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Chapter 7: Mathematical optimization:
Unconstrained problem

7.1) General Statement of the problem

Two classes of the optimization problem

(i) ptimization wo G“t-h.""d- Fn LQM

max(min) f(xy, X3, ..., Xy) C‘W\\H\"r’ﬂ 'FM
B Pratlywm.

Comments: You are free to choose combinations of “x”.

Example:

e X Tcxlé)

¥ (Y
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(ii)  Constraint optimization E' lb N C‘V\\h.hi‘
6\*"" 'l')t'}hn Fh L‘lm,

max [0 X w0k
xl,xz,...,x‘l\‘

™~

‘ such that g(xy,x,,..,xy) =b| =P qu\,‘h-"‘“‘- S;\-

Covsieid w;n

-5 EEQ2|
$ M C(ﬂJ#f&l.n-,.S'

=) ‘BV,JJ}.,] — quﬂq
Consimit.

ﬂ

X192

Comments:

a) M-constraint (equations) functions

b) Constraint set could be described/represented by ineguality,

v avea,
x+y=2wvs. x+y<2 >LineV.S. Areaghape
Ty ST,

This topics is the central discussion for EE4Z1.
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7.2) Unconstrained optimization

- This section develops toolkits to solve for the solution of
the unconstraint optimization problem

7.2.1) Types of optimizer revisited!

Definition: Local optimizer

(x*,¥*) is a local optimizer of f(x,y) if and only if, for all (x’,y") that are
closed to (x*,y"),

fx*y")> f(x',¥y") (local max)
fx*,y") < f(x',¥") (local min)

How do mathematicians define the closed-to set?
* x*=» X" in the neighborhood of x*
- (x*—&x"+¢)

— Distant between x’ and x* is less than «.

o (x*,¥y*)=> (x’,y") in the neighborhood of (x*,y")

— Distant between (x',y") and (x*,y") is less than &.

- Vx,y'): Jx'—x)2+ (' -y )2 <e
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Definition: Global optimizer

(x*,y") isaglobal optimizer of f(x, y) ifand only if, forall (x’,y") in the entire

domain set that defines “f”,

fx*y") > f(x',y") (global max)
f(x*,y") < f(x',y") (global min)

Peaks
Glcobal max, (also local max)

\_ locaimax

\“\\\\\ R A
;,,v m\‘ N

£ S globalmin

* Comments:

— If the point is local max, it must be local max on both axes
(directions).

— Ifthe pointislocal max on one axis (direction), but local min on the
other axis (direction), the point is neither considered as local max
nor local min. Instead, the point is called “saddle point”.
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Saddlepoint1 Saddlepoint 2

Definition: Saddle point 1

(x*,y") isasaddle point of f(x,y) ifand only if, for all (x', y") that are closed to
(¥,

feyn) > fxnyh) (max in y)
ey )< Flx',y%) (min in x)

Definition: Saddle point 2

(x*,y") isasaddle point of f(x,y) ifand only if, for all (x’,y") that are closed to
(% y%),

[y <flxmy") (min in y)
fG&y) > f(xy™) (max in x)
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7.2.2) Unconstraint (constraint-free) optimization: theorem

e We start out with a 2-varaible case. Later, we will generalize the result
into N-variable case.

Theorem: Properties of Local optimizer

Suppose that f(x,y) is a twice-differentiable function. That is, both Vf and
Hessian matrix exist. We would observe the following two properties for which
the local optimizer (x*,y*) must hold.

e Vf(x",y") = 0. (First-order necessary condition)

e If (x*,y") is the local maximizer (minimizer) of f(x,y), then f(x,y) is
concave (convex) at (x*,y*). (Second-order necessary condition)

Theorem: Necessary and Sufficient condition

This theorem is commonly known as the two-step cooked procedure for Iocatmg
local optimizers.

(i)  Fir er condition: Locate (x*,y*) such that Gradient of the

[yen that f( is twrce d:ﬂ“erentzablefuncaon (xs 9) ml-.\"'l.g
—B‘ xCXa“l\ ] =0 o ‘4‘4"‘"“‘3/’““}

function is equal to zero. ord{ C*& X ond

g ans,
(ii)  Second-order condition: Distinguishing the type of local optimizers
by checking for the type of curvatures at the point located from (i).
a. Concave = local maximizer
b. Convex = local minimizer .r‘ -’-

N -Venebs = vf=z0 i V{- ks
N - ok roun ch*o(ugm ‘-«F;u,x
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Concavity/convexity of a function

In single variable case, we check for the concavity/convexity of a function
using the second-order derivative.

