
Oct 17, 2014 TU152 Due: Oct 23, 2014

Solution: Assignment 4

1. Let a and b be real numbers with 0 < b < a < 1. Determine whether each of the following
inequalities is true or not. Explain your answer.

(a)
(b+1)3

|a| < (a+1)3

b

(b)
b
a < a3−1

b3−1

Answer:

(a)
(b+1)3

|a| < (a+1)3

b is true.

From 0 < b < a < 1, by adding 1 throughout the inequalities, we have

0 + 1 < b + 1 < a + 1 < 1 + 1

and so, 0 < b + 1 < a + 1

0 < (b + 1)3 < (a + 1)3. (1)

Since a > 0, |a| = a. Since a, b > 0, then b < a implies 1
abb <

1
aba or

0 <
1

|a|
<

1

b
(2)

From (1) and (2),
(b + 1)3

|a|
<

(a + 1)3

b
.

(b)
b
a < a3−1

b3−1 is false.

Since a, b > 0, b < a implies
b

a
< 1.

From 0 < b < a < 1, we have 0 < b3 < a3 < 1 and by subtracting 1 throughout the
inequalities, we have

−1 < b3 − 1 < a3 − 1 < 0.

Since b3 − 1 < 0, when we divide b3 − 1 throughout the equality b3 − 1 < a3 − 1 we have

a3 − 1

b3 − 1
< 1.

That is, we only have b
a < 1 and a3−1

b3−1 < 1 and we cannot conclude that b
a < a3−1

b3−1 .

A counterexample is when a = 4
5 and b = 3

4 . We noticed that 0 < 3
4 < 4

5 < 1 and so
0 < b < a < 1,

b

a
=

3/4

4/5
=

15

16
= 0.9375

and
a3 − 1

b3 − 1
=

(4/5)3 − 1

(3/4)3 − 1
= 2063/2444 ≈ 0.8441

Since 0.9375 ≮ 0.844, we can find a and b with 0 < b < a < 1 such that b
a ≮

a3−1
b3−1 . �
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2. Let x and y be real numbers with y > x > 1. Show that

y(y − 2) > |x− 1|2 − 1.

Answer: From y > x > 1, subtracting 1 throughout these inequalities gives

y − 1 > x− 1 > 0,

and since both y− 1 and x− 1 are positive numbers, we can square both sides of y− 1 > x− 1 :

(y − 1)2 > (x− 1)2

or equivalently,

y2 − 2y + 1 > (x− 1)2 ⇔ y2 − 2y > (x− 1)2 − 1 ⇔ y(y − 2) > (x− 1)2 − 1

Since (x− 1)2 = |x− 1|2 ∀x ∈ R, then we have

y(y − 2) > |x− 1|2 − 1.

�

3. Find the solution set for each of following inequalities.

(a)
x2 − 1

x
<

x + 1

2x

(b)

2 ≤
∣∣∣∣x− 1

x

∣∣∣∣ ≤ 7

(c)
x2 + |x|+ 1

x7 + x5 + x2 + 1
≤ 0

(d)
|x + 3| − 2

5
+

1

|x− 1|+ 1
≤ 1

(e)
|x− 1| − x2 − 1

5− |x + 3|
≥ 0

Answer:

(a)
x2 − 1

x
<

x + 1

2x
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Answer:

x2 − 1

x
<

x + 1

2x
x2 − 1

x
− x + 1

2x
< 0

2x2 − 2− x− 1

x
< 0

2x2 − x− 3

x
< 0

(x + 1)(2x− 3)

x
< 0

Notice that (x + 1)(2x − 3) = when x = −1, 3/2 and x = 0 when x = 0. To obtain the
subintervals, consider x = −1, 0, 3/2

x ∈ (−∞,−1) x ∈ (−1, 0) x ∈ (−1, 3/2) x ∈ (3/2,∞)

x + 1 − + + +

x − − + +

2x− 3 − − − +
(x+1)(2x−3)

x − + − +

To have non-zero denominator, we must have x 6= 0. Since we consider < sign, the solution
set is (−∞,−1) ∪ (−1, 3/2). �

(b)

2 ≤
∣∣∣∣x− 1

x

∣∣∣∣ ≤ 7

Answer: This is true when 2 ≤
∣∣x−1

x

∣∣ and
∣∣x−1

x

∣∣ ≤ 7.

(i) Consider 2 ≤
∣∣x−1

x

∣∣. This is equivalent to

|2|2 ≤
∣∣∣∣x− 1

x

∣∣∣∣2
4 ≤ (x− 1)2

x2
since

∣∣∣∣x− 1

x

∣∣∣∣2 =
|x− 1|2

|x|2
=

(x− 1)2

x2

4x2 ≤ (x− 1)2, since x2 > 0

4x2 ≤ x2 − 2x + 1

3x2 + 2x− 1 ≤ 0

(x + 1)(3x− 1) ≤ 0.

