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1. Introduction

1.1 Review of Some Statistical Concepls
1.1.1  Probability and Random Variable

Probability is the possil

lity that any event will occur, given some specific sample space.

Lt & b T Syl Taun e Bl auminde spacs aod PlA) be the probabilin A will
happen. Then, PlA] is defined as;
PUA) = the number of times the event A will occur )

the number of all possible outcomes in sample space
For instance. to draw one card from the standard 52-card deck, let A be the event that the rank of
cand is 2, Times the event will occur is 4 and the amount of all possible outcomes is 52; hence. the

probubility of A is & or .

Some propertics of probabili

anc;

LO=PA)=1

200 4, M and O are exhaustive set, then,

P{A)+P(B)+PC) =1
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31T A, B and © are mutually exclusive, then,
PIA 4B+ C) = P(A) + P(B) + P[C)
Suppose that the results of an experiment are in of value, the variable, whose value is

determined by one of those results, is knownG Random Variable) Random vasiable can be either
discrete or continueus value,

Fﬂr example is the sum of the values on the face of two dice, when
rolling two dice once. In other #ord, the Wﬂmﬂbk o

get250r 35,

Fofcontinuous random varablgl the example is the height of the high-schoel studem, consiricied
o the range from 160 10 180 centimetres. It can be seen that the value of the height need not be the
inregers and can take the value of 160.5 or 160,52 centimetres.

These two distinet charscteristics of random variable enable s to classify them into differem
probability density functions, which would be stated in section 1.4,
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1.2 Probablity Density Function 5
12 Probability Density Function PPF)

As the value of random variable depends on an experiment, the probability density function would
portiay the cvenidl imige of possible mundons resulis. The type of the probubility density Tusction celies

on the characteristics of the random variable, In this section, many impartant types are discissed.

1.2.1 Probability Density Function for Discrete Rondom Variable

Let X be the discrete random variable with the value x5, and we get,
fix) = PxX=x)ffor i = 1,2,
Fix] 0 for x # X

Example: Let X be random varsable of the sum of values on the face of twe dices. The value might

e 2 or 12, that is the vale from both rolling round is 1 or 6, respectively, The Figure 1 summarizes all
possible resulisd

Figure 1: Probahility Density function of the Sum of Values on the Side of the Dice, Obanined from
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& Chapter 1. Infroduction

122 Probability Density Function for Continuous Rondom Varigble

Let X be the continuous random variable, The probability density function of X satisfies the three

following conditione,
Il fix)=0
2 flade=1 l/
3 ) flakdx = Pla<x < b)

Figure 2 exhibits the probability density function for the continuous random variable, where the

area under the curve represents the probability that the variable will lay on that mnge. Specificully,

Pla < X < b) means the probability that X will take the valoe between a and b.

Figure 2: Probability Density Function for Continuous Random Variable

1.2 Probobiity Density Function 7

1.23 Joint Probability Density Function

psity funethon for discrete viriable is discussed. Let X and ¥

¢ joint probability density function, identifying the probability thut X

and ¥ happen sinvultanedosly, 1 wrilten as,

';..\'.!'l P(X =xand ¥ rll

Example: The following table explains the joint probability density function.

‘Tble 1: The table illustrating the joint probability density function of X and ¥ F(K =") Y= l) =0l

fc X=% ‘r-f%)

-F(xso)y=|)_-.003 'F(X=I;Y:I): 0985

X F(xsa,y22)= 0.9 Fx=0,v:2) 005 FO=1va2) < 003

5 E{ u

[ 7 oir oos oos | FCx=A,Y23) = 038 fc x=0, Y=3)= 003 ‘F(k=|) Y=3)= 0.17

Y I 009 005 003
3035 007 017
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e FCxsa y2)< 0.9 Fx=0,v20) coos FO=lve2) < 003
01 008 005

¥ 09 005 003 fOx=4 ,Y’!) = 035 F( )::0) Y=3) = 003 ‘F(K=|) Y=3)= 0.7

4| 03 o007 017

According to the able 1, the probability that random variable X will be 0 and random varisble ¥
will be 3 is 0.07 or 7 percent. In mathematical term. it can be written as f(X = 0L F = 3) = 0.07.
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] Chapter 1. Infroduction
1.24 Marginal Probability Density Function

"The above joint probability density function (X4} shows the joint distribution of 1wo variables, X
On the ather hand, marginal probability density function with re

1o joint probahility function,
displays the probability density function of single variable like f

L JUY ). which can be derived from:

[

fX) Ly FIX.Y) called  marginal PDF of X
fiY) Lo fIX.Y) called  marginal PDF of Y Y

where ¥y or ¥y means the summation of probability over all values of X and ¥ respectively.

Example; According 1o Tahle 2 above, marginal PDF of X is obtained from

w2 (ECx==1,0 S —
Yogts sty +Fxo5 ) Rl y).

