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Multiple Regression Analysis : Further
Issues

1 Data scaling on OLS statistics

When we change the unit of measurment of a variable, the value of estimators would
chance accordingly. For example

\bweght = b&0 + b&1cigs+ b&2famin c;

where
bwght = child birth weight, in grams.
cigs = number of cigarettes smoked by the mother while pregnant, per day.
famin c = annual family income, in thousands of dollars.

What if we use bweight in kilograms
1 kg = 1,000 g

bwght_kg^ = bwght_g^/1000 = (β^0/1000) + (β^1/1000) cigs + (β^2/1000) faminc
=  α0^ + α1^ cigs + α2^ faminc

=> α0^ = (β^0/1000) , α1^ = (β^1/1000) , α2^ = (β^2/1000) 

What if we use faminc in USD (instead of 1000 USD)
bwght_g = β^0 + β^1 cigs + β^2/1000 faminc_usd

 = β^0 + β^1 cigs + θ^2 faminc_usd

=> θ^2 = β^2/1000
in other words θ^2 = impact of 1 USD increase in income

   β^2 = impact of 1000 USD increase in income

The value of this 
variable is going to 
be 1000 times large 
than faminc

What if we use bwght in kg & income in THB 
bwght_kg = β^0/1000 + β^1/1000 cigs + β^2/1000 faminc_thb

What if we use bweight in kilograms
1 kg = 1,000 g

bwght_kg^ = bwght_g^/1000 = (β^0/1000) + (β^1/1000) cigs + (β^2/1000) faminc
=  α0^ + α1^ cigs + α2^ faminc

=> α0^ = (β^0/1000) , α1^ = (β^1/1000) , α2^ = (β^2/1000) 

What if we use faminc in USD (instead of 1000 USD)
bwght_g = β^0 + β^1 cigs + β^2/1000 faminc_usd

 = β^0 + β^1 cigs + θ^2 faminc_usd

=> θ^2 = β^2/1000
in other words θ^2 = impact of 1 USD increase in income

   β^2 = impact of 1000 USD increase in income

The value of this 
variable is going to 
be 1000 times large 
than faminc

What if we use bwght in kg & income in THB 
bwght_kg = β^0/1000 + β^1/1000 cigs + β^2/1000 faminc_thb
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2 More on functional forms

# Logarithmic Functional Form

log(y) = &0 + &1 log(x1) + &2x2 + u

# Models with Quadratics

Example : E§ects of Pullution on Housing Prices

log(price) = &0 + &1 log(nox) + &2 log(dist) + &3rooms+ &4room
2 + &5stratio+ u

β1 = d log(y) / d log(x) 
= (1/y)dy / (1/x1)dx1
= (1/y) y / (1/x1) x1
= [100(1/y)] y / [100(1/x1)] x1
= %y/%x

y = Y1 - Y2
x1 = X11 - X12usually means natural log

with the log y & log x format, the coefficient is going to be the elasticity. 
(x1 elasticity of y)
price demand

β2 = d log(y) / dx2 
= (1/y)dy / dx2
= (1/y) y / x2

-> If we want the upper term to 
be % change then

100 β2 = [100(1/y)] y / x2
100 β2 = %  y /  x2

100 β2 = %  in y given 
that x2 increases by 1 unit

-> capture increasing / decreasing marginal effects (slope of the relationship 
between x & y is not constant)

COVID-19 example
Y (# of cases)

x (days)

TextText

y = β0 + β1x + β2(x^2) + u
dy/dx = β1 + 2 β2 x 

days

Decreasing returns

(+)

profit

unit (q)q*

y = β0 + β1x + β2(x^2) + u
dy/dx = β1 + 2 β2 x 

(+) (-)

π = (p-mc) q 
π = (100-q(hat) - 10) q
F.O.C dπ/dq = 90 - 2Q

Assume mc=10
Demand: P=100-q

β1 = d log(y) / d log(x) 
= (1/y)dy / (1/x1)dx1
= (1/y) y / (1/x1) x1
= [100(1/y)] y / [100(1/x1)] x1
= %y/%x

y = Y1 - Y2
x1 = X11 - X12usually means natural log

with the log y & log x format, the coefficient is going to be the elasticity. 
(x1 elasticity of y)
price demand

β2 = d log(y) / dx2 
= (1/y)dy / dx2
= (1/y) y / x2

-> If we want the upper term to 
be % change then

100 β2 = [100(1/y)] y / x2
100 β2 = %  y /  x2

100 β2 = %  in y given 
that x2 increases by 1 unit

-> capture increasing / decreasing marginal effects (slope of the relationship 
between x & y is not constant)
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where
price = housing price
nox = level of pollution
dist = distance from downtown
rooms = number of rooms
stratio = average student per teacher ratio
The estimation result is given by

Consider the e§ect of "room"

What wold be the % change in price when the number of room increases from 5 to 6?

