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Chapter 8
Constrained Optimization: Equality

8.1 The Lagrangian Method: A maximization
problem with a single equality constraint is given by

max(min) z = f(x)
st. g(x) =c.

Write the Lagrange function,

Lx,A) = f(x)—AgXx) - o),
where A is called the Lagrange multiplier.

First-Order Sufficient Conditions (Single Equality):
The first-order sufficient conditions for the maximum
point are given by the partial derivatives of the Lagrange
function with respect to A and each decision variable x;
are set to zero. That is,

LixA)=—gx)+c=0
Lix" 1) =fix)-1g;x*)=0,j=12,..,n

We have n + 1 equations and n + 1 unknowns which
are the critical point (x*,A*). The n + 1 equations can
be written equivalently in vector form as,

L_A(x*,)\*)] —g(x*)+c

v L(x5 A T

Ve S = lvp ) - 29
= 0.

Consequently, at the critical point (x*,A*), the solution
x" is feasible and the gradient of f and the gradient of g
point either in the same or opposite direction, i.e.,

Vf(x*) = A*Vg(x*).
In other words,

fix) _ 9:(xY)
fix)  gix)

This gives us the familiar micro-economic equilibrium
condition: the ratio of the marginal products of any pair
of input i, j is equal to the relative price.

Example: Consider the problem,
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max f(X) = 2x? + x2 + 10x,x,
st. g(x) = x; +2x, =c.

The first-order sufficient conditions are given by
Ly(x*",A")=—x]—2x;+c=0
LX) =4x; +10x; — 12" =0
L,(x*,1*) = 2x5 + 10x] — 24" = 0.

The critical point is given by

*_90
1717
s C
2717
/1*_40
11

HW  Baldani, p. 241 #9.1 (a,b,d,e)—but replace
inequality constraint by equality one.

Example: Consumer’s Utility Maximization Problem.

max u(x)
st. pTx =L

The Lagrange function and the first-order sufficient
conditions can be written as

L(x, 1) =ulx)—A(pTx—-1)
Lyx*2) =—-pix*+1=0
Lj(x*,/l*) = uj(x*) —Ap;=0,j=12,..,n

Equivalently in matrix form,

sy = [T@XT =D 2

We can solve for the optimal solution X* in terms of
prices p and income /. We can write X* = Xy, (p, /) and
call it ordinary or Marshallian demand function. The
value of the utility at this optimal solution
u(x w1 )) = v(p, I) is called indirect utility function.

From the first-order conditions, the marginal rate
of substitution equal the relative price
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and equivalently,

4= uE) _ wE) K
D1 D2 Pn

which means the marginal utility from the last $ spent
must be the same for all goods and is equal to A*.

Example:  Consumer’s Expenditure Minimization
problem.

min pTx
st. u(x) = u,.

Write the Lagrange function:
L(x,1) =pTx— 2(u®) — u,).
The first-order sufficient conditions are

ey [T @) —up)]

Note that, as in the previous example, we also have the
ratio

We can solve for the optimal solution X* in terms of p
and uy. Write X* = Xy (P, Up) and call it the Hicksian
demand. The value of the expenditure at this optimal
solution is e(p,uy) = pTx(p,up) , and called the
expenditure function.

Note: Ifu, = u(xM(p,I)) =v(p, 1), then

Xy (p: uO) =Xy (p: e(p: uO))'
8.2 Graphical Interpretation For the case of two
products, the consumer is allowed to choose the bundle

of products only along the budget line in the (x4, x;)
plane, tracing an arc on the graph of the utility.

104



Thanet Makjamroen Chapter 8
17/ 1 /2021 Constrained Optimization: Equality

u(x)

Figure 8.1 Graph of maximizing utility function
subject to a linear budget constraint.

At the top of the arc where the utility is
maximized at X*, the slope of the arc is zero and its
curvature is concave. This observation yields
respectively the first- and second-order sufficient
conditions.

For the first-order sufficient conditions, along the
direction that the budget is unchanged, for the
infinitestimal changes in consumption dx such that

dg = g,(x{,x3)dx; + g,(x1, x3)dx,
= Vg (x;,x3)Tdx = p;dx; + pydx, =0

we also have
uy (x5, x3)dxy + up (x5, x5)dx, = Vu(xg, x;)Tdx = 0
That is,

dx, P _ uy (x1, x3)

dx1_ Pz_ uy (x7,x5)

This last condition is obtained from the first-order
condition of the Lagrangian method above. It says that
at the optimal solution x* the level sets of the constraint
and the objective function are tangent. It also follows
that the gradients of the constraint and the objective
function either align in the same direction or the opposite
direction.
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X

Vu(xl* ,x;)

x X

1 1
Figure 8.2 Gradient of constraint and objective

function align in the same or opposite direction in the

case of one constraint in 2-variable case.