!

oos — FCy=0) =

0.63 —s€Cy=2)=

0.1z —= fCy=3)=

l

ol +0RS  t0,4%5 f(x=-0 foxa f(x=t)

o = 0sT =020

FIX=0F = 1)+ f(X =0 =2)+ f(X =0} = 3)
= 0.08+0.05+0.07

0.20 fC)(-'-'l Y:D ‘F(X 5 "}Y:L)
- o o
= (X=LY=D+AX=LF=D+HX=1Y=3) =
0.05 40,03 +0.17
= 025
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1.2 Probablity Density Function (]

Marginal PDF of ¥ is obiained from
Ay =1 é-x(x;7=')

Flx=-1,y=1) + fxzo,v=0) « F(x=1,y=0)
i 0.1 + 0.03% + 0.05"

0.24

fi¥=2) Ty X i=1
fix L¥ N+ X =01 2+ X =1%
CLOR 4 0,05 40,03
0.17

i 3) . g
FIX = =LY 2) 4+ X = 03T 4 (X = 1.
0,35+ 007 0,17
0.59
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10 Chapter 1. Infroduction

Acconding to the caleulation above, the result can be summarized into Table 2.

Table 2 shows joim probability of random variable X and ¥

X
-1 0 1

I [AY] 008 nos fi¥=1)
= 0. Z?
Y 2 009 0.05 0.03 fiy =2
o ¥
3 035 007 017 flYy=3) ~ o,
= o
el : fox=n,  v=9) = ) wt  PpF
fix=—1) fiX=0) fix=1)&rix)= |
| =055 =020 =025€/ -]
125 Conditicnal Probability Density Function X Mq)zsiv\-il F of ¥
Conditional probability density function is the probability of one event given that some events have ”' %’L k

g v A
already occurred. The function is written as, 3

AT
y | fou,u0 fo oy — I'fCY= %)\(: ?'F()cly) =Ty, xen) + FOvay xo,) + ‘F(‘(Effgbk:pa))
! : . all x

FIX[Y) = PUX =x]¥ =3)
This function can be obtained from the joint probability density function through, Y ! . - o
Jix.1) —o TOWT PPE 6 e fom T,y {'(Y’—‘JL) [~ oy%( Foovy= f(':\f?:'!’si,) x=%,) + FOxags, % %) + f(‘(:?; )X=%)

?cc-,x. — o= T MARVAL Pvr(oFY)

[
B I WS [ ) e Y B | Moy femy)  fe, u) FOF ‘aa,)' ZF0,0= vy xem) 4 FOvegy, xx) ¢ f Oy, x-x)
U‘FCXZ[IY:Z) :f()(:‘) \(.-,L) J/ —l — d» -

Fom fomral— f(x W Foen ooy  fCxems voge) — 3T pre 4

- 00} - -
007 éf(x ,Y) é fxy) Z fix, ) o T(x-») — MARIC Dpe oF X v
= 0.174 alh} - fCaR all Y 4ll o

\

Y Y0 ,
flx=0, v:2) + £ S o Flr-50  —rvarsinel pppofy 7
f( X:O) + f(x:?‘!’uYﬂIQ Py f( X=%, IY:y'f) .__;\\(onpf{h’onql ?Pf 7 \/

= 065 = 0.5
0.20 given fhat Y=y n/m.o/a occovec

. for=21x=0)

1.2 Probobdity Density Function 11

(Xm0 =1)

(¥Y=2X=0)
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1.2.6

)

1.3

(% S
12 [ Chapter 1. Infroduction

Exlmplrml-ming the dice once gd the point i\kld i hc;und 1 be the wossing

Wimjnd |c;._“’<-..§ p b by b ziven: i’(AlB)
)

Ty I

vt e peand bns o ez ol

swer A and 8 will ocour simultancously if the point from tossing the dice is 5: 5o, the joint
probability of A and B is é The probability that B oocurs is ; Hence, the conditional probability
of A given # ix

Stafistical Independence

T ramidionn varibies are independent if the resulling value of one v

value of the other: namely,

SoWT PPF  Mmiedwst POF of x < Maecwae PDF oF Y
~—

*
FX.Yi= fX)f¥)
—_—

table docs ot affect the resulting

Example: Consider Mr. Ake's expenditure for a meal and the Miss Somsri®s expenditure for a
dessert. Given that they do not know each other, the realization of Mr. Ake’s expenditune does mot
imply the realization of Miss Somsn’s expenditure, We can, thus, conclude thi the expenditures of
these two people are independeni

Example: Consider drawing cards sequentially from the \mnda@ without putting it
back into the deck. Onee the first cand is drawn, the probability of drawing the second card will be
T deck is reduced. In this case, it can be concluded that

influenced because the amount of ¢
drawing the first and second card g

Mean or Expected Value
—_—

Becanse the vilue of rndom variable hinges on the value of mndom resulis of experiment which cannot
be determined centainly, statisticians have invented the measures of central tendency of the ramdom

variable. One of them is expected value, indicating the mean of the random vasiable.

For discrete mndom variable.

: expected value is calculaed hy;

g:—:rx.l = in.fl‘x.] =z fix) +aafle)+.+a
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13 B Varionce, Covarionce ond Comelotion 13

For continuous ramdom variable; the expected value is calculated by,

E(X) - f *f(x)dx

where:
E{X) is the measure of central tendency of random variable, resulling from repeated trial of experiment.
L) s the average of random variable weighted by the probability cormesponding 1o each valise,

a and fare the lowest and highest constant possible respectively.

