' 

 
where 0 < 𝑎 < 1,  the Marshallian 
Demand is  

𝐱8(𝐩, 𝐵') = �𝑥!
∗

𝑥(∗
� =

⎣
⎢
⎢
⎢
⎡

𝑎𝐵'
𝑝!

(1 − 𝑎)𝐵'
𝑝( ⎦

⎥
⎥
⎥
⎤
 

= �𝑥!
8(𝐩, 𝐵')
𝑥(8(𝐩, 𝐵')

� 

𝜆8(𝐩, 𝐵') = 𝐴 �
𝑎
𝑝!
�
&
�
1 − 𝑎
𝑝(

�
!>&

	

𝜈(𝐩, 𝐵') = 𝑢(𝑥!∗, 𝑥(∗)	
= 𝐴𝑥!∗&𝑥(∗!>& 

= 	𝐴𝐵' �
𝑎
𝑝!
�
&
�
1 − 𝑎
𝑝(

�
!>&

 

= 𝑢'. 
 

min 𝐵 = 𝑝!𝑥! + 𝑝(𝑥(		
st.		𝑢(𝑥!, 𝑥() = 𝐴𝑥!&𝑥(!>& = 𝑢' 

	
The Hicksian demand is given by 
 

𝐱:(𝐩, 𝑢') = �𝑥!
∗

𝑥(∗
� =

⎣
⎢
⎢
⎢
⎡𝑢'
𝐴 �

𝑎𝑝(
(1 − 𝑎)𝑝!

�
!>&

𝑢'
𝐴 �

(1 − 𝑎)𝑝!
𝑎𝑝(

�
&

⎦
⎥
⎥
⎥
⎤
 

= �𝑥!
:(𝐩, 𝑢')
𝑥(:(𝐩, 𝑢')

� 

𝜆:(𝐩, 𝑢') =
1
𝐴 �
𝑝!
𝑎 �

&
�
𝑝(

1 − 𝑎�
!>&

 
𝑒(𝐩, 𝑢') = 𝑝!𝑥!∗ + 𝑝(𝑥(∗	

=
𝑢'
𝐴 �

𝑝!
𝑎 �

&
�
𝑝(

1 − 𝑎�
!>&

 
= 𝐵' 

 

From the Slutsky equation, 
 

𝜕𝑥!8>𝐩, 𝑒(𝐩, 𝑢')?
𝜕𝑝!

=
𝜕𝑥!:(𝐩, 𝑢')

𝜕𝑝!

−
𝜕𝑥!8>𝐩, 𝑒(𝐩, 𝑢')?

𝜕𝐵 𝑥!8>𝐩, 𝑒(𝐩, 𝑢')? 
 
𝜕𝑥!8>𝐩, 𝑒(𝐩, 𝑢')?

𝜕𝑝!
=

𝜕
𝜕𝑝!

𝑎𝐵'
𝑝!

= −
𝑎𝐵'
𝑝!(

. 

𝜕𝑥!:(𝐩, 𝑢')
𝜕𝑝!

−
𝜕𝑥!8>𝐩, 𝑒(𝐩, 𝑢')?

𝜕𝐵 𝑥!8>𝐩, 𝑒(𝐩, 𝑢')? 

=
𝜕
𝜕𝑝!

𝑢'
𝐴 �

𝑎𝑝(
(1 − 𝑎)𝑝!

�
!>&

− �
𝜕
𝜕𝐵

𝑎𝐵'
𝑝!
�
𝑎𝐵'
𝑝!

 

=
𝑢'
𝐴 �

𝑎𝑝(
1 − 𝑎�

!>&
(𝑎 − 1)𝑝!&>( +

𝑎𝑢'
𝑝!𝐴

�
𝑎𝑝(

(1 − 𝑎)𝑝!
�
!>&

 

=
𝑢'
𝐴 �

𝑎𝑝(
1 − 𝑎�

!>&
>(𝑎 − 1)𝑝!&>( − 𝑎𝑝!&>(? 

= −
𝑢'
𝐴 �

𝑎𝑝(
1 − 𝑎�

!>&
𝑝!&>( 
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= −
𝑎𝐵'
𝑝!(

. 