That is, Vu(xq,x3) = A*Vg(x;,x;) for some
VA*. For the maximization of f(xX) with k equality
constraints g(x) = c to be discussed in the next section,
we will have Vf(x*)Tdx =0 for the infinitestimal
change dx such that Vg(x*)dx = 0, and it can be shown
that for some A* # 0, Vf(x*) = Vg(x*)TA* . See
Sandaram [1996], pages 135-137.

For the second-order sufficient condition, the
curvature of the graph of the objective function being
concave at the optimal solution along this infinitestimal
changes dx, where Vg(x*)dx = 0. That is, the Hessian
of the objective function needs not be negative definite
in all directions but just dx where Vg(x*)dx = 0. This
is the test of the bordered Hessian to be discussed in
Section 8.4.
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8.3 Optimization with £ Equality Constraints

max f(Xx)
g'(x)
st.g(x) = gzz(x) =c.
g )

where the number of constraints k is less than the
number of decision variables n.

Write the Lagrange function,
L&D =f(x) - lkT(g(X) -

= f@ - ) (9" - ).

FOSC (k Equality Constraints):

pam _ VL&A —@ED -  ]_
V[Q]L(X )= —VXL(X*I)L*)] ClvF(x) - Vg(x*)TA*] =0

_ —(gx) -0 ]
Vf(x) — [Vgr(x") Vg?(x") -+ Vg*&xDH
[ —g'(x") +¢ ]

_ _gk(x.*) + Ck

) .

VA& = ) AV (x")

We have n + k equations and n + k unknown being the
critical point (x*,A"). Consequently, at the critical point
(x*,A"), the gradient of f can be written as a linear
combination of the k gradients of the k constraints, i.e.,

Vf(x*) = Vg(x)T*
=[Zgl(X*) Vg*(x*) - VgkEHIX

= z/lngi(x*).
i=1

8.4 Second-Order Sufficient Conditions

With equality constraints, the curvature of the
objective function needs to be concave only in the
direction of change dx such that the value of the
constraints do not change. That is, df?=
dxTH(x*)dx < 0 only for Vg(x*)dx = 0.
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This condition is established by testing the
leading principal minors of the bordered Hessian.

8.4.1 Bordered Hessian for Single Equality
Constraint The bordered Hessian isa (n + 1) X (n +
1) matrix as given by

Olov* 1*\ — v2 * %Y 0 _Vg(x*)T

R l—Vg(x*) ViL(x",27)
_ [ 0 —Vg(x)T l

—Vg(x*) Vif(x*, 1) —A'Vig(x")|

8.4.2 Bordered Hessian for k Equality Constraints
The bordered Hessian is a (n + k) X (n + k) matrix as
given by

) 0 —Vg(x*)
1] [4@@ﬂT V2ZL(x*, 1)
0 ~Vg(x)T

H(x", 1) = V4, L(x*, A°) =

k
—VgG) VLA - ) KVEgee)|
i=1

8.4.3 Test of Bordered Matrix [Simon & Blume,
Theorem 16.4, page 389] Given a bordered matrix

0 kan]
T

A= |
Brxk  Anxn (n+k)x(n+k)

where A is symmetric, the matrix A is negative definite
subject to Bd = 0 if H has the same sign as (—1)™ and

the last n — k leading principal minors alternate in sign.

The matrix A is positive definite subject to Bd = 0 if
|H|and all the last n — k leading principal minors have
the same sign as (—1).

In either case, H is nonsingular.

Example: (Continued) For the problem,

max f(X) = 2x? + x2 + 10x;x,
st.g(x) = x; + 2x, = c.

we had the FOSC,
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Ly(x*"A")=—x]—2x;+c=0
LX) =4x; +10x; — 12" =0
L,(x*,1*) = 2x; + 10x] — 24" = 0.

The bordered Hessian is given by

[0 -1 -2
H=|-1 4 10
-2 10 2

The matrix [ 140 12()] is neither positive nor negative
definite.  But the last n—k=2—-1=1 leading
principal minor, which is |H| = 22 > 0, being the same
sign as (—1)" = (—=1)2 =1 > 0. Thus the bordered
matrix H is negative definite.