Fird the expected value of rolling 1wo dicge Figure 1)
(pre s D
BCx) = 7.
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14 Chapter 1. Infroduction

Crucial properties of expected value include:

L ER) =k v
2. E(aX +b) = ab (X} +b e
L E(XY]) = E(X)E[Y): given that X and Y are independent

4. E(g(X)) = £, elX)f(X) “

where @ and b are constant,

b expectation value is the expectation value of random variahle under some conditions

X conditional on ¥ or E(X]Y = 5}

Sjpected value

Let F(X.¥) be the joint probability function of X and ¥, The expectation of X conditional on some Rewdom  Veniable
wvalue of ¥ is defined ax, /
jorl & X
For discrete random variable [} l

G 0w 0.0 oo e Ty =024

For continuous random variable  E(X[Y = v) [T X XY =) Y 2: -039-0% - 253 — fCY: ) = ou7 = F(Y) -
Frample ECX]Y=I) 3 ohs 007 oUF— g Y>3) =0.59
" _ Y=|)l ‘
= = f(x=a1lv=1) ¥+ 0 2 fx=olye)) + 1 Fx=1] Fxe) f(:m) xe1) . JooT PPF
0.55 o020 XT3

- - 'f()(-_-l,Y.-l) + 0. 'F(X=0 Y=1) + |- (X‘I,Y:Tr\/\'/ o MARGTWVAL PPE oF x
£or=1) for=o foyen 2 foo=i » MR e PDF oF Y

=&l 4+ 9-00% +.00€

o-24 oY 0.24
-0.25 }#
Given twal™ Y =1 has alveady occured , on average | ¥ will be egust to

~0. LS' ¢

)]
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1.3 Expectation, Viorionce, Covarionce and Comelotion 15

1.3.2 Variance
Vardance is the measure of dispersion of the value of variable around the expected value, The higher
the variance, the maore dispersing the random varisble (Figure 3). 1T X is the random variable with
expected value p, we get

Var(X)

From,

Var(X)
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16 Chapter 1. Infroduction

L e e, Bl ey,
L Vb () 0
2 Var({aX +b) = a*Var{X)
1 Var(X Y Var(X )+ Var(¥'}; given that X and Y are independent
4, Var(aX £bY) = a*Var(X) + b*Var(¥)
“where a and bare GRS+

1.3.3 Conditional Variance

The conditional variance of X s given Y = v is defined as following:
var(X[¥ oy E{IX -E(X|¥ =v)FI¥ vl
A, o~ Pecipe o (am'mfe‘ .

lf X — E(X|¥ =y (xl¥ = y)ds (13
2
Example W\R(X |Y=")= Z[)( - E(XIY:I)]- ‘FCXIY:I)
x

EC xly=1) =-02s C from poe 4) N

ferzn)
ot

\

0.6042
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1.3 Expectation, Variance, Covariance and Comrelation 17

Properties of and i variance

@ ¥ foo s o funchin of y then E[foolx] = fex)

EX: ELXIx] = EL¥] = e

@ I fcx) omd g(x) ave function of X, then

E[.F(xi'i."r:}}f?g'(:'a_é)lg:l = foy-Elyixd + r;[gcx):xj
Bx: E[xys+cx [x] - f<x>' R :fP“'“ #1
= X-ELYIX] + C’-E[x"l)(:’

l
= XCELYIX] tC. x? B/ﬁﬂeu'n, we propeist

is o onstant teym.
@® TF X omd Y are indepectenit vandom vmn‘mbks)

* Wheye ¢

thevs EfYIX] = El[Y =
[Ylx] v\,\,] . elxly] ):-Exl)
Conolitionq ) un (analih'wm/ likewise ,
ey‘;wfed value ,v(peofed valve
of Y of r T
@ Tb'.e Low of I'fera.'fea{ E)eped‘rﬁ‘"')'- E [ YJ =
~—N—
it saiddoo s Un onditional i5 egual v Espectotivg of it Conaifimal:
ex?ec‘hﬂon 2% P-’d ’f”""l-.

ex., If elyix]=o hen  E[ECYI]= 9
Answey : EC efvix)] = E[o]=0.
@ F X awd Y oave \\‘\V\depeno(ev\‘f)” then var [Y{x_] = var [y] ‘I!(.

@ vay [Y]= el vmr(YlX)l + vav [E(le)l
~—~—

\-’V—_'.
Expected value vaylance of It condittona |
of gxpected value of
Comitiona| vavionce of Y s Y
18 Chapter 1. Infroduction
134 Cavariance
Thevrem. Let X and Y be two random variobles with means g1, and g, respectively, Then, we can

define the covariance between these two variables as following:  Proof: g L XY - k'“Y - Yhy +MYZ

A “é::lﬂ BTy - “Ci + elmd ) .
1F X and Y e continuoos rndamn variables we can calculite thelr cov(X. V) - M My My % Note : E(k)—/u*
con{X,¥) ij'a Wl (¥ = i1, fl vy = Elxy} - /“r/“y . ECY):’“Y'
( F aisus ELAA = poy

{1.5)
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e 7y .

