TWO-VARIABLE REGRESSION: INTERVAL
ESTIMATION AND HYPOTHESIS TESTING
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The theory of estimation consists of

* Point estimation

A single value used to approximate a population
parameter

* Interval estimation
a range of values estimating the parameter

|gma y or may not contain the value of the parameter
eing estlmated)
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Confidence level of an interval estimate of a
parameter:

the probability that the interval estimate will contain
the parameter, assuming that a large number of
samples are selected and that the estimation process on
the same parameter Is repeated

E.g. 90% Confidence level
95% Confidence level
99% Confidence level
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INTERVAL ESTIMATION

We want to find how “close”, say, f,isto £

We try to find out 0 and « such that the probability
that the random interval (8, -6, 8, +6)

contains the true B, is 11—«

ConfidenceAintervaI IS A
Pr(B,-0<B,<f3,+5)=1-a
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INTERVAL ESTIMATION

1-a 1S known as confidence coefficient

o 1S known as the level of significance

E.g. 95% confidence level
o/ =1-0.95=0.05
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a 1s level of significance

The probability of committing a type | error

A type | error consists In rejecting a true hypothesis
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a =0.05
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a =0.01
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o =0.01
9 Ty s, eI )

o, df =10—-2 — 2.896
al?2,df =200-2 — 2.576
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CONFIDENCE INTERVALS FOR REGRESSION
COEFFICIENTS £, AND /£

» With the normality assumption for U

» The OLS estimators £, and /£, are themselves
normally distributed with means and variances

- Variance () is known
Z g ﬁZ _AﬂZ
se(,)

& (/éz P 182)\/ Z Xi2
O
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CONFIDENCE INTERVALS FOR
REGRESSION COEFFICIENTSA. AND P2

»  g?israrely known, in practlce It Is determined by
the unbiased estimator &

=B
se(f,)

= (182 = 182)\/ Z Xiz
o
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CONFIDENCE INTERVALS FOR
REGRESSION COEFFICIENTS/S, AND /5,

Pr(-t,, <t<t,,)=1-«

BZ _Aﬂz <t
se(/,)

Pri-t,, <

a/z]:l—a

Pr[ﬁz _ta/zse(;éz) <pf, S :éz ta/zse(,éz)] =1l-a
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CONFIDENCE INTERVALS FOR
REGRESSION COEFFICIENTSA: AND £

100(1- )% confidence interval for g, :

,éz = ta/zse(,éz)
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TABLE 2.6

Mean Hourly Wage Years of Schooling  Mean Wage, $  Number of People

by Education 6 4.4567 3
N 7 5.7700 5
Gt;l;:itb:ri:;r. ;:l:rf;dfl('fﬂl'_\' 8 5.9787 15
Econometrics, Harvard 9 13307 12
University Press, Cambridge, 10 7.3182 17
e 11 6.5844 27
12 7.8182 218
13 7.8351 37
14 11.0223 56
15 10.6738 13
16 10.8361 70
17 13.6150 24

18 13.5310 31
Total 528
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CONFIDENCE INTERVALS FOR
REGRESSION COEFFICIENTSA AND 5,

Example: Mean hourly wages (YY) on education (X)
B, =0.7240

se(,@z) =0.0700

n=13,df =n-2=11,a =0.05
1-a=0.95

critical t,, =2.201

PrIg, —t,,5e(5,) < B, < 3, +1,,5¢(,)] =1«
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CONFIDENCE INTERVALS FOR REGRESSION
COEFFICIENTS 5, AND /3,

0.5700 < 3, < 0.8780
or
0.7240+2.201(0.0700)

Given the confidence coefficient of 95 percent, the
true parameter is between 0.5700 and 0.8780.
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CONFIDENCE INTERVALS FOR
REGRESSION COEFFICIENTS /5,

The correct interpretation of this confidence
Interval Is:

Given the confidence coefficient of 95 percent, In
95 out of 100 cases intervals will contain the 5,
true
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CONFIDENCE INTERVALS FOR
REGRESSION COEFFICIENTS #-

The wrong interpretation of this confidence
Interval Is:

The probability 1s 95 percent that the specific
interval contains the true /5

Since the interval Is now fixed and no longer
random; therefore [, either lies in it or it does
not
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CLASS EXERCISE

