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CHAPTER 7

Derivatives of More-Than-One Independent Variable Function

Topics:

e First-order partial derivatives
Second-order partial derivatives
Differential
Total differential
Total derivatives
Implicit function and its derivative
Examples in economics

Partial market equilibrium
Multipliers in macroeconomic models
Utility function

Production function

Etc.
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In comparative-static analysis, we are likely to encounter the situation in which
several parameters/independent variables appear in a model. Many functions in
economics, such as Production function, Cost function, Profit function, Utility function,
Demand function, deal with many independent variables. Therefore, we must learn how

to find the derivative of a function of more than one variable (Multivariable calculus).

£
5%

“Transition of idea”

Examples of multivariable function in economics

The constant elasticity demand function

41 = (P, P2 y) = kpZ plyY

The firm’s production function
Linear:
q = a;x1 + azx,

Cobb-Douglas:

q = kx{x,
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Leontief:

. {x1 xz}
q = miny—,—
€1 G
Constant elasticity of substitution:

o
o—1 o—11g-1

q=C nxlT+(1—n)sz

£
LR

Geometric Representations of Functions of Several Variables

xX=a px+qy+rz=m

v

v

z=x%+y?

v

x2+y?4+2z2=2

XA24y"24242 = 2
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Cobb-Douglas production function with labor and capital

Level Curves for z = f(x,y)

From above three-dimensional graphs, we can find the relationship between x
and y at each level of function f. That is, we can find x and y such that f (x,y) = c.
Looking at each level of f and plot the relevant x and y, then we will get “the level

curve” at that level of f.

Draw the level curve of z = f(x,y) = —x? — y?

xM2-yr2-z =0

v
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A level curve of production function is an isoquant curve.

v

v

o)
Partial Derivative

Let
y = f(x1, X2, o0y Xp),

where x4, ..., x,, are independent variable and all independent of one another, so that

each can vary by itself without affecting the others. If the variable x; changes by Ax;,

while x,, ..., x,, all remain fixed, there will be a corresponding change in y, Ay. The

difference quotient is:

Ay _ fOx + Axq, %z, 0, X0) — f (X1, X2, 0y Xp)
Axl Axl

The partial derivative of y with respect to x; is:

Ay e Axy, X, e ) — f(X, X, ) Oy
hm - hm = = fl
Ax1—>0 Axl Ax1—>0 Axl axl
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The key :

9y 9y o

o o,
ou’ov '’

Example: y = f(u,v) = (u+ 4)(3u + 2v) , what are

o v,
ou’ ov

Example: y = f(u,v) = (3u — 2v)/(u? + 3v) , what are
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H-W-
o Compute all the partial derivatives of the following function
a) 4x*y —3xy3 + 6x
b) xy
c) xy?
d) e2x+3y

x+y
e) ;

) 3x%y — 7x[y

o Compute the partial derivative of the Cobb-Douglas function

q = kix;{'x,2and of the Constant Elasticity of Substitution (CES)

g

og—-1 0-115-1

production function q =C nxlT + (1 - n)sz

Economic Interpretation

aF;I; O Marginal product of capital, M Py
6F212,L) is Marginal product of labor, MP,

3 1
Example: Find MPg and M P, of Cobb-Douglas production function Q = 4K+L+, at
the current level of factors at L = 625, K = 10,000
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Example: Find MU, MU,, of the utility function U(xy,x,) = x;logx,

£
o)
TR

o]
‘>'<.

Higher-Order Partial Derivative

) af . ) ) . a
Since % is a function of x4, ..., x,,, we can also find partial derivative of %
1 1

The second order partial derivative of fis:

(&) 2

a_X:,' axi zaxj'axi

O*f  0%f

dx;0x; 0x?

% f . .. . o : : o
o afx ,1 # J, 1s called cross partial derivatives or mixed partial derivatives.
joAL

Second-order Derivative and Hessians

3 1
Example: Find all second derivatives of Q = 4K4L+



Function with n independent variables will n? second order partial derivatives, from

which we can write out the n X n matrix. Row i, Column j corresponds to ai:;xj' This
matrix is called Hessian Matrix. The Hessian matrix is a gymumnetri trix (Yo
theorem). 8‘:#(:)(- A e X )y - )é‘ﬁ YA é—,
1> 42° )y T :;;L)f 9%y,
[ 0%f 0% f 0% f
0x?  0x,0x, " 9x,0x,
0*f 0*f 0*f
m D*fy =\ox,0x, 0x2  0xy0x,
Hesslan MEFM& |0 ae 7 g2
[0x,0x; 0x,0x, a_x,%

H-W-
7) Let y = f(x1,%,) = x,e¥1+%3 find fi,fs and Hessian Matrix
2) Let Q =f(K,L T)=AK*LPTY, find marginal products, and Hessian

matrix

The Total Differential of A Function of Several Variables

Derivatives vs. Differentials

The symbol Z—Z for the derivative of the function y = f(x) has been regarded as a

single entity.