EL MMy = pheMy

(1.5}

I MX and Y are independent @he covaniance between X and Y

poor. Fhvst note 4t Wen x omd y are indgpmmf) ECxy) = Elx}-ELY]

= My oMy H#
Cov (x,Y) = E[YY]-/qy/uY x My

= EDG-ECYI- Myp,
= MMy - oy

v+ bX o +d¥ | = bd = cov{X Y], where ab,c, and d are constants

Reenll : covlx,v) = E[ xpiid (-}

Proof: (ov (asbx, csdy) = E{[(mbx) - E(abx) J[Cctady) - E(crot\r)]

. E{ [xbx —/(—bE(x)]LVﬁb{?z/—dE(Y)J}
E {[bx -be)] [ dy- dEN]
' { bCx-E]-d[ Y- E(Y)]}‘

b.d E {CX- E) LY-ECV] ]

b.d- c;;'(-x,—‘{)—¥
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1.3 Expectation, Viorionce, Covarionce and Comelotion %

Example Suppose the join PDF of random varishles X and Y can be represented as in the helow

table, What £ v oivanssce o een X aod 77

. flie=2:, v= 4
I 2 3 Jor PpF
1 - v i : ‘F(x=*‘.) mrgimlfDF
¥ -FCY:- «,l) Masgive| POF

T B i

=025 =050  =0a9| fi¥

oR oe R
T
O S

A Yd
Covix,Y) = ELxv] = Mgy,
@ Fin ECO

E0)= 270 Fry = 1-fx=) 2 fx=2) +3-F(x=3)
- {e(0oas) +2-(o® + 3.(6as5)

= 2.0
@ Frd BLY)
ECY) = £ vj-ﬁy) = 1-forz) v 2-fov-p
¢ = 1-0.59) 42 (050)
= IS0 x

() Find ELxY]
Elxvl-: 22wy fOxen, Y=94) v
4>

L 1.4FCx=1, e + 201-FCx=2,v20) + 103 -F a3, v=1)
+ ‘(-L-F(K:l)Y:L) + 2.2 -fCx=2, yz2) ..,3.2.{(‘;5)\(;1_)

1 ele02s5 + 2.1.0L% + 3.2.0

I

X+ 1.2-0 4+ 2-2.025 + 3-2-02%

= 0.1 + 0.5 +o0 = 13,28
+ o + | 415

© gt Lnosseton ™ oy ) = BLXD = Ay

Neat, we will tm our sttention to seeing how we can apply the covariance to calculate the

correlation between the rando iables X and Y - — ol
comelation between the random variables X and ¥ = 3,2 2. L5
135 Conelation = o0.25. 4
When we calculate the covariance of X and Y, it reflects the units of both random variables, However,
it is useful 1o have a dil fonbess measure of dency by calculating the correlation fnstead.
D\'l\illilim Lt X and Y be any two rundom vaninbles (discrete or continuoas } with standarnd devia-

tion d@y and oy, respectively, The correlation coelficient of X and Y. denoted core(X,Y) or pyy { 1he

greek letier "rho”) is defined as;
Gy > Shwdord devialbn of X
wof ¥

con( X, ¥) eov(yy) Oy

) Ty Oy axay .= g\[ -
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greck letter "rho”) is defined as;

e

u SRR @) = Slandord devialiw of X
- cov(X,¥) covlry] oy i
. var(X e (Tf\f

Ivarr(¥)

Ty Oy Ty oy

&y - -
Example Suppose the join PDI undom variable
table, What is the correlation between X and Y7

Xoand ¥ e

| X I |

025 0.2s

1

ny : _M)_ = ‘;xy
va(ﬁ-@v(i;) g'x'd\(
var (x) = £ (x -p)° - Fox
= (i -L)':._‘l}n;‘ + (z-z)".%—; + (3-1)L..21;

= 1 °+‘—L:J
<(+ & 2,

"

W (N) = £(v-p)t FO0)
( I—I,S)L- -{ + (z—ns)z..i.

- L 4+1 - 41
3 "8 4

CorR (x,Y) = Sxy

= 0.7F03%

Jvareny . varcp '}‘i _‘l;

1.3 Expectotion, Viarionce, Covarionce and Comelotion

From the d\'lilutitl- mienstre of finwr association belweg)

of p lics between -1 and +1, —1

21

Pry = +1. We can interpret the value of correlation as:
® I pyy = 1 then X and Y are perdectly, positively, lincarly comelated
I pyy = !, then X and Y are perfectly, negatively, linearly correlated.
» I pyy = 06 then X and ¥ are completely,

linearly comeluted. This means that X and ¥ may
comelated in some other manner e iy prabolic manner., bot NOT in a linear manner
: negafiel g
= I pyy < 0, then X and Y are linearly correlated, but NOT perfectly.
>0 pyy = 0, then X and Y are ageatg@ig linearly comelated. but NOT perfealy.

tﬁ‘"ld",

Theorem. I X and Y are independent random variohles, then:
—_—

@

®©—@

Let X = the outcome of a fair, black, 6-sided dic,
Let ¥ =outcome of a fair, red, 4-sided die
What is the covariance of X and ¥ What is the correlution of X_and ¥ l/
o =0
X
L1y a9 5 ¢ Coviv,Y] = E[xY]~ Ay py
\ PR . L
64
rw ® A= 9
Y z ; LN ‘. /aY )
) > '

o) Elx¥]= 9
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A= 7

My 9

A ED‘"’J‘?

M= 1pr2dertead +y~% e6l
= -‘L(l+1.+1¢q+r+6)

3.5
. -4 A
l-{r@z{;fsqf«q

My

"

% Ci+1+3 +q)
= 2.5
Elxd= E03-ELY)  since x BY e
= 35.2¢5 ‘Mdﬂpmv(mf/
= %3y

S0 (v(xY) = ELx) - Mufty P-r-y; vevify that
- 835 —-(35-25) core(x,y) =0 ‘lvo!
= .35 —~ 3.1

Chapter 1. Infroduction

22

NOTE: The comuerss of ¢

@ ——s@ i's ot ‘ncmoari/g Hrue !