 
The last equality holds by noting that 𝐵' =
?"
@
�A#
&
�
&
� A$
!>&

�
!>&

 
 
• When all prices change by Δ𝐩, 
 

Δ𝐱8>𝐩, 𝑒(𝐩, 𝑢')? ≈ ∇𝐩𝐱8>𝐩, 𝑒(𝐩, 𝑢')?Δ𝐩 
 
= ∇𝐩𝐱:(𝐩, 𝑢')Δ𝐩

−
𝜕
𝜕𝐵 𝐱8>𝐩, 𝑒

(𝐩, 𝑢')?𝐱8>𝐩, 𝑒(𝐩, 𝑢')?
$Δ𝐩 

∇𝐩𝐱8>𝐩, 𝑒(𝐩, 𝑢')?Δ𝐩 =

⎣
⎢
⎢
⎢
⎢
⎢
⎡k

𝜕𝑥!8

𝜕𝑝4
Δ𝑝4

"

45!
⋮

k
𝜕𝑥"8

𝜕𝑝4
Δ𝑝4

"

45! ⎦
⎥
⎥
⎥
⎥
⎥
⎤

 

∇𝐩𝐱:(𝐩, 𝑢')Δ𝐩 =

⎣
⎢
⎢
⎢
⎢
⎢
⎡k

𝜕𝑥!:

𝜕𝑝4
Δ𝑝4

"

45!
⋮

k
𝜕𝑥":

𝜕𝑝4
Δ𝑝4

"

45! ⎦
⎥
⎥
⎥
⎥
⎥
⎤

 

𝜕
𝜕𝐵 𝐱8>𝐩, 𝑒

(𝐩, 𝑢')?𝐱8>𝐩, 𝑒(𝐩, 𝑢')?
$Δ𝐩

=

⎣
⎢
⎢
⎢
⎢
⎢
⎡𝜕𝑥!

8

𝜕𝐵 k𝑥48Δ𝑝4

"

45!
⋮

𝜕𝑥"8

𝜕𝐵 k𝑥48Δ𝑝4

"

45! ⎦
⎥
⎥
⎥
⎥
⎥
⎤

= �k𝑥48Δ𝑝4

"

45!

�

⎣
⎢
⎢
⎢
⎡𝜕𝑥!

8

𝜕𝐵
⋮

𝜕𝑥"8

𝜕𝐵 ⎦
⎥
⎥
⎥
⎤

.!

 
For example, if all the prices change by Δ𝐩, the effect on 𝑥! 
are: 
 

k
𝜕𝑥!8

𝜕𝑝4
Δ𝑝4

"

45!

= the	total	effect	on	𝑥! 

k
𝜕𝑥!:

𝜕𝑝4
Δ𝑝4

"

45!

= the	substitution	effect	on	𝑥! 

𝜕𝑥!8

𝜕𝐵 �k𝑥!8Δ𝑝4

"

45!

� = the	income	effect	on	𝑥! 



Thanet Makjamroen  Chapter 12 
10/ 1 /2022 Sensitivity Analysis and Envelope Theorems 

 

(15) 

 
12.9 Envelope Theorem:  Inequality Constraints 
Case 
 
 We can show that the Envelope Theorem still remains 
the same under inequality constraints. 

 
Theorem  Consider the constrained optimization, 
 

max𝑓(𝐱; 𝐚) 
st. 𝐡(𝐱; 𝐚) ≤ 𝟎, 

 
where 𝐚 ∈ ℝ6 is a vector of parameters.  Let 𝐱(𝐚) be a local 
optimal solution with multiplier 𝛍(𝐚), for each choice of a.  
Suppose that 𝐱(𝐚) is a 𝑪! function.  Write the value function 
𝑀(𝐚) = 𝑓(𝐱(𝐚); 𝐚).  Then, 
 

∇𝐚𝑀(𝐚) = ∇𝐚ℒ(𝐱, 𝛍; 𝐚) j
	
	

𝐱(𝐚), 𝛍(𝐚)
, 

 
 
where ℒ is the Lagrange function, 
 

ℒ(𝐱, 𝛍; 𝐚) = 𝑓(𝐱; 𝐚) − 𝛍$𝐡(𝐱; 𝐚). 
 