Example: Mean hourly wages (YY) on education (X)
B, =0.7240

se(3,) = 0.0700

n=13,df =n-2=11,«¢=0.01
1-a =0.99

critical t,, =

PrIS, —t,,5e(5,) < B, < 3, +1,,5¢(3,)] =1«
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CONFIDENCE INTERVALS FOR REGRESSION
COEFFICIENTS g,

0.7240+3.106(0.0700)

Given the confidence coefficient of 99 percent, the
true parameter is between 0.7240-3.106(0.0700) and
0.7240+3.106(0.0700).
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FOOD EXPENDITURE IN INDIA

B, = 0.4368
se(,)=0.0783
Tis—5ar ) fie— B SOR—_ E5[Eok=—=u() (5

Pr(B, —t,,5€(B,) < B, < B, +1,,5¢(B,)] =1-«a
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CONFIDENCE INTERVALS FOR REGRESSION
COEFFICIENTS g,

0.4368 + 2.021(0.0783)

« Given the confidence coefficient of 95 percent, the

true parameter iIs between 0.4368-2.021 (0.0783) and
0.4368+2.021 (0.0783).
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CONFIDENCE INTERVALS FOR o°

Under the normality assumption, the variable follows
the »* distribution with n-2 df

)
Ve =R i)~
e
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2
CONFIDENCE INTERVALS FOR ©

Degree of freedom =n-2 =11

f(x?)
O
a
2.5\% 95% 7%
X2
3.8157 21.9200
2 2
x0.975 x0_025
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a =0.05

AL
Xoi2.df=10-2 =
X1-al2 df =200-2 =

Xal2.df =200-2 —
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o =0.05
Xioarodf-10-2 = 2-1797

A or12,df =10-2 =17.5346
Xi-ai2di=200-2 = (42219
A o012, df =200-2 =129.561
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o =0.01

AL
Xoi2.df=10-2 =
X1-al2 df =200-2 =

Xal2.df =200-2 —
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o =0.01
Al-al2,df=10-2 = 1.3444

Aal2,df=10-2 = 21.9550
Xi-aiz.di—200-2 = 01.3276
A o112, df =200-2 =140.169
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CONFIDENCE INTERVALS FOR &7

Pr(Zl—a/Z - Z < Za/Z) lie— 04

"2 "2
<o°<(n-2)
Za/Z Zl—a/Z

Pr[(n—2) |=1-«

Which gives the 100(1-«)% confidence interval for OF
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CONFIDENCE INTERVALS FOR &7

Example: Wage-
educations? = 0.8936

72.,: =21.9200, 42, =3.8157

0.4484 < 5 < 2.5760

Given the confidence coefficient of 95 percent, the
true parameter is between 0.4484 and 2.5760
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CONFIDENCE INTERVALS FOR &°

The Interpretation of this interval Is:

If we established 95 percent confidence limits ong?
And If we maintain a priori that these limits will
Include the true &%, we will be right in the long
run 95 percent of the time
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CLASS EXERCISE

Example: Wage-
educations? = 0.8936
a=0.01,df =n-2=11

Do | gy Y
A0 07580 y £0.975 —

<o’ <

Given the confidence coefficient of 99 percent, the
true parameter Is between and
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~n2 ~n2
Pri(n—-2)—— <o’ <(n-2)——]=1-«
Aa)2 A1-a)2

Example: Wage-
educations? = 0.8936
a=0.01df =n-2=11

15.005 = 26.7569, )(5.995 = 2.6032

11 0.8936 o Sll0.8936
26.7569 2.6032

Given the confidence coefficient of 99 percent, the
true parameter Is between and
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HYPOTHESIS TESTING
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HYPOTHESIS TESTING

In statistics, a hypothesis is a claim or statement
about a property of a population.

A hypothesis test (or test of significance) is a
standard procedure for testing a claim about a
property of a population.
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TS e RO

HYPOTHESIS TESTING

Define population in study

State the hypothesis to be investigated
Give the desired significance level
Select a sample from population
Collect the data

Perform the calculations
Reach a conclusion
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HYPOTHESIS TESTING

» Null Hypothesis ( H, ):

A Statistical hypothesis stating there Is no
difference between a parameter and a specific value

» We test the null hypothesis directly
» Either reject H, or fail to reject H,

ee325 (Ajarn Kaewkwan Tangtipongkul)



HYPOTHESIS TESTING

- Alternative hypothesis: ( H, ):

Stating the existence of a difference between a
parameter and a specific value.