Example: Let X and Y be two discrete random variables with the following join PR

| o } : | Corr(x,Y) xAY
T e A7 T e el

a0 0 o0 |sren o

T @ ’7L’ @

D-I =Y @ hwme
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1.2 Expectation, Vorionce, Covarionce and Comelation 23
1.3.6 Var of C lated

Let X and ¥ be two random variables, then

(ORLELATSON COEFFICTEV T
var(X )+ var(¥Y) 4 2eov(X.Y)
e
AR = var(X)+ar(Y) - Zeow(X.Y)

VHEN e -V

The generalized result:
Let X0, X; o= X + X2 +

X then the variance of the linear combination Y X; i

n.r(?_‘_.\.) .)'Tmnl\'l 4 :}_‘_}_ ey

Example:
what is the var(X) + X2+ X3)?

var (x, 4x,4%) =

o~/ —
vorr (x,) + v-r(xt) + vay rz;)

= =

wv(x.) \nv(x._)-b\:/(x,,) /

+2.y.do’ + zft,dﬁ' +20,6, .

KX z.cov(x,,x,) +2 rw(x,)x,) +2_(WO<,,)¢;)
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24 .+ Chapler 1.
¥
Higher Moments of Probabllity Distributions VmenaT ot TOF 2™

wonewt of PO S

In the previous subsection, we have already di d about mean, variarn and covanance as the 2
: : > —_— L
measures of the_first and secogd moments of univariate and multivariate PDEs. Besides the first twa E ( x /4)

moments, we are occasionally interested in the higher momenms such as the thind and fournth moments
ficd in studying the “Shape” of the distribution. In gencral, the r*® moments

which are normall

about the mean is defined as

By the definition of #* moments, we can easily define the thind and fourth moments as:

Third moment: ot 3kewm ( o(gam of $Y)nme1‘lg,)

Fourth moment: T — kvv’tov's ( ‘l'”l”/F[W")

W can study the shape of the distribution by caleulating skewness and kurtosis.

SKEWNESS is a measure of the asymmetry of the probability distribution of a real-valued random

variable about its mean.

One measure of skewness is defined ns:

1.8
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1.2 Expectation, Vorionce, Covarionce and Comelation 25

KURTOSIS is o measure of the of the p ility distribution of a real-valued rndom
varighle

We can also measure kuriosis as:

s - EX_py
=
Fourth moment sbout the mean (1.9
sqquare of the second moment ¥
& Platylartic (fat or shori-inilad) PO wih R = 4
& Leptokurtic (slim or long-tailed) = = PDFs with Kurtosis = 3
8 R 5 3 Y A GG )
3™ womrt
@ oS s
i | ey POV
Might skewed — " )
L2 g Vo
L [
oz = . .‘
ol ; : :
oo 4 4
a2 ERT 0] i ] 3 4
@)

Figure 112 (a) Skewness; (hiKunosis
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1.4

/
1.4 Some Important probabliity dimibulion/< Chi- square

Normwal v

2% Chapter 1.

-t - d i{hi"vuﬂ’l.

A i radonm variable X has 2 normal di and varjance o if its probability

density function (pdf) is IXP"M"“‘ \ g- dl’ yhatf

e e XN, )

)
NOTE: The normal distribution can be described by two parameters vavionee
W 1 = The mean of the disribution. mean

W = The standard deviation of the distribation. C Cgﬁim(i{”) ( Dis ?ersiw\)

Normal Distribution

Jix)

1
X
iz

Therefore, changing the values of 4 and & alter the positions and shapes of the distributions.
—_——

1F X is Normally distributed with mean g and standard deviation o, we can write it as:
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1.4 Some important probabdity distribution

A

N— u

27
ge= oﬂ)nm
N—

0.08 o.08
0.07 | 1 0.07 | 1
0.06 |- 4 0.06 | | 1
0.0s | 1 0.05 | ! 1
= = '
2 0.04 | { & o.0al 1
= = !
0.03 |- ’- 1 0.03 | ‘ 9
. [
0.02 L . <4 0.02 | | 4
'
o.01 | ! . o.01 | [ ]
‘ O
i ‘
o o
50 100 150 50 100 150
x x
1+=130 and/>=10, mxnd =18
o.08 0.08
- —
0.07 B 0.07 4
0.08 | 4 0.08 | 1
o.0s | 1 o.0s | 1
‘2 o.04 | {1 2 o.0a} .
o 5
= =
0.03 | | 1 o.03 | 4
0.0z | | 1 0.02 | ! R
| '
o.01 | | 1 o.01 | ' 1
o 1 o 4
50 100 gﬂ 50 100 180
=Y x
Figure 1.2: Compare the r@ ard o of the normal
The properties of the normal di

o 1t is symmetrical around its mean value,
% About 68 percent of the area under the pormal distribution lies between the value j £ o v’
About 95 percent of the area under the normal distribution lies between the value j & 20
About 99,7 percent of the area under the pormal disiribation lies between the vidue p & 3o (as shown
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in figure 2)

ven normally distributes) variable X with mean g and o into the standard-

* We can converi the
el nomul hg : ’l} calculating £ where Z can be defined as:

With the »

In sum, vou ¢/ see that we convent the given normally distributed variable X into the standardized

noemad varichle iy
(1) Subtraciing the mean g

(rDaviding by the standard deviation o

7 Subtructing the mean re-centers the distribution on zero,

7 Dividing by the standand deviation re-scales the distribution so it has standard devintion 1.

Tt shoabd be remarked that it mean value is zero and its variance is unity for any standardized vanable.
By comvention, we can denote i normally distributed variable X with zero mean and wnit varance

as

X ~N(0,1)
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1.4 Some importont probabity distribution 2

36 20 -o 20 30

® -
Fés% (appm.}4
95% (approx.)
99.7% (approx.)

