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CHAPTER 4

Basic Matrix Algebra and Applications

Topics: Basic Matrix Algebra

Outline:

Representation of system of equation by matrix notation
Multiplication of matrices

Determinant and singularity of matrix

Matrix Inversion

Cramer’s rule
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Matrix Algebra

Matrix is a rectangular array of numbers, parameters, or variables
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Benefits of using Matrix

1. Matrix provides a compact way of writing an equation system, even an extremely

large one

2. Matrix provides a way of testing the existence of a solution by evaluation of a

determinant.

3. Matrix can be used to find that solution if exists. This is done by using Inverse

matrix or Cramer’s rule

Limitation: matrix algebra is applicable only to linear-equation systems.
In some cases, we can transform variables so as to obtain a linear relation to work

with. For example, the nonlinear function y = ax? can be transformed into:

log(y) = log(a) + blog(x)
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A compact way of writing an equation system:

A system of m linear equations with n endogenous variables:
a,x, +a,x, +---+a,x, =d,
Ay X, + Ay X, +4a, x, =d,
a,x, +a,x,+--+a, x =d

In matrix form:

Ax=d
a, 4 a, X d,
a a a X d
21 22 2 2 2
A = . i X = d = .
aml am2 amn mxn xn nxl dm mx1
Note: Terminology
‘xl
x2
x=| . : column vector
xl’l nx1
z=(z z, - z,), :TOW vector

Recapping some Matrix definitions

Two matrices A:[ﬂeR’"’“and B=[£}-—j6R” are
equal, written A =B it m=p and n=q, and
a, =b, foralliand j

4 2] 4 2] 4 2]
Example A:L 3IB{ [C{
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Definition 2

Given a matrix A< 4 |=R” and a scalar c = R
the scalar multiplication of matrix A by
the scalar c is given by cA=[cq, |eR™

Example

Definition 3

The additional of two matrices 4=[a]=r™
and B=[5<r™ s defined only if m=p
And n=q, and is given by

ArB= [a-’f ] +[b :| - [ar +b::=] eR™
Example

M

Transposition of a Matrix

Definition 6
Let A=[4,|<sR™" The transpose of A s
given by,

T T N T
A= [aﬁ ]E R’ "_.whereay. =a,

When a matrix is fransposed, the rows becomes
columns and vice versa

a, a a
l 11 12 13
[ j
dy Ay Ay ), .

a; 3 30
Example
3 8 9
A= A =
1 0 4
(3 4
B= B =
17

(AB)T = BTAT
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Recapping some special types of matrices

>> Square matrix
A matrix A-[¢]<R™ isa if
m=n. That is, the number of rows is equal
to the number of columns

Example
13 4] 7“1: ayy g ﬂi-)—‘
- |y Gy Gy Ay |
A=|2 4 5| B=
. | ey ay ay ay
52 9 : - :

Qg Ay g “:4J

>> Diagonal matrix
The diagonal elements of a square matrix
AeR™ gre the elements

A, Qy,....Q

nn

A diagonal matrix is a square matrix
where o -0 i=;

1 0
wu [ = B=

>> [dentity matrix
An identity matrix is a diagonal matrix I,

of order nxn whose diagonal elements
being ones. An identity matrix is thus
necessarily square.

1_10 I =
2_012><2 T

>> Null matrix
A matrix A=[q |esR"" isa
if all of its elements are zeros. We

A=0

S O N
S W O
B~ O O

0
0
1

S O =
S = O

3x3

write

Example Y

Il
o o o
o o o
o o o
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>>Triangular matrix
A matrix “A” is upper triangular if it is square and a; =0if i > j, and lower
triangular if it is square and a, =0 ifi<j
2 00 21 6
L=[1 3 0 U={0 3 5
6 5 4 0 0 4
>> Symmetric matrix
A matrix is symmetric if 4" = 4. That is a;=a, foralli,j wu

1 2 3
A=|2 4 5
3 56

We will learn the following matrix operation (Matrix Algebra)

¢ Multiplication of matrices
¢ Determinant of a matrix

& Inverses

@ Multiplication of matrices

The Multiplication of matrix 4 = [%]

mx

by matrix B=|b, | is defined only if
n * qu

n =pandis givenby AB= {Z al.kb,g}
k=1 mxq

Example
a, a
11 12
a a |:b11 b, b13}_ c c c
21 22 - 21 22 23
bZl b22 b23

a3 4y Gy Gy Gy
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a, a ¢, ¢, C
1 9 n ‘3
@ a {bu b, b } e . ¢
2 A =[Gy Cp Gy
b, b, b,y
L9314y G G G
a,, a ¢, ¢, C
1 4 i G G
o a |:b11 b, b, } o . ¢
2 Ay =16 Gy Cp
b, b, b,y
| 431 Ay Gy Gy Gy
1 2\(5 6
3 4)\7 8

Question: 4, ,B, , =?