* The symbolic form of the alternative hypothesis must
use one of these symbols: #, <, >.
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TABLE 5.1

The t Test of
Significance: Decision
Rules

Type of Ho: The Null Hi: The Alternative Decision Rule:
Hypothesis Hypothesis Hypothesis Reject Hp If
Two-tail B2 = B3 B2 # 3 [t > tay2,af
Right-tail B2 < B3 B2 > B3 > ty,af
Left-tail B2 = B3 B2 < B2 U< —tg,af

Notes: 33 is the hypothesized numerical value of f,.

I#] means the absolute value of 7.

t, or t,,» means the critical 7 value at the « or /2 level of significance.

df: degrees of freedom, (n — 2) for the two-variable model, (» — 3) for the three-variable model, and so on.
The same procedure holds to test hypotheses about /).
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HYPOTHESIS TESTING: THE
CONFIDENCE-INTERVAL APPROACH

Two-Sided or Two-Tail Test

H,:56,=05
bl 0 OES
Therefore, if 8, underH, falls within the100(1- )%

Confidence interval, we do not reject the null
hypothesis; If it lies outside the interval, we may
reject it
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_ta/Z and ta/2 are the value of t (the critical t value)
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THE TEST-OF-SIGNIFICANCE OF REGRESSION
COEFFICIENTS: THE T TEST

Prig, _ta/zse(ﬂz) < p, < p, +ta/zse(,62 )=1-«c
Region of acceptance
The 100(1— )% confidence interval

Region of rejection

The regions outside the confidence interval
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HYPOTHESIS TESTING: THE CONFIDENCE-
INTERVAL APPROACH

Values of f3, lying in this interval are
plausible under H, with 100(1 - a)%
confidence. Hence, do not reject

H, if B, lies in this region.

>—
~—

ﬁz‘ g2 Sc(ﬁz) Bz Lo Sc(ﬁz)
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HYPOTHESIS TESTING: THE CONFIDENCE-
INTERVAL APPROACH

* When we reject the null hypothesis, we say that
our finding Is statistically significant

» When we do not reject the null hypothesis, we say
that our finding Is not statistically significant
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In the confidence-interval procedure we try to
establish a range or an interval that has a certain

probability of including the true but unknown g

, Whereas In the test-of-significance approach we

hypothesize some value for g, and try to see
whether the computed g, lies within reasonable
(confidence) limits around the hypothesized value
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THE TEST-OF-SIGNIFICANCE OF REGRESSION
COEFFICIENTS: THE T TEST

Under the normality assumption the variable

e ,éz _Aﬂz
se(/5,)

_B-BINIX (BB (X = X)?

follows the t distribution with n-2 df
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THE TEST-OF-SIGNIFICANCE OF
REGRESSION COEFFICIENTS: THE T TEST

Example: Wage-education
B, =0.7240

se(3,) = 0.0700
ol =il =2 0

H,:5,=0.5
mb a0
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THE TEST-OF-SIGNIFICANCE OF
REGRESSION COEFFICIENTS: THE T TEST

182_:82 <t

Pr-t,,, < % 2]=1—«

se(/,)

- 0.7240-0.5 _39

0.0700

f(2)

Reject H,

|
-2.201 0 +2.201



THE TEST-OF-SIGNIFICANCE OF
REGRESSION COEFFICIENTS: THE T TEST

t = ,éz _Aﬂz
se(/,)

_B-BNYX _(B-BNI(Xi—X)
o o

0.0700

Reject Ho

L
-2.201 0 +2.201
eeszdb (AjJarn Kaewkwan langupongkul)
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HE TEST-OF-SIGNIFICANCE OF
REGRESSION COEFFICIENTS: THE T TEST

Significance tests

A statistic Is said to be statistically significant if the
value of the test statistic lies in the critical region

|

The null hypothesis is rejected
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ONE TAILED TEST

Y X
Sales Price

49

|

N

45 Y, = 49.667 — 2.1576 X

44

39

38

37

34

33

O (N[0T [W|DN

30

25

=
o
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RIGHT TAIL TEST

B, =—2.1576
se(3,) =0.1204
df =10-2=8,a =0.05,t,,. =1.860
H,: 5, <0
el s 5 i)
o B, -, —21576-0

— = =-17.92
se(f,) 0.1204

Not reject Ho . There Is not enough evidence to say that ,82 > O :
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LEFT TAIL TES