Figuse 1.3 Areas under the normal distribution

P(Z>0.
0.4 -

|
. g=XM ~pnlo, )
0.3 | |
0.25 L ) d
= |
g 0.2
—DO.‘IS o '
|
0.1 \
0.085 |- [
9. — -; _'I 2 4

2 Z‘=3-92

Figure 1.4: If Z ~ Nif.1), the probability that P(Z>092)

)

Wi
— Y T el
o 092
30 Chapter 1. lnlrbducl_lon

P(2 Y092) = 0.5 -

= 0s— 0%

= 0.17¢%3. /,H’/

Ex. tf 2~N(O,l)/ Comru"’Q P(-O.é‘{ <7 <043y,
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EX. ff 2~N(O,l)/ com[au.‘”Q P(—O.éff <7 <043y,

=P (Cosy <2<0) t FP(o<2g0m)

+ 0.166¢

z

6‘ = 0. qos—; 2 #
/IL’ ,(/"\
e IF x o~ N (3500, 900%)  whaf 15 FCx <3500 7

p( x <%i00)

= P <><-A{~ K 30— 750
S 500

PC = <—_4£o>

00
= Pz <« - 0.%)
_ 0S5~ P[ o2& 03]
- 05 - 0.288] = 0.2119 4

1.4 Some impartant probabity distribution

AREAS UNDER THE STANDARDIZED NORMAL DISTRIBUTION _( Z—)

Example
Pr{0< Z<156) = 0.4750
Pr(Z=196) =05 - 04750 = 0.025 0.4750
z
o @ 2
z 00 o1 E ] 04 05 26 o7 08 .09
0.0 0000 0040 00B0 0120 0160 0180 0238 (279 0319 0350
0.1 0368 0438 0478 0517 0557 0596 0636 D675 0714 0753
02 0793 0832 0671 0910 0948 0987 1026 1064 1103 1141
03 N7 a7 1255 293 Aan 1368 1406 1443 1480 A7
04 L1554 1501 1628 1664 1700 1736 1772 1808 .1844 1879
0s 1915 1850 18985 2019 2054 .2088 2123 2157 2190 2224
06 2257 2291 2324 2357 2389 2422 2454 2486 2517 2540
07 2580 2611 D642 2673 2704 2734 2764 2704 2823 2852
08 2881 2910 2830 2967 2995 3023 8051 3078 3106 .13
5 58 3BE 3L 3938 3284 3289 3315 3340 3365 3389
1.0 3413 3438 3461 3485 3508 3sM A554 2577 3509 3821
11 3643 3665 36B6 3708 3729 3748 9770 G790 3810 3830
12 3846 3866 3888 3607 3925 3944 3062 3980 3697 4018
13 4032 4040 4DBE6 4082 4009 AN5 4131 A147  A182 77
1.4 A182 4207 4222 AZ36 4251 4265 4270 4292 4306 4319
15 4332 4345 4357 4370 4382 4354 4406 4418 4429 441
16 4452 4463 4474 4484 4495 4505 4515 4525 AS35 4545
1.7 4454 4564 AST3 ASB2 4501 AS508 4606 4616 4625 4633
18 4841 4640 4656 4684 4671 4ETE 4686 4603 4690 4706
9 ATI3  4ATIO 4726 4ATI2 4738 4TM4 ;50 ATSE ATE1 4767
20 4772 ATTR ATES ATER 4793 4708 4803 _ABDE 482 4817
21 4821 AB26 AB30 4834 4B38  4B4A2  4B46 4850 4854 4857
22 ARRY 4ARL ARAR AAT1 AATE AATA ARAY AnR4 ARAT ARG0
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18 4452 4463 4474 4484 4405 4BOS 4515 4525 4535 4545
17 4454 4564 4573 4582 4581 4569 4608 4616 4625 4633
18 4B41  4BAD  4B56 4664 4571 AB7B  ABBE 4603 4600 4706
18 ATI3 ATI8  AT26  ATI2 4738 AT44  ATL ATSE  ATE) 4767
Z0 ATT2  ATTE 4TBI 4788 4TE3  4ATHE  4B03 4808 4812 4817
21 AB21  AB26  ABD0  AB34  4B38  4B42  4BAE  ABS0 4854 4857
22 A4BG1  4BB4 4BGB 4871 4875 4BTE 4BB1 4684 4887  .4890
23 ABS3  4BGE  4BGE 4801 4904 4008 4006 4511 4513 4818
24 418 4820 4022 48925 4827 4020 4031 4832 4934 4038
25 AE38  4D40  4B41 4043 4045 4046 4048 4048 4951 4052
28 4853 455 4656 4057 4050 4060 4661 4062 4963 4064
27 4065 4066 4067 4968 4069 4070 4871 4672 4973 4074
28 4874 ABTS  AGTE  ADTT 4077 AGTE  AGTH 4070 40980 4981
29 ABBT 4GB2  4GE2 4983 4984 4084 4GB5 4GB5 4985 4086
o 4087 4087 4DB7 4968 4988 4088 40B 4889 4990 4990
Chapter 1.