In the US or many other countries, 
students can apply to schools in the area 
without having to take any test. So, the 
lower stratio the better the school

|t| . 1.96
-> all variables are significant 

all < 0,05

When t 
statistic reject 
null P would 
also reject
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3 Models with Interaction Terms

Consider

price = &0 + &1sqrft+ &2bdrms+ &3sqrft' bdrms+ &4bthrms+ u

where
price = housing price
sqrft = house size (square feet)
bdrms = number of bedrooms
bthrms = number of bathrooms

X1 X2 X1 * X2 

X3

X2

=> used when the impact of one 
variable depends on the value 

(level) of another variable
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4 More on the Goodness-of-Fit and Selection of Regressors

# Adding more regressors ALWAYS improve Öt

Using adjusted R-squared to choose between non-nested models (one model is not a
subset of another).
Consider Model 1

\salary
=

830:63

(223:90)

+0:0163sales

(0:0089)

+19:63roe

(11:08)

n = 209; R2 = 0:029; 6R2 = 0:020

Consider Model 2

\log(salary)
=

4:36

(0:29)

+0:2751 log(sales)

(0:033)

+0:0179roe

(0:004)

n = 209; R2 = 0:282; 6R2 = 0:275

R^2 always increase

But if we lose the “degree of freedom”
(d.f. = free data point used to estimate the parameter)
—> 1 data point is sacrificed every time we estimate a parameter

Using R^2 would not punish “having too many regressors”

We use adjusted_R^2 or R^-2 when we want to punish adding too many 
regressors

R^2 = 1 - (SSR/SST) = 1 - (SSR/n / SST/n)

Adj. R^2 = 1 - [SSR/(n-k-1) / SST/ (n-1)]
If we have more k, d.f. = n-k-1 decrease
SSR/ (n-k-1) increases, adj-R^2 decrease

27.5% of variation in Y is explained
So, this model is better
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Multiple Regression Analysis with
Qualitative Information:

1 Outline

# Describing qualitative information

# Using a single dummy independent variable

# Using dummy variables for multiple categories

# Interactions involving dummy variables

# A binary dependent variable (Y variable): The linear probability model

2 Describing Qualitative Information

# "Female" and "Married" are qualitative variable.

# We arbitarily assign a dummy variable to decribe them.

famale =

"
1 if female
0 otherwise (or if male)

married =

"
1 if married
0 otherwise (of if single)
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3 Models with a single dummy independent variable

Consider

wage = &0 + Y0female+ &1educ+ u:

where

famale =

"
1 if female
0 otherwise (or if male)

In this case, the Y0 notation is used to highlight the interpretation of the parameters
multiplying dummy variables. In other cases, we can use any notation that is the most
convenient.
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4 It is not possible to include all of the dummy alternatives in the same
model

# If we include all alternatives of a dummy variable in the same model, we will face
the "perfect collinearity" problem.

For example:

1 = female+male

female = male+ 1

or

1 = winter + spring + summer + fall

winter = 1$ spring $ summer $ fall

# At least one alternative has to be dropped. We treat the dropped alternative as
the "BASE GROUP" or "BASELINE" or "BENCHMARK GROUP".

(as long as there is an intercept in the model)

wage = β0X0+ δ0 female +β1 educ +δ1 male +u
(x1)   (x2)  (x3)

intercept = 1
x0   =         x1    +    x3

If there are “n” categories, we omit “1” category to avoid multi collinearity

winter

spring

etc.

1 if winter
0 otherwise

1 if spring
0 otherwise

{
{
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5 Using dummy variables for multiple categories

Case 1 We can use many dummy variables in the same model
Consider a model which includes 2 dummy variablesñ female and married:

log(wage) = &0 + Y0female+ Y1married+ &1educ+ &2 exp er + &3 exp er
2

+&4tenure+ &5tenure
2 + u:

Comments:

1 if female
0 if otherwise

1 if married
0 if otherwise
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Consider a model which includes dummy variables for each gender/marital status
combinationñ marrmale; marrfem and singfem:

log(wage) = &0 + Y0marrmale+ Y1marrfem+ Y3singfem+ &1educ+ &2exper

+&3exper
2 + &4tenure+ &5tenure

2 + u: (8.1)

Comments:

                male           female

marr

sing

marfem     marmale

singfem     singmale

basecase

(singmale <- used as the basecase)

This regression is not the same as the previous one. It uses “Single Male” 
as the base group. (The previous one use male & Single as 2 base groups)

- δ0 measures the expected diff. in wage of married male as compared with single 
males, holding other factors constant.

- δ1 measures the expected diff. in wage of married female as compared with single 
males, holding other factors constant.

- δ2 -> same rationale

lwage

0.534

0.321

0.211

0.123

married male -> β0 + δ0 = 0.321 + 0.2127

TextText

single male -> β0

single male -> β0 + δ2 = 0.321 - 0.110

married female -> β0 + δ1 = 0.321 - 0.198

educ

TextText
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Case 2 We can use dummy variables to represent multiple categories of a variable
Consider the relationship between law school rankings and starting salaries

log(salary) = &0 + Y0top10 + Y1r11_25 + Y3r26_40 + Y4r41_60 + &1LSAT

+&2GPA+ &3 log(libvol) + &4 log(cost) + u:

where top10; r11_25; r26_40; r41_60 would be equal to 1 when the variable rank falls
into the appropriate range.
** Rank below 60 would be the base case.

Comments:

* In many cases the 
“range of value” 
serve as a better 
explanatory variable 
than the “value” itself.
eg age may be 
explain the model 
better if split into 
generations 
young (0-15) 
genz (16 - 29)
etc.

the baseline is 
ranking 61st 
and worse

1) δ0 measures the difference in expected log (salary) of 
a law-school graduate from a top 10 university compared 
to expected log (salary) of those who graduated from the 
school ranked 61st and worse

2) δ1 —> use the same rationale