We shall now reinterpret Z—i as a ratio of two quantities, dy and dx, the differentials

of y and x, respectively.

rofe fchange when _;["’“"5‘

I 1 (A“i



dy = \FONL] o v x chnges
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8 = fowd

aoﬁw\%w}\ os | ertidy
&,

d
Pl ofu G =0
“?/_dm

f'(x) is a “converter” translating a given independent change dx into a counterpart

change in dependent change dy.

The process of finding dy from a given function y = f(x) is called differentiation.
The process of finding derivative z—z from a given function y = f(x) is called

differentiation with respect to x.

H-W- Given that y =3x*+7x—5, find dy

@diﬁerentials "fe’H— Lilt

The concept of differential can easily be extended to a function of two or more J/
independent variable. Consider a saving function:

Li okl diffecnidd of S o ds

@= S(Y,i) =
Sis Savin national Incom Interest rate.
35 Marginel prepeniy T Sue

The partial derivative of S with respectto Y: ........ ST LERRRTTPPIPPR, SPRLUL SRR RPN (O
2d.Y T dnge 10 S When ¥ chovie
For any change in the resulting change in S can be approximated by the ! wnit [ rhen L
Consfont
quantity: ESdf\/ ...........................
Y

?5 C,['lcq,uae, m S rhen (;hglilansas
........................................ B 1
o iven Y /s Oonsiont.,

The partial derivative of S with respectto i: ....

For any change in i, di, the resulting change in S can be approximated by the

quantity: ............ e

The total change in S is then approximated by the total differential of saving
function:
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to| djFeenticlis S
Fotal dnongc_(h S ,O‘r o

Rule of Differentials
For a constant k, and function U(Xy, X;) and V (X, X3)

Rule 1: dk =0

Rule 2: d(cU™) = cnU™ 1dU
Rule 3 : d(U + V) = dU + dV
Rule 4 : d(UV) = UdV + VdU

Rule 5: d (%) _ VdUV_szV

H-W- Find dy for
J_l)'y= 5x2 +3x, |
2) y=3xi+ x.x3

3 X1+X2
)y = 22

4) y=3x:(2x, — 1)(x3 +5)
5) y=—5+430x; — 3x% + 25x, — 5x% + x,x,, given that x; =5, x, =

> dy = d (s +3%,)
= 540y +3dn,

ax)d% + 30(_1{ &

Total Derivatives

N

Question: Consider equilibrium consumption function which is a function of

equilibrium national income and exogenous tax,| C(Y*, T;).| What is the rate of change

of the function C(Y*, T,) Zg(@}gt to Ty, wheri_[Y; (/?ng‘i Ty are r&ated ald Clhan 3¢
D4 _T Wen To ch gL
‘/ o

s W\"\j net 3%

w u 5 +
Cha V\Vlel dj d“l r%‘vh L

oG



o~ . e
C ,\ (LUFE.C(’ 09{“3‘/" To ﬂ
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tndjveck e
To answer this question, we need to learn about total derivative.

Unlike a partial derivative, a total derivative does not require the argument Y to remain
constant as T, varies. A total derivative allows for the postulated relationship between

the two arguments.

Finding the Total Derivative

C mde@: fFlcw), where&@

Question: What is the total derivative of y with respect to w? How to do the total
differentiation of y with respect to w?

Note that: the two functions f and g can be combined into a composite functiony =
f(g(w), w)

The three variables y, x, w are related to one another. In the following channel map,
w, the ultimate source of change, can affect y through two separate channels:

(1) Directly, via the function f

obe - %

(2) Indirectly, via the function g, then f dw o
Y @ W) | [x =3(@)7
—‘__—/

“Channel Map”

Y 4 a
Y &= oW o

: et
— Ei— %:3; i (j\{;%: souwee

fo dx
;3: dn

"\d_cﬁ \whre

The direct effect can be represented by the partial derivative

- ch hhen W chonge
..... ?ZF l(“e,-[:whowmuwhﬂ Qm&e\s h,ld4 y,ca/ X Wb‘)qﬂ"'

, by the chain rule for a composite functlon

how mucih (dchcnﬁe, when 2 d‘qﬂses
jwhpch s @ esulf ot chonge th W .

earlier ! Y= -Fgu‘)-lz)_.axh)



Ve ‘ (4~= Tlx st LCSCW)

"-ﬁQ._ &Mv«h(t
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Adding up the two effects give us[the total derivative of y with respect to W*l

Alternatively, we can also find the total derivative by:

(a.) Total differentiating the function y = f(x, w)

Example7 Find

= f(x,w) @—— @

du '''''''''''' _— ,;.; ''''''''''' T

A W

.............. =..=2d ot 3EN

ez dowra SN
@ % = 22X -\

................................. A WO

............... = alanw Tttt ) — W

Y = Sn-o+3w 22
Ol,\é. - low + 3
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Example 2@: u@@an@\:@ c is quantity of coffee, s is quantity of

sugar, which depends on quantity of coffee consumed. How much will total utility
i

change as quantity of coffee consumed changes?