B, " 2
a3 o) and oL ) and assume that Xy and Y are

the linear combination between X and Xz where we can write it as:

)
R m

b S

where a and b are the constant terms. Then

. other ords TG0 AT SO B i
[Ex 8 e

L Say

BECX)=

ihen

virol SEacht ihcorem Lot XX

¥ ~Ni

]

XH e

X, denote n independent random variables and

sendent. 1f we have

E(X)+E(x) +... + ECX

n)

K
*

Var (x) =

vay X tx, tX ...

S‘fm\o(ardf

man\fA,

vovime of -;(

J7 iFwe transfowm it o 2

< op =
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S-{—gy\o(ardfbe‘(

v\avvv'“,
vaviable

1.4 Some importont probabity distribution 3
The: third and fourth of the normal
Third moment: E(X —p)' =0

Fourth moments £(X —u}* = 3a*

| #

142 The y° (Chi-Square) Distribution
Let 2y, 2y

Z be normal Then the quantity

is said 10 possess the ¥* with k degree of freedom (df)

Properties of the 7° distribution are as follows:

1.The z* distribution i
df. As the number of df i
10, the varinbie

a skewed distribution where the degree of the skewness depending on the
wses, the distribution becomes mone symmetrical. For the df excess of

Vie- A 1)

can be converted 1o a standardized pormal varisble, where k is the df.
2 The mean of the chi-square distribution is k. and its variance is 2k, where k is the df.

3. If Zy and Zzare two independent chi-squane variables with &) and &2 df, then the sum of Z; + Z>
is also a chi-spare with Jff = &) + k2
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Figure 1.5 Density function of the #° variable
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1.4 Some important probabity 3

UPPER PERCENTAGE POINTS OF THE »* DISTRIBUTION
Example 258 area
Pr{y® = 10.85) = 0.85 956 area
Priy®>2383) =025 fordt=20
Priz? > 31.41) =005

0 1085 238 3141

Degrees ™. Pr
of traedom 895 200 ors 850 800
1 32704 = 10°"7 157068 = 10°" 982080 = 10-* 3EIN4 = 100 0ISTEOS
2 0100281 007 -DACAISE ACaET 20720
3 1y An1B4s X
4 207110 Ralrral 1.063623
] 654300 1145476 18103
L] ArEoan 163538 220413
T 1230043 216738 2,831
8 1.646482 273264 3.48054
o 2087012 332511 4.16818
10 2.55821 3.94030 488518
1" 306347 457481 557779
= 357008 8,30000
12 4.10601 580186 7.04150
1 4.66043 6.57063 7
% 8.22008 726004 8
18 sa1an 706164 LEakce]
7 .40 76 10,0852
18 7.01401 8. 10,8649
19 783273 101170 .6508
20 8.26040 10.8508 12,4426
Ea 8.80720 11.5013 1320306
2= 554248 12.3380 14,0415
3 10.10567 13.0005 14.8479
) 10 8664 138484 160887
s 11,5240 14,8114 16,4734
26 121681 183791 17.2019
zr 12,8786 18,1513 18,1138
2 13.5648 16.9279 18.9362
29 14.2585 17.7083 19.78677
30 14.9535 18,4626 20,5002
40 221643 26.5063 20,0505
50 29.7067 TBAZ 37.68868
L] 374848 4216870 464500
0 454418 51.7309 55,3200
80 83.5400 60.3618 o4.2778
el 81,7541 68,1260 Tazenz
100" T0.0648 TT. 8RS 62.3561
“For of graater Sun 100 the sxprassion /2y — /(3K — 1) = Z kilows the standardiaed nomal detibuson,
whane & Fepresents the degroes of Feedom.
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% Chapter 1.

UPPER PERCENTAGE POINTS OF THE »* DISTRIBUTION
Example 258 area
Pr{y® = 10.85) = 0.85 956 area
Priy®>2383) =025 fordt=20
Priz? > 31.41) =005

0 1085 238 3141

50 50 280 KL 0% s oo 008

015308 54507 132300 270854 AB4T4E B.63450

575304 130629 277250 480817 s9914T T 02104
1212834 238557 410836 626130 TA14TY 34840 11345
190285 135870 5.38827 TITee 48773 143 132787
267480 438148 552588 023635 10705 12838 15.0883
245480 L e 784080 Ll 125016 R iad 1aa19
azsans fre 1zom 140671 10 TnaTEa
507084 T4 102188 133618 16,5073 17548

§.maan 113887 14 saT 10.9150 1.0z 216600
arIre 834182 12.5489 p 183070

7M1 10M10 .07 mane 10.0781 000 247280
nAzR4Z 11400 TS o bt |0
02600 1238 15909 108119 22 24 an
10.1653 12353 7o 236848 26.1190 201413
11.0008 e s nan 24508 274884
N 15 XA 103688 15418 26T Bl iad
1279 e 20,4887 24 7690 27 5871 01810 Jn.4087
126783 e 216048 25 9804 28 8660 3t 264 34,8083
a0 10 E-RabLY 72008 201436 s 201908
1654518 T ;a0 A4 bl d P b