B, =—2.1576

se(3,) =0.1204

df =10-2=8, =0.05,t,,. =—1.860
Rt el
H,: 5, <0

. o B, — [, i —2.1576-0 _ 1792

se(B,)  0.1204

Reject H, . There Is enough evidence to say that P, <0
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DECISION RULE:

* Right tailed test
If t*> critical (t, )reject H 0

 Left tailed test
Ift <- critical (—t,) reject Ho
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EXTRA CREDIT

The Confidence interval approach

Pr[ﬁz _ta/Zse(BZ) < E Iéz +ta/ZSe(léZ)] =l-«

The Test of significance approach
t 14 182 _Aﬂz
se(/,)

(B BIWEX (B B (X = X)
o o
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HYPOTHESIS TESTING

Example: Wage-education

B, =0.7240

se(3,) =0.0700
df =11, =0.01t,, =

Step 1

il (25 =0
H,:5,#0
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THE CONFIDENCE INTERVAL APPROACH

Pr[/éz _ta/zse(:éz) <, < :éz +ta/2se(,éz)] =1-a

Pr[0.7240—-3.106(0.0700) < g, <0.7240 + 3.106(0.0700)] =1-0.01

Pr[0.5066 < S, <0.9414]1=0.99

The confidence interval doesn’t contain zero.
Reject Ho

There is enough evidence to say that £, #0
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THE TEST OF SIGNIFICANCE APPROACH

t = ,éz _Aﬁz
se(/5,)
R U240

~0.0700
—10.3429

Critical t value =+3.106

t > Critical t value
Reject H,

There is enough evidence to say that £, # 0
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HE TEST-OF-SIGNIFICANCE OF o’
THE X TEST
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2 2
THE TEST-OF-SIGNIFICANCE OFO :THE X TEST




TABLE 5.2
A Summary of the

Hy: The Null

Hi: The Alternative

Critical Region:

2 Test Hypothesis Hypothesis Reject Hy If
2 2 df(62
02=(70 02>00 _%—)' >')(c?r,df
00
df(6?) >
o = a% 0l < G% 2 < X(l—a),df
00
dfé? _ >
ol = 05 o2 # 6(2) 6(2) - Xa/Z,df

2
OF < X(1-a/2),df

Note: o is the value of &2 under the null hypothesis. The first subscript on x? in the last column is the level of significance. and
the second subscript is the degrees of freedom. These are critical chi-square values. Note that df is (n — 2) for the two-variable
regression model, (n — 3) for the three-variable regression model, and so on.
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2
THE TEST-OF-SIGNIFICANCE OF GZZI'HE X TEST

example

6° =0.8937,df =11
H,:0°=0.6
H,:0”#0.6
~2
7% =(n-2)2-=16.3845
o)
a =0.05,the critical y*values are y/ _,, =3.81575 and yZ,, =21.9200

We do not reject the null hypothesis.

2
There is not enough evidence to say that © s
different from 0.6.
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ANALYSIS OF VARIANCE
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=

9

U. = due to residual
> |

o SRF
Y, -Y =total <&/\él+ﬁle
<y '

" (Y, =Y) = due to regression

J

—

N

>
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i) = (=808 F Rl

Z in = Z (Y, —Y_)2 (Total Sum of Squares, TSS)

Z)A’iz = Z(Y: _Y_)2 :BZZZXiZ

(Explained Sum of Squares, ESS)

g
Zui (Residual Sum of Squares, RSS)
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ANALY SIS OF VARIANCE

ZYiZ :Zin "'Zaiz :BzzZXiz "‘Zaiz



ANALYSIS OF VARIANCE

TABLE 5.3 . 2
ANOVA Table for the Source of Variation SS df
Two-Variable Due to regression (ESS) ):)7,2 = fivyx? 1
Regression Model >
Due to residuals (RSS) > af n-—2
TSS Yy y? e

*SS means sum of squares.
"Mean sum of squares, which is obtained by dividing SS by their df.
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MSE (Mean of Explained Sum of Square)

MSR (Mean of Residual Sum of Square)
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ANALY SIS OF VARIANCE

~ _ MSS of ESS
MSS of RSS

By
> 67 /(n—2)

_BYX
52

F distribution with 1 df in the numerator and

(n-2) df in the denominator
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If F* > Critical F value (R....) Reject H,

[ ES=ClllIcaliEVallle @ i NOINE
reject

ee325 (Ajarn Kaewkwan Tangtipongkul)



T R

a

T

a

T1

a,

T1

04

0.05

1,5

1,8

2,9

RS
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94

T

a

T

a

T1

a

T1

04

0.01

1,5

1,8

2.9

RS
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Example

TABLE 2.6

Mean Hourly Wage
by Education

Source: Arthur S.