...... gﬁ):%*'u,s%i .
e, S Sl BN

the wlfimade Sower of change is W

Three channels:

y = f(xq,x5,w), x; = gw),x, = h(w) What is 2—3; ?—‘ d,l’)

de = £, + | a5H+ £ i,
J/ ................. ﬁm“ ........... x’ld’wxzclhl ................
— )

.Y

_\
/

** | 9
Example 3 Q)= Q(K{B(®) K <(K(®) L :@ Quesfion %8 |
L ¢
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Example 4: QP = g(P,I), I = f(P), QP is quantity demanded, I is

income, and P is price-

G Fe AN A1 5 R

........................ S SR eves s ANTTITTTTTTITTTT
finfon | TACme

Totol effct  Substifln e

H-W- Find total derivative of
(7') z=f(x,y,t),x =a+bt,y=c+dt
(2:) z=f(x,y) =2x +xy —y*,x = g(y) = 3y*

— IOt
Chain rule: \}1\% l»_/
2

Example 5: Le@z In(x, +@),x1 =t, and x, = t?- Find % by direct

substitution, draw channel diagram, and also find % by chain rule-
dy = !

..;d- ..................................................................... 5 .................

By, direet subsfihben ;g = IncE £ 6

2
H-W- F/'nd% at t=0, z= +3;y,x=t2+1,y= t24+1, w=et +1
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Oy -t O it
:xprlca'[:) ‘é— %cx) S 'MIP“C]"_'F‘A
Wedd like € hove

A function given in the form of y = f (x) is called an explicit function, because the

mpl Dgt Functions

variable y is explicitly expressed as a function of x. For example, y = f(x) = 3x*.

Consider a given F(y,x) = 0} For F(y,x) = 0, the left hand side is a function of the
J————d_’
two variables y and x. o in Jems ot

For exampl%,»yft x%y — i + 5xy(= 0, )
F(y,x) = 0 can imply the funct @ in which case the function f is called
an implicit function.

Derivatives of Implicit function

If the equation F(y, x) = 0 can be solved for y, we can write out the function y = f(x)

and find its derivatives by the methods learned before.

But if the equation F(y,x) = 0 cannot be solved for y, the derivatives of implicit

function can be found by applying the concept of total differentiation.

%nce@ i 75 &m«hd, on LHS, RHS
dF(y, %) =d0

dF (y,x )—0

E,dy + F.dx =0
Thus, the implicit-function rule: / 91
, .b e § S
Forl? @ X1y eer X)) = 1<§he partial derivative f; of the 1mp1101t function y =

N

f(xqg, e, X)) 1s:




ULk X, )
4

NITANS

Chap7: Multivariable Calculus EE 320 SEMI1/20 P |17

~— b
Example: Consider Utility function U = U (x4, x,), [ﬁnd the marginal rate of

substitution. And, if U = U(x4, x,) @ s the indifferent curve convex?
_— ~ . AT
barginal afe oF Scbfifufion £

[ _ for %, = the amowd of X,

....a.x'.\... UaU ..... Rbﬂak”.aucmww.ww ......................
e exchange.. feor.. ane it ofx
O %
........................... Xgoo = Glope oF3C e
1C 1s canvex wWhe, _OL/MKS,L‘,LZ > ©

..................................... <.1.-’.‘)(_.1..... e et eesrutsrtecsressressssess et seessesssrsasssenss
..................................... 2%,.....2...9

()

v 4

L AMRS,
Yoy N, N <—‘%\7 .éi”
- . —

Chemge thyrs fier dheage 11 Xy F% ?%l %7(1 '

Homework: Find 2 for when: —d. 1 | ! AR Xal
dx — + ?J X/] ® 2 1
3 2 1 P
1.)y—xy—;+5xy=g At — A "é&’—)
2)x3 4+ 2x%y —3xy? —y3 =0
1+ &\ 20

3)x%y2 +eX—e¥ =0 =/ d%ﬁz = % ( B )%}

2
4)3In(x +y) = y? — 4x? oy
= 1C (uve
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Applications in Economics

Utility function

@)

What are the conditions for law of diminishing marginal utility to hold?

