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�bbB;MK2Mi R

.l1 .�h1, hm2b/�v 12th- 62#`m�`v kyRNX

A TH2/;2 iQ i?2 >QMQ` *Q/2 �M/ iQ Q#2v �HH `mH2b 7Q` i�FBM; �M/ T2`7Q`KBM; ?QK2rQ`F �bbB;MK2Mib �b
bT2+B}2/ #v i?2 +Qm`b2 BMbi`m+iQ`X

6mHH M�K2 aim/2Mi A.X

�HH /�i� �`2 /QrMHQ�/�#H2 7`QK "1 KQQ/H2

RXU8y TQBMibV *QMbB/2` i?2 /�BHv bBKTH2 `2im`Mb Q7 *�i2`TBHH�` U*�hV biQ+F- *_aS p�Hm2@r2B;?i2/
BM/2t UoqV- *_aS 2[m�H@r2B;?i2/ BM/2t U1qV- �M/ i?2 aS +QKTQbBi2 BM/2t UaSV 7`QK C�Mm�`v j- kyyd
iQ .2+2K#2` jR- kyReX _2im`Mb Q7 i?2 i?`22 BM/2t2b BM+Hm/2 /BpB/2M/bX h?2 /�i� �`2 BM i?2 }H2 /@+�iydRe@
j/tXiti �M/ i?2 +QHmKMb b?Qr T2`KMQ Q7 *�h- /�i2- oPG- _1h- pr`2i/- 2r`2i/- �M/ bT`i`M- `2bT2+iBp2Hv-
rBi? i?2 H�bi 7Qm` +QHmKMb b?QrBM; i?2 bBKTH2 `2im`MbX AM i?2 }H2- oPG �M/ _1h /2MQi2 i`�/BM; pQHmK2
�M/ `2im`M- `2bT2+iBp2Hv X

U�V *QKTmi2 i?2 b�KTH2 K2�M- bi�M/�`/ /2pB�iBQM- bF2rM2bb- 2t+2bb Fm`iQbBb- KBMBKmK- �M/ K�t@
BKmK Q7 2�+? bBKTH2 `2im`M b2`B2bX

U#V P#i�BM i?2 2KTB`B+�H /2MbBiv 7mM+iBQM Q7 i?2 bBKTH2 `2im`Mb Q7 *�i2`TBHH�` biQ+FX �`2 i?2 /�BHv
bBKTH2 `2im`Mb MQ`K�HHv /Bbi`B#mi2/\ S2`7Q`K � MQ`K�HBiv i2bi iQ DmbiB7v vQm` �Mbr2`X

U+V h`�Mb7Q`K i?2 bBKTH2 `2im`Mb iQ HQ; `2im`MbX *QKTmi2 i?2 b�KTH2 K2�M- bi�M/�`/ /2pB�iBQM-
bF2rM2bb- 2t+2bb Fm`iQbBb- KBMBKmK- �M/ K�tBKmK Q7 2�+? HQ; `2im`M b2`B2bX

U/V h2bi i?2 MmHH ?vTQi?2bBb i?�i i?2 K2�M Q7 i?2 HQ; `2im`Mb Q7 *�i2`TBHH�` biQ+F Bb x2`QX .Q i?2
b�K2 i2bi 7Q` a&S +QKTQbBi2 BM/2tX

U2V P#i�BM i?2 2KTB`B+�H /2MbBiv THQi Q7 i?2 /�BHv HQ; `2im`Mb Q7 *�i2`TBHH�` biQ+F �M/ i?2 2[m�H@
r2B;?i2/ BM/2tX

kXU8y TQBMibV�Mbr2` i?2 b�K2 [m2biBQMb �b S`Q#H2K R #mi mbBM; KQMi?Hv `2im`Mb 7Q` S`Q+i2` :�K@
#H2 US:V biQ+F- *_aS p�Hm2@r2B;?i2/ BM/2t UoqV- *_aS 2[m�H@r2B;?i2/ BM/2t U1qV- �M/ a&S +QKTQbBi2
BM/2t UaSV 7`QK C�Mm�`v RNeR iQ .2+2K#2` kyReX h?2 `2im`Mb BM+Hm/2 /BpB/2M/ /Bbi`B#miBQMbX .�i� }H2 Bb
K@T;eRRe@j/tXiti rBi? +QHmKM M�K2b S1_JLP Q7 S:- /�i2- _1h- pr`2i/- 2r`2i/- �M/ bT`i`M- `2bT2+iBp2Hv-
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r?2`2 _1h /2MQi2b i?2 S: bBKTH2 `2im`MX (LQi2 i?�i- BM i?2 [m2biBQMb- `2TH�+2 *�h #v S:X)

jX Ujy TQBMibV *QMbB/2` i?2 /�BHv HQ; `2im`Mb Q7 *�i2`TBHH�` U*�hV biQ+F 7`QK C�Mm�`v kyyd iQ
.2+2K#2` kyRe BM S`Q#H2K RX S2`7Q`K i?2 i2bib �M/ /`�r +QM+HmbBQMb mbBM; i?2 8 % bB;MB}+�M+2 H2p2HX