- This is fine, because we only have one axis/direction of change to
consider.

For the multivariate case, it is no longer appropriate to simply look at the
second-order partial derivative. Mathematically, we check for the
concavity/convexity of a multivariate function using the second-order total
differential.

. f(x Y ) is said to be convex at the point (x*, y*) if and only if

d?f(x*,y*) >0

» f(x ,y )issaid to be concave at the point (x*,y*) if and only if

d*f(x*,y*) <0

© Second —ovtr il owflentrd It extRur
Lis Ron or grabe v Han 2 200,

v No; Npt Jwet \u\:\d o Secanel-avolir
peeid oy i vehwe,
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Example 7.A Derive the expression for the second-order differential of f(x,y)

‘Fth"j)
st -onbr hit = rerhnd Jl"F'?_f

] A O
A(d) Aftrgy dx + Lo -dy)
Secord-ord hkl clffrertn) 44

v '2=X;+Xz_
= d(dp) ) °l?'°\"<|+dx¢

a“f - d £xixiq)-dx + dﬁ,fm)-dg,,
¢ Y

dﬁ(xM) - cxx(xﬁ) dX + va(xtﬂ)d i

d £ 00y) = £yxryd- dx 4, (y)d
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 All the sub-matrices of “A”, indexed by A;, each of which is expanded
along the diagonal of the original matrix A.

Three Ledle Phhulo..Q. mirers eg A
e —

1 ~4 3 .
A=[——4 5 0 :>A1 [1]; Az—[_ ]; A=A
3 0 9

o A aﬁsa,,w | ston Al g

Note: There exists “N” leading principal minors for an N-by-N matrix. 1A e =
l( )

) A, = C-11

pa=[30 2 | Aq [

ind all the sub-matrices of A and check for definiteness o

- p=L2] = \D‘:a‘“

2 -1 0
Example7.B: A=|-1 2 -1
0o -1 2

>0

[

n

Av s (312 2-C0CD = 3 /

-T2 =i B =
Pss ] -l"iz-=8+o+o

2 o -|
* -0 -2-2
q.

"

LaA \$ ?osﬂwe,
dadinf
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(W) tHacsglen (M PI)(?
e If Hessian matrix ien d?f(x*,y*) > 0 for all pdssible

combinations of dx and dy.
o Implies that “f” is convex!

e If Hessian matrix is negative definite, then d*f (x*,y*) < 0 for all possible
combinations of dx and dy.
o Implies that “f” is concave!

Theorem: ﬁ&“‘lﬁ-\ Th.nﬂm {dr (J'Otm Mmhmu-

Suppose that A is a symmetric matrix. da' (- 8 Me‘h-} >

* A s positive definite if the determinants of all the leading principal
minors are positive. —

* A is negative definite if the determinants of all the leading principal
minors have alternate signs, with the negative value for the determinant
of the initial leading principal minor A;.

Comments: Since “H” is symmetric, we can apply the theorem to check for
the definiteness of “H” using the above theorem. An important question
remained is the definition of what so called leading principle minors.

Definition: Leading principal minors
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d" = (Q,“(x,%) Ax + fyy- dj) dx

“'ny Crey) A & £y (xg)dy) dy

o Lol (i,.,(da)'} £ryoxdy
 £yudrdy

- @0 + zf;gj -dxdy + F,,@y)"

% - Cax dalr—‘&* Sy | T
| fox Ay [ L9 ]

Al = [ ox :tj/I@f::]

H lZ ‘/\Qﬂ“fc\n mc.’h’M

Theorem:
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From the theorems stated above, we can conclude that, under the 2-variable ?

case, second-order condition requires that ( Hb‘ e ‘r ' (Yj - (4;3 )

2 ’
* For the minimizer, H is positive definite = “f” is convex ===y N Enf'
L]

— det(H;) = fi, >0

— det(Hy) = fux * fyy — fxzy >0

e For the maximizer, H is negative definite
- i) =<0 ' ¢ o O EPP Cloy,

— det(Hy) = fax * fyy _fxzy >0

Conclusion:

Tou-shp presdues:

C.D Find a]\ [Mstlph. Ptlr-ﬂ%- C";:)>
Hw’r W'ﬁ-\c.e.. ‘F ---ﬁj -
Caserck for all erticel fw‘ﬁ,

' e fa\n-\' (n vt 40’\3 |5 2pkto O))

(), Chsek %r cov\cawigjlcmvex:}j et

Yovr A ("M)

el e ¥ sisn /(,\H'\\
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