Consider Utility function U = U (x4, x,). Find marginal utility of each good.

Q
Let\)U (x1,%5) = (%1 + 2)?(x, + 3)?) Compare marginal utility of good 1 and

good 2 Whej X, = X, = 3 units (

.......................................................... S
MOy, = U = alx,+2) Of_2 130

............................. St L SR e

............................................................... Y
vy, = 29U = 205 r2) (x,13)

............. R e B

.......................................................... i..(....2.>..-f.'_:.zi.)..t.é..:{-.é.s.y..........'-SZL;.......-...

....... MUMM—%L@::

............................................................................ SR
O - 203+2) (213) = 300

............. et e T T L R L
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Fad

v Production function

—y

./ Consider Q = f(K,L) %AK“LB,E;\ <a,f<1

Find marginal product of each factor of production. What are the conditions for law of

diminishing marginal product to_hold?

-9
P2 B8l p AR
L
WP = &= AR P
ok
........................................................................ PR
ame = 2o o BLDARL 2o i pen
L L
J
Amee = 28 = dldDak LT Lo f ALl
QK 9k ?
........................................................... KT/MPK‘I/

Consider Q = f(K,L). Whether a

decreasing return to scale can be consig¢€ted as follows.

= &
..................................... L
Constert rfs o ncreese. KL T Hmes —5 Q& incress b oHexs
............................................................................ AR = 2O TInpa
IV\U@S%H'\S ........... o « —> t——>T tires

......................................................................................................... PE
decrosirg s ———————————— —F U ——— LTh
.......................................................................... 20 & Z0Tnput
When fncresse R L & Hines. ke 9ot Fobr t0)

Wnen & Tncreasss & times ) tFok, L)



we (R

C/m’rp"‘* My\b imes o K, - &’\‘“'SJ(. 2
Chap7: Multivariable Calculus EE 320 SEM1/2020 Page wegig‘a\,
ks Tk, b0 = Bk
..... LBt AR B 2B R
ks ] b, bl 4 Ty
.............................................................. G
e we leh Qo= £k = ALY and et kol
Woreases G MeS PR
ST B s n?,c,..i-,..rsj.Jc.;.).......;.....A...C...\.SK.)..L.@:D.? ........
kb BL) = PP FORL
.......................................... g
...... exts o B e s TRk D kg =l
...... S e e OB 2]
..... ARS i S AR LA
TEwe Con Wit opy funclion in the Bm of
N \/a'{\ce’(( %, =% TF.C.’SUXz.) )
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Elasticity

Elasticity of output with respect to factor of production

L= AKoL

Q=f(KL)=AKLF,0<a,f <1 T
E..=..23&.L =....0Q = e
................. LRz B o Bl
................... gL&(QAPL
SUTUUTRr— N LArKaKL{2 .......... :P ..... L .......................................................
....................... AL e
Be.. . =..0%- K = ] e
K IR ADr
................................ g
............. :OLAKJ\L‘SQOL
....................... A L

demenck
Elasticity of: f

e N
=~
Considel Q% = f (P4, Pg,y) = 100 — 10P, + 15P; +Find Wn price/cross

price/income elasticity of quantity demanded. Let P, = 8, P = 5,1 = 500, Q4 = 60
(\/‘/\/\/ L1

Own price elasticity:
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Cross price elasticity:

Cee 3% P = ExZ = 820
: 9P Qp iy

............................................................................... T

............. RA B ar  sdstitate . Pl 3 Gelb & T

O 22 S T OO AR\ 2110,.2, SO

By 80 T e o3 S
¢

Income elasticity:

EI. = .%_Q& '1‘. = 0,3 S..?_O =) 25

Py .............é;.i.........Q.QA. ......................... Gb ..................................................

...... Ege 2O LS perrel goods

....... Ey. 4G A8 inferior geds

7
HOMEWORK@

1.) Market equilibrium

"0,=0, ’
e w0 peotid LD
0 =—ctdP (cd>0) Q= 3la bc,d)

G

dP* 0Q* OP* 0Q* OP* 0Q* 0P GQ*‘7

Whatare 5, 2 5 5 o ap” 9a” aa .
Nop* o 1 No¢t o (btd) ) — (ad ~bcd
YA b+do 2b (P+dd2

2.) Multipliers in Keynesian crossing model

Y=C+I+G+X-M

Y=Co+C(Y-T)+1,+iY +Gy+ X, +y,Y —M,—2AY
Y=Cy+C (Y —t,~tY )+ 1, +iY + G, + X, + 1Y —M,—AY

aY*’ dly’ a¢cy’ 9Cy

0Yr 0YEF OYE aYE? 1

What are