Example Utility Maximization Problem.

max u(X) = x;X,X3
St.p1x1 + paxy +p3xz = 1.

The Lagrange function is

L(X, A1) = x1x%3 — A(p1X1 + paxy + p3x3 — 1),

and FOSC
—(p1x1 + p2x; + P3x3 — 1)
Vi L(x* ) = 273 . =0
[i] ( ) X1X3 — P2

X1X; — p3A”
The bordered Hessian is

0 —P1 —P2 D3

= —P1 0 X3 x5

H == * x |
—P2 X3 0 X1
-ps x3 x 0

The last n —1 =3 —1 = 2 leading principal minors
are:

0 —b1 D2
—DP1 0 X3 | = 2pipax3 >0
—P, X3 0
H| = <0

Thus |H| is negative definite under the constraint and the
critical point will be a maximum point.
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Example  The bordered Hessian of the utility
maximization problem (Marshallian demand) is

H = [—Op VZZL‘E;*)]

For expenditure minimization, (Hicksian demand)

— 0 —Vu(x)T
H= [—Vu(x*) —A*Vzu(x*)]'

HW [As a continuation of Baldani, #9.1 (a,b)] p. 242
#9.2

8.5 Comparative Static Analysis: Sensitivity
Analysis

Suppose that the constrained optimization contains a
vector of parameters d, € RP. We write

max f(x; dg)
st.g(x;d,) =0,

where the parameters can be both in the objective
function and the constraints. The right-hand-side of the

constraints are now set to zero so that the parameters |

here could also be the right-hand-side itself.

The Lagrange function is, for a given vector d,
Lx,Ad) =f(x;d) —ATg(x; d).

The first-order condition is thus a set of implicit
functions:

V,L(x(d), A(d); d)

V,L(x(d), A(d); d)

- —g(x(d); d) _
Vof (x(d); d) — Vyg(x(d); )TA(d)

V[A]L(X(d): )L(d); d) =

0.

If (x*, A*) is the optimal solution for the parameter vector
d, , under the condition that

V[A] lV[A]L(X*:)t*; do)l = VfA]L(X*: A dy)
’ ’ = ITIE(X*, A5 dy)
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is nonsingular, which is true if the second-order
sufficient condition holds, then there is a differentiable
A(d)

x( d)] such that for some € > 0

function [

2) Vg £G(@), A(@); ) = 0, for [d = do | <&,

A(d *
0[] = fchend
c) the gradient

A(do)

Va|x(d,)

] = —H(x*25dy) 1V, lV[A]L(X*:)t*; do)l

—Vag(x*; dy)

_vxg(X*; dO) !
] [vd [fo(X*; dO) - vxg(X*; dO)T)\*]

0
B [—ng(X*: do)" VIL(x*, A% dy)

Ald *
We may write interchangeably Vg4 ngoﬂ = Va [3;*]
0

Example Minimizing expenditure under the single
constraint of a given level of utility.

minp;x; + pax;
st.u(xy, x,) = ug

The Lagrange function is given by
L(x1, X2;p1) = p1x1 + Paxa — Ay, x2) — uo).

First-order condition, with price of x; being exogeneous

and fixed at p;:
—u(xy, x3) + ug
Via£(x1, x5, 2% p1) = [P1 — A"ug (x5, x3) [ = 0.
2 P2 — Auy(xg, x3)

If the optimal is found by sufficient conditions, the
bordered Hessian is nonsingular and we can apply the
Implicit Function Theorem and have

[ 0A(P1) ]

on 0 (1, x3) —up (x5 x) o

%}71) = —|—u (x1,x3) Aup(x],x3)  Aug (g, x3) [1]
r —u, (x7,x5) Au,1 (x5, x5) Au,,(x7, x5 0

axz(pl) 2( 1 2) 21( 1 2) 22( 1 2)

L dp,
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By Cramer’s Rule and since sign|H| = (—=1)* = -1
with k = 1, the number of constraint, we have

0 0 —u,(xi, x3)
—uy(x3,x3) 1 Augp(xg,x3)
ax1(ﬁ1)__ —uy (x1,x3) 0 A"up,(x,x3)
o AL
:uz(xgxz) <0
[H]

HW Do the sensitivity analysis with respect to p; for the
case of

max u(xy, x,)
st.p1x1 + paxy, = 1.

HW [As a continuation of Baldani, #9.1 (a,b)] p. 242
#9.3, 9.4. by using Implicit Function Theorem.
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