203372 24948 208151 2893

) ] 08130 T8 ae.Tear
181373 223005 ar.a1y AT 380787 4160
0w 233087 1 331968 4181 30,3641 azaTee
19833 24,3008 29.309 343818 376525 A0 B4k 443140
20,8434 253364 304345 35 5631 38 BRED =3 458417
71744 .33 3 szE4 T4 40,113 431944 40,9620
2 27333 206208 N5 4413302 a4.4887 4a.2mee
5888 e nw 30,0875 42 5580 45T 49.5870
244TTE 20 330 3.T8 402580 437729 489782 50 BT
16603 36 3364 456160 518050 BE.TSAS a7 £3.6007
29421 293349 56,3308 Ba.1671 75048 714202 8153
52 708 5037 860414 TN O8N0 L=E bl LR ]
81,6083 £0 3344 TSNS 85521 80,5312 05,6231 100425
T1.1445 TRIMI 881303 pB5TE 101679 106629 N
806247 863342 586455 107 565 13148 118138 124.116
I L 108141 1184 12442 120561 126,807

Sourew Ak b £ 2. Poarmon s H. 0. Hovt, st St Tk fr atiinns, vl 1,34 0. s 8. Comicion
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1.4 Some important probabdity distribution 7

1.4.3 Student’s t Distribution
IT 2y is a standardized wormal vagiable and Z; is the chi-square distribution with k degree of freedom
and is distributed independently of 2y, then the Student’s ¢ disiribation { 1) with k degree of freedom
can be represented as

(110

Properties of the Student™s t distribution ane as follows:

1. The t distribution is symmetrcal, BUT it is faner than the normal distiibution, However, as the
df increase, the 1 distribution is by thie normal di

2. The mean of the t distribution is sero, and the variance is 'y

k =120 (normal)
-
k=20

Figure 1,62 Densaty function of the student’s « distribution
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PERCENTAGE POINTS OF THE tDISTRIBUTION
Example

Pr{l > 2.086) = 0.025
Pr(t>1725) =005 fordf=20
Pr(|f > 1.725) = 0.10
t
Pr| o028 0.10 0.08 0.028 0.0 0001
o 0.50 020 010 005 002 LTI 0002
1 1.000 2,078 B34 12.708 sz 63857 EILE]
2 088 1.886 2820 4303 968 as2s 22307
3 ares 1638 2383 2.182 4541 5841 10214
4 0.741 1533 2132 2778 2747 4804 7473
L] arnr 1478 2ms 28N 2388 4 5850
o o7ie 1.440 1.943 2.447 a4 az07 5.208
7 o7 1415 1.895 2.365 2098 3450 4785
8 0.706 1987 1850 2,308 3358 4501
8 0703 1.383 1833 2262 2821 3280 4257
10 0.700 1372 1812 2228 27864 EST) 4144
" 0687 1363 1796 2201 2re a108 4025
12 0.685 1.356 1.782 2178 2681 2055 3830
13 0684 1350 17 2.160 2850 amz 3852
" o9z 145 1M 21485 2624 289717 37e7
15 0681 1341 1753 213 2802 2847 arm
16 o680 1337 1746 2120 2583 281 3686
1 o.eas 1333 1740 210 2567 2858 am48
L 0,688 1.330 1.734 2101 2552 2878 3610
19 ogas 1328 1728 2 2830 2881 asm
20 0687 1308 1728 2008 2528 2845 ass2
2 0688 1323 1721 2.080 2518 2831 3527
0688 1321 17 2074 2508 2819 3505
2 1318 1714 2.068 2500 2807 3485
24 0688 1318 1 2,064 2492 2797 3467
5 0684 1316 1.708 2.080 2485 2787 3.480
£ 0.684 1315 1.706 2.056 2478 2778 3.435
n 084 1914 1703 2052 2473 am 340
2 0,683 133 170 2.048 2487 2763 3.408
El 0683 1an 1,688 2,045 2482 2756 3306
30 0.683 1310 1687 2042 2457 2.750 3.385
40 0681 1.303 1.684 2,021 2423 2704 3.307
&0 0E7E 1296 1671 2.000 2390 2660 3z
120 0.677 1288 1.658 1,860 2358 2817 3.180
oo o674 1282 1845 1.960 2326 2578 3.080
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1.4 Some important probabity n %

The F Distribufion
If 2) and 2; arc independently distributed chi-square variables with &y and &; df, respectively, the
(Fisher's) F distribution with k; and k3 df can be written as

The F distribution has the following properties:

|, The F distribation is skewed 1o the right, but as &) and k3 become large, the F distribution is
converted to normal distribution,
2. The mean value of ann F-distribuled vaniable is --‘--!-I and its varance is

2y + ks -
kilks —2) (ks —4)

2)

3. The square of a t-distributed random variable with k df is equivalent 1o an F distribution with |
and k df.

i=Fu

4. I the demominator df, Lz, bs fairly large, we can get the following relationship

bF o~

New Section 2 Page 35



Chapter 1.

f(F)

Density

Froz

Figure 1.7: Density function of F distribution
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