Proof  The proof will parallel the equality constraint case.  
By chain rule, as in the previous Theorem, 
 

∇𝐚𝑀(𝐚)$ = ∇𝐱𝑓(𝐱(𝐚); 𝐚)$∇𝐚𝐱(𝐚) + ∇𝐚𝑓(𝐱; 𝐚) j
	
	

𝐱(𝐚)
.   (4) 

 
Since 𝐱(𝐚) is a local optimal solution, from the first-order 
necessary condition that 
 
∇𝐱ℒ(𝐱(𝐚), 𝛌(𝐚); 𝐚) = ∇𝐱𝑓(𝐱(𝐚); 𝐚) − ∇𝐱𝐡(𝐱(𝐚); 𝐚)$𝛍(𝐚) 

= 𝟎, 
 
we have, 
 
																		∇𝐱𝑓(𝐱(𝐚); 𝐚) = ∇𝐱𝐡(𝐱(𝐚); 𝐚)$𝛍(𝐚).                 (5) 
 

Now assume that the first 𝑏 inequality constraints are 
binding and the rest are not.  Since 𝐱(𝐚) is a 𝑪!  function, 
when a changes sufficiently small, there will be a 
corresponding change in 𝐱(𝐚) such that the first 𝑟 inequality 
constraints are still binding and the rest are not.  Thus, the 
gradient of the first 𝑟 inequality constraints with respect to 𝐚 
will be zero as in the equality constraint case, and the 
multipliers of the last 𝑚 − 𝑟 constraints are zeros.  That is, if  
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𝐡6(𝐱(𝐚); 𝐚) = �
ℎ!((𝐱(𝐚); 𝐚)

⋮
ℎ6((𝐱(𝐚); 𝐚)

� = 𝟎, 

 
with associated Lagrange multiplier 𝛍6(𝐚) then 
 

∇𝐚𝐡6(𝐱(𝐚); 𝐚) = ∇𝐱𝐡6(𝐱(𝐚); 𝐚)∇𝐱(𝐚) + ∇𝐚𝐡6(𝐱; 𝐚)  
⬚
𝐱(𝐚) 

= 𝟎 
 
and so, 
 

∇𝐱𝐡6(𝐱(𝐚); 𝐚)∇𝐱(𝐚) = −∇𝐚𝐡6(𝐱; 𝐚)               (6) 
 

From (4), (5) and (6)
 

∇𝐚𝑀(𝐚)$ = 𝛍(𝐚)$∇𝐱𝐡(𝐱(𝐚); 𝐚)$∇𝐚𝐱(𝐚) + ∇𝐚𝑓(𝐱; 𝐚)$ j
	
	

𝐱(𝐚)
 

= 𝛍6(𝐚)$∇𝐱𝐡6(𝐱(𝐚); 𝐚)$∇𝐚𝐱(𝐚) + ∇𝐚𝑓(𝐱; 𝐚)$ j
	
	

𝐱(𝐚)
 

= 𝛍6(𝐚)$ x−∇𝐚𝐡6(𝐱; 𝐚) j
	
	

𝐱(𝐚)
y + ∇𝐚𝑓(𝐱; 𝐚)$ j

	
	

𝐱(𝐚)
 

= ∇𝐚𝑓(𝐱; 𝐚)$ j
	
	

𝐱(𝐚)
− 𝛍6(𝐚)$∇𝐚𝐡6(𝐱; 𝐚) j

	
	

𝐱(𝐚)
 

= ∇𝐚𝑓(𝐱; 𝐚)$ j
	
	

𝐱(𝐚)
− 𝛍(𝐚)$∇𝐚𝐡(𝐱; 𝐚) j

	
	

𝐱(𝐚)
 

= ∇𝐚ℒ(𝐱, 𝛍; 𝐚)$ j
	
	

𝐱(𝐚), 𝛍(𝐚)
. 

 
 
The second and the fifth equalities utilize the fact that 
𝛍(𝐚) = �𝛍

6(𝐚)
𝟎

�.q 
 
HW  Show that the theorem on the meaning of the 
multipliers in the inequality constraint case is just a 
special case of this Envelope Theorem in the inequality 
constraint case. 

 
HW  Write and prove the Envelope Theorem for 
optimization under mixed constraints. 