Goldberger, Introductory
Econometrics, Harvard

University Press, Cambnidge.

Mass., 1998, Table 1.1, p. 5
(adapted).

. Wage-Education

Years of Schooling

6
7
8
9
10
11
12
13
14
15
16
17
18

Mean Wage, $

4.4567
5.7700
5.9787
L3317
7.3182
6.5844
7.8182
7.8351
11.0223
10.6738
10.8361
13.6150
13.5310

Number of People

3
S
15
12
17
27
218
37
56
13
70
24
31

Total 528
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F-Test

Flg 1 8, =k
H,:8, #0



TABLE 5.4

ANOVA Table for the Source of Variation SS df
Wages-Education Due to regression (ESS) 95.4255 1
Example
Due to residuals (RSS) 9.6928 11
TSS 105.1183 12

95.4255

~95.4255
~ 0.8811

= 108.3026

If F*> Critical F value(Foesa1:)Reject H,

If F* < Critical F value (Fogsi11) Not reject H,

(Fo.05;1,11) =4.84

Reject H,
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APPLICATION OF REGRESSION ANALYSIS:
THE PROBLEM OF PREDICTION

» Mean prediction

* Prediction of the conditional mean value of Y
corresponding to a chosen X, say X_, that Is the
point on the population regression line itself

* Individual prediction

e Prediction of an individual Y value corresponding
to X,
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TABLE 2.6

Mean Hourly Wage
by Education

Source: Arthur S.
Goldberger, Introductory
Econometrics, Harvard

University Press, Cambridge,

Mass., 1998, Table 1.1, p. 5
(adapted).

Years of Schooling

6
7
8
9
10
11
12
13
14
15
16
17
18

Mean Wage, $

4.4567
5.7700
5.9787
7.3317
7.3182
6.5844
7.8182
7.8351
11.0223
10.6738
10.8361
13.6150
13.5310

Number of People

3
5
15
12
17
27
218
37
56
13
70
24
31

Total 528
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MEAN PREDICTION

Y. =-0.0144 + 0.7240X.

Assume that X, =20
E(Y | X,=20)="7

Y, =-0.0144 +0.7240X,
= —0.0144 + 0.7240(20)
=14.4656

where \fo = estimator of E(Y | X,)
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MEAN PREDICTION

Y, Is normally distributed with mean (8, + 5,X,) and

£_|_ (Xo i >z)2
LI
By replace the unknown o* by its unbiased estimators &

N YAo Vi (131 ";ﬂzxo)
se(Y,)

var(Y,) = o

t

follows the t distribution with n-2 df
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MEAN PREDICTION

The t distribution can therefore be used to derive
confidence intervals for the true E(Y, [ X,)

Prlg, + B, X, _ta/zse(Yo) SB+BX < B+ B X +ta/zse(Yo)] —d=

where se(\?o) is obtained from
14_ (Xo _ >z)2:|

D) " s

e 2
var(¥,) = 0.8936| — + CUT) e
Telw ALY,

var(Y,) = o

se(Y,) =0.6185
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MEAN PREDICTION

Therefore, the 95 percent confidence interval for true

ECY [ X,)=8+5X, Iisgiven by
14.4656 — 2.201(0.6185) < E(Y, | X = 20) <14.4656 + 2.20(0.6185)

13.1043 < E(Y, | X = 20) <15.8260
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Mean wage

18

16

14

—
o

=

Confidence interval 7/ "/
for meanY

15.82

j Y;=-0.0144 + 0.7240X;

7 ——14.46

~ —13.10

—

12.01
Confidence interval
for individual Y
74 ] ] 1 | | X
3 10 12 14 16 18 20 22

f Education
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INDIVIDUAL PREDICTION
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&{Yo _Y,\o}:
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Therefore, the t distribution can be used to draw

inferences about the true Yo. The point prediction of Y,

is 14.4656, the same as that of Y, , and its variance is
1.2357

(12.0190 <Y, | X, = 20 <16.9122)
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HOW GOOD IS THE FITTED MODEL?

« Are the signs of the estimated coefficients in accordance with
theoretical or prior expectations?

* If theory says that the relationship should be not only positive
but also statistically significant, is this the case in the present

application?
« How well does the regression model explain variation in our
example?
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