By setting (x+1)(3x−1) = 0, we consider x = −1 and x = 1/3 to construct 3 subintervales.

x ∈ (−∞,−1) x ∈ (−1, 1/3) x ∈ (1/3,∞)

x + 1 − + +

3x− 1 − − +

(x + 1)(3x− 1) + − +
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So, in this case, since |x| is the denominator, x 6= 0 and the solution set is ∈ [−1, 1/3]−{0}
or [−1, 0) ∪ (0, 1/3]

(ii) Consider
∣∣x−1

x

∣∣ ≤ 7 This is equivalent to∣∣∣∣x− 1

x

∣∣∣∣2 ≤ |7|2

(x− 1)2

x2
≤ 49 since

∣∣∣∣x− 1

x

∣∣∣∣2 =
|x− 1|2

|x|2
=

(x− 1)2

x2

(x− 1)2 ≤ 49x2, since x2 > 0

49x2 ≥ x2 − 2x + 1

48x2 + 2x− 1 ≥ 0

(6x + 1)(8x− 1) ≥ 0.

By setting (6x + 1)(8x − 1) = 0, we consider x = −1/6 and x = 1/8 to construct 3
subintervales.

x ∈ (−∞,−1/6) x ∈ (−1/6, 1/8) x ∈ (1/8,∞)

(6x + 1) − + +

(8x− 1) − − +

(6x + 1)(8x− 1) + − +

So, in this case, since |x| is the denominator, x 6= 0 and the solution set is (−∞,−1/6] ∪
[1/8,∞).

From (i) and (ii), the solution set is
{[−1, 0) ∪ (0, 1/3]} ∩ {(−∞,−1/6] ∪ [1/8,∞)} = [−1,−1/6] ∪ [1/8, 1/3]. �

(c)
x2 + |x|+ 1

x7 + x5 + x2 + 1
≤ 0

Answer:
First notice that

x7 + x5 + x2 + 1 = (x7 + x5) + (x2 + 1) = x5(x2 + 1) + (x2 + 1) = (x5 + 1)(x2 + 1).

Since |x| =
{
−x, x < 0
x, x ≥ 0

, we will consider two cases for x.

Case I: x < 0. Then |x| = −x and

x2 + |x|+ 1 = x2 − x + 1.

Notice that
x2 − x + 1 > 0 for all x ∈ R (b2 − 4ac = 1− 4(1)(1) < 0).

Case II: x ≥ 0. Then |x| = x and

x2 + |x|+ 1 = x2 + x + 1.
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Notice that
x2 + x + 1 > 0 for all x ∈ R, (b2 − 4ac = 1− 4(1)(1) < 0).

From cases (I) and (II), we have that the numerator

x2 + |x|+ 1 > 0

for all x ∈ R. Not also that, since x2 ≥ 0 and x2 + 1 ≥ 1 > 0,

x2 + 1 > 0, x ∈ R,

so we have that
x2 + |x|+ 1

(x5 + 1)(x2 + 1)
< 0

only when
1

(x5 + 1)
< 0 or x5 + 1 < 0

Note that x5 + 1 = 0 when x5 = −1 or x = 5
√
−1 = −1. So we consider the intervals

(−∞,−1) and (−1,∞).

x ∈ (−∞,−1) x ∈ (−1,∞)

x5 + 1 − +

From above, the solution set is therefore (−∞,−1) �

(d)
|x + 3| − 2

5
+

1

|x− 1|+ 1
≤ 1

(e)
|x− 1| − x2 − 1

5− |x + 3|
≥ 0

Answer:

From |x−1| =
{
−(x− 1), x− 1 < 0 ⇔ x < 1

x− 1, x− 1 ≥ 0 ⇔ x ≥ 1
, and |x+3| =

{
−(x + 3), x + 3 < 0 ⇔ x < −3

x + 3, x + 3 ≥ 0 ⇔ x ≥ −3
,

we will consider 3 cases:

Case I: x ∈ (−∞,−3), Case II:x ∈ [−3, 1), Case III: x ∈ [1,∞).

Case I: x ∈ (−∞,−3), |x− 1| = −(x− 1), |x + 3| = −(x + 3) and

x2 + 1− |x− 1|
5− |x + 3|

=
x2 + 1 + x− 1

5 + x + 3
=

x2 + x

x + 8
=

x(x + 1)

x + 8
.

So we will solve x(x+1)
x+8 ≤ 0. To obtain the subintervals, consider x = −8,−1, 0

x ∈ (−∞,−8) x ∈ (−8,−1) x ∈ (−1, 0) x ∈ (0,∞)

x + 8 − + + +

x + 1 − − + +

x − − − +
x(x+1)
x+8 − + − +
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To have non-zero denominator, we must have x 6= −8. Since we have “less than
or equal” sign, then the solution set is (−∞,−8) ∪ [−1, 0]. I.e., the solution set is

(−∞,−3) ∩ {(−∞,−8) ∪ [−1, 0]} = (−∞,−8) .