U�V *QMbi`m+i � N8% +QM}/2M+2 BMi2`p�H 7Q` i?2 /�BHv HQ; `2im`Mb Q7 *�h biQ+FX

U#V h2bi H0 : m3 = 0 p2`bmb Ha : m3 ̸= 0- r?2`2 m3 /2MQi2b i?2 bF2rM2bb Q7 i?2 `2im`MX

U+V h2bi H0 : K = 3 p2`bmb Ha : K ̸= 3- r?2`2 E /2MQi2b i?2 Fm`iQbBbX U1t+2bb Fm`iQbBb 4 yXV

9X Ujy TQBMibV *QMbB/2` i?2 /�BHv HQ; `2im`Mb Q7 a &S +QKTQbBi2 BM/2t 7`QK C�Mm�`v j- kyyd iQ
.2+2K#2` jR- kyRe �b BM S`Q#H2K RX S2`7Q`K i?2 7QHHQrBM; i2bib,

U�V h2bi i?2 MmHH ?vTQi?2bBb i?�i i?2 HQ; `2im`M Bb bvKK2i`B+ rBi? `2bT2+i iQ Bib K2�MX

U#V h2bi i?2 MmHH ?vTQi?2bBb i?�i i?2 2t+2bb Fm`iQbBb Q7 i?2 `2im`Mb Bb x2`QX

U+V *QMbi`m+i � N8 % +QM}/2M+2 BMi2`p�H 7Q` i?2 2tT2+i2/ /�BHv HQ; `2im`M Q7 i?2 a &S +QKTQbBi2
BM/2tX

8X U9y TQBMibV *QMbB/2` i?2 /�BHv HQ; `2im`Mb Q7 �K�xQM biQ+F 7`QK C�Mm�`v k- kyy3 iQ .2+2K#2`
jR- RyRk �b BM i?2 }H2 /@�KxMj/tXitiX

U�V S2`7Q`K i?2 7QHHQrBM; i2bib, UBV h2bi i?2 MmHH ?vTQi?2bBb i?�i i?2 HQ; `2im`M Bb bvKK2i`B+ rBi?
`2bT2+i iQ Bib K2�Mc UBBV h2bi i?2 MmHH ?vTQi?2bBb i?�i i?2 2t+2bb Fm`iQbBb Q7 i?2 `2im`Mb Bb x2`Qc UBBBV *QMbi`m+i
� N8 % +QM}/2M+2 BMi2`p�H 7Q` i?2 2tT2+i2/ /�BHv HQ; `2im`M Q7 �K�xQM biQ+F

U#V *QKTmi2 �*6 �M/ S�*6 Q7 i?2 /�BHv HQ; `2im`Mb Q7 �K�xQM biQ+F �M/ h2bi H0 : ρ1 = ...= ρ12 = 0
p2`bmb Ha : ρi ̸= 0 ∃1 ! i ! 12. .`�r i?2 +QM+HmbBQMX
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eX U9y TQBMibV .�BHv 7Q`2B;M 2t+?�M;2 `�i2b UbTQi `�i2bV +�M #2 Q#i�BM2/ 7`QK i?2 62/2`�H _2b2`p2
"�MF BM ai GQmBb U6_1.VX h?2 /�i� �`2 i?2 MQQM #mvBM; `�i2b BM L2r uQ`F *Biv +2`iB}2/ #v i?2 62/2`�H
_2b2`p2 "�MF Q7 L2r uQ`FX *QMbB/2` i?2 2t+?�M;2 `�i2b #2ir22M i?2 lXaX /QHH�` �M/ i?2 1m`Q 7`QK C�Mm�`v
9- RNNN iQ J�`+? 3- kyRjX a22 i?2 }H2 /@2tmb2mXitiX

U�V *QKTmi2 i?2 /�BHv HQ; `2im`M Q7 i?2 2t+?�M;2 `�i2X

U#V *QKTmi2 i?2 b�KTH2 K2�M- bi�M/�`/ /2pB�iBQM- bF2rM2bb- 2t+2bb Fm`iQbBb- KBMBKmK- �M/ K�t@
BKmK Q7 i?2 HQ; `2im`Mb Q7 i?2 2t+?�M;2 `�i2X

U+V P#i�BM � /2MbBiv THQi Q7 i?2 /�BHv HQM; `2im`Mb Q7 .QHH�`@1m`Q 2t+?�M;2 `�i2X

U/V h2bi H0 :µ = 0 p2`bmb Ha :µ ̸= 0- r?2`2 µ /2MQi2b i?2 K2�M Q7 i?2 /�BHv HQ; `2im`M Q7 .QHH�`@1m`Q
2t+?�M;2 `�i2X
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