Case II: x ∈ [−3, 1), |x− 1| = −(x− 1), |x + 3| = x + 3 and

x2 + 1− |x− 1|
5− |x + 3|

=
x2 + 1 + x− 1

5− x− 3
=

x2 + x

−x + 2
= −x(x + 1)

x− 2
.

So we will solve −x(x+1)
x−2 ≤ 0 or x(x+1)

x−2 ≥ 0. To obtain the subintervals, consider
x = −1, 0, 2

x ∈ (−∞,−1) x ∈ (−1, 0) x ∈ (−1, 2) x ∈ (2,∞)

x + 1 − + + +

x − − + +

x− 2 − − − +
x(x+1)
x−2 − + − +

To have non-zero denominator, we must have x 6= 2. Since we have “less than or equal”
sign, then x ∈ [−1, 0] ∪ (2,∞). I.e., the solution set is

[−3, 1) ∩ {x ∈ [−1, 0] ∪ (2,∞)} = [−1, 0] .

Case III: x ∈ [1,∞), |x− 1| = x− 1, |x + 3| = x + 3 and

x2 + 1− |x− 1|
5− |x + 3|

=
x2 + 1− x + 1

5− x− 3
=

x2 − x + 1

−x + 2
= −x2 − x + 1

x− 2
.

So we want to solve
x2 − x + 1

x− 2
≥ 0.

For a = 1, b = −1, c = 1, b2 − 4ac = 1 − 4 < 0, so we cannot factor x2 − x + 1. Since
a > 0, then x2 − x + 1 > 0 for all x ∈ R. So, in order to have x2−x+1

x−2 ≥ 0, we can
consider instead x − 2 > 0 or x ∈ (2,∞). That is, the solution set for this case is

[1,∞) ∩ (2,∞) = (2,∞) .

From cases I, II, III, the solution set is (−∞,−8) ∪ [−1, 0] ∪ (2,∞). �

4. (Optional) Find the solution set for each of the following inequities.

(a) x−1
x+1 ≤ 0

Ans: (−1, 1)

(b) −x
2−x

2−x ≥ 0

Ans: [−1, 0] ∪ (2,∞)

(c) 2x
x−2 −

3x
x−4 ≤ 1

Ans: (−∞, 2) ∪ (4,∞)

(d) (2x2+4x+7)(x−1)
x3−5x2+x−5 ≤ 0

Ans: [1, 5)
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(e) x2+8
x2+x+6

≥ 0

Ans: (−∞,∞)

(f) x2−2x−4
x2−x−6 ≥ 0

Ans: (−∞,−2) ∪ [1−
√

5, 3) ∪ (1 +
√

5,∞)

(g) 2x−x2−3
x−2x2−1 ≤ 1

Ans: (−∞,−2] ∪ [1,∞)

(h) (−x2+5x−7)(2x+1)
x4−1 ≥ 0

Ans: (−∞,−1) ∪ [−1/2, 1)

(i) x2−1
2−3x+x2 > 1

x

Ans: (−∞, 0) ∪ (2,∞)

(j) x4+6x2

1−2x ≤ x2

Ans: {0} ∪ (1/2,∞)

(k) x5 + 3x4 − 23x3 − 51x2 + 94x + 120 ≥ 0

(l) ln(x2+x+4)
| sin(x)−cos(x)|−3 < 0

Ans: R (Hint: x2 + x + 4 > 1)

5. (Optional) Find the solution set for each of the following inequities.

(a) |x− 1| < 7

Ans: (−6, 8)

(b) 3 < |x + 2| < 4

Ans: (−6,−5) ∪ (1, 2)

(c) |2x + 3| ≤ 2

Ans: [−5/2,−1/2]

(d) |3x− 1| ≥ 1

Ans: (−∞, 0] ∪ [2/3,∞)

(e) |x+2|
2 > |x|

Ans: (−2/3, 2)

(f) |x + 1| − |2x− 1| < 0

Ans: (−∞, 0) ∪ (2,∞)

(g) |2− x| − x ≤ 0

Ans: [1,∞)

(h) |x + 1| > 3− |x|
Ans: (−∞,−2) ∪ (1,∞)

(i) x2 − 2 ≥ 1
2 |x− 1|

Ans: (−∞, −1−
√
41

4 ) ∪ (3/2,∞)

(j) |x + 3| ≥ 2− x

Ans: [−1/2,∞)
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(k) |2x2 + x− 1| ≥ 2

Ans: (−∞,−3/2] ∪ [1,∞)

(l) |x|2 + 3 > x2

Ans: (−2, 2)

(m) |x| > 2
|x+1|

Ans: (−∞,−2) ∪ (1,∞)

(n) x2

x+1 < |x|
Ans: (−∞,−1) ∪ (−1/2, 0) ∪ (0,∞)

(o) 4
|x| ≤

1
|x|

Ans: ∅
(p) |x2 + 1| < |x + 1|

Ans: (0, 1)

(q) (x2 + 1)(|x + 2| − |x|) ≥ 0

Ans: [−1,∞)

(r) |1−x|
x3+2x2+5x+4

≤ 0

Ans: (−∞,−1) ∪ {1}
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