“dot product”

When a row vector is multiplied by a
column vector, the product is called dot
product or inner product. That is, if

ah=[a; a .. (J.:} _'.= i“;b; sR™ =R

u=[3 4], v:m wr=[3*9 + 4%#7]=[55]=55
2x1

Note: A matrix is idempotent if 4° = 4
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# Determinant

The determinant of a square matrix 4, denoted by |4|, is a uniquely defined

number associated with that matrix

a, a
For 2 by 2 matrix 4 = ( e J , the 2" order determinant is
a; A4y

)= =
a, dp
1 2

|A|:3 4~

Evaluating a Third-Order Determinant

\
J

, its determinant is

»
©®E
®©©
® ©©

f
\

/0

0o

O9

=011050033%0A1p053031+0130,103,-03107,013-03,0230
-Q33971912

X

IAl=

“\
e)(
®)
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n'-order determinant by Laplace Expansion

Let A be a matrix in R™*™. The determinant of A or det A is given by |A|.

> a,C, i=1,2,...,n (expansion by i"row)
-]

> a,C, j=1,2,...,n (expansion by j"column)
i=1
If we choose row i,

rd11 Q12 Qj; Qipn7
a1 QAzp Qjp QAzp

nxn
If we choose column j,

rd11 Q12 4j; Qipn7
a1 QAzx Qjp QAzp

nxn

>> We call C;j, Cofactor of element a;;.

>> C;; can be found by (—1)"*/M;;

The minor of element a;;, M;j, is the determinant of the matrix resulting from

ijr
deleting row i and column j of matrix A4,., . In other words, a "minor" is the
determinant of the square matrix formed by deleting one row and one column from

some larger square matrix.
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Example, find the following determinant:

Properties of Determinants

Property I

The interchange of rows and columns
does not affect the value of a
determinant. In other words, the
determinant of a matrix A has the same
value as that of its transpose A’, that is

Page |10
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Property IT
The interchange of any two rows (or any
two columns) will alter the sign, but not
the numerical value, of the determinant

Example
A= b] detA-
lc d
B= (e d} detB=
b

Property ITT
The multiplication of any one row (or
one column) by a scalar k will change the
value of the determinant k-fold

Example

Page |11
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Property IV
The addition (subtraction) of a multiple
of any row to (form) another row will
leave the value of the determinant

unaltered

Example

A=[a b] detA=
¢c d

\

r

B=|a b dgmﬁ:
ctka dtkb

.

Property V
If one row (or column) is a multiple of
another row (or column), the value of
the determinant will be zero
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Example

A='q b} detA=
¢ d

N

B= {20 2b detB=
a b

N

The determinant & Non-singularity

If|A| = 0, square matrix A4,,,, is a singular Matrix

Page |13

: A square matrix that is not invertible is called singular or degenerate. A

square matrix is singular if and only if its determinant is 0

@ The inverse of A

Assume that an n X n nonsingular matrix A is given by:

rdi1 Qg2
A, Ay
ap;  ap
_anl anZ

ajl
ajz

AinT

arn

nxn
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To find the inverse of matrix A:
1.) FinddetA,|A]|,if |A| = 0, A is a singular matrix and the inverse of matrix A cannot
be found.

2.) Find Minor (M;;) for all element of the matrix in row i = 1, ...,n and column j =
1,..,n
3.) Find Cofactor (C;;) from Minor (M;;) for all elements of the matrix in row i =
1,..,nand columnj =1,..,n
4.) Get the Cofactor matrix C in which each element is Cofactor (C;;) of element a;;
5.) The transpose of C is called Adjoint A (adjA)
adjA = [C;;]"

6.) MultipleadjA by scalar ﬁ adjA and we will get the inverse of matrix 4, A™1 .

Properties of the inverse matrix A~1
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3 2
A‘10
15 7
A= 2
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To find the solution for system of equation by using matrix

We can use (1.) Inverse matrix (2.) Cramer’s rule
Remind that:
ay X, +apx, - +a,x, =d,
Ay Xy +apXy +---+a, x, = dz

a,x, +a,x,+-+a x =d

We can write this system of equations in the form of matrix as:
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To find solution to linear system of equations: Anx nXuxl — d nxl
CHECK IF DETERMINANT OF MATRIX A IS NOT EQUAL TO ZERO.

Vector d d,,#0 d. =0
(homogenous
Det A equation system)
| A| £0 Unique solution Unique solution
-1 -1
(Linear independent eq) x=A"d#0 x=4"0=0
Matrix A is non-singular e.g. e.g.

Y

| A| =0 Linear Infinite solutions Infinite solutions
Matrix A singular dependent eq. (not including x=0 | (including x=0)
A™" does not exist |A"| =0, A| =0 D) cg
e.g. 5 3|x| |0
5 30 x _ 30 10 6 % - 0
10 6|y 60
Inconsistent eq. | No solution n/a
|4,|#0,]4]=0 5 3|lx] _[30
10 6| y| |65

Exercise: Consider the following system of equations and examine whether there
is(are) solution(s) to the system or not.

4x+y+2z=5 3x=12-5y+4z
1.) Sx+2y+z=17 2) 6x=9+10y
x+z=1 8x=10+7y-3z
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>> Use inverse matrix
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>> Use Cramer’s Rule:

From,
anl Anjndnxl
That is,
Cll C12 Cln i d
:L G, G, G, ;1
Z IR Ay
Cnl CnZ Cnn !
;€ = (—I)Hj M, and
Zn:ay.CU i=12,...,
4-{"
;aijCy j=12,
Cll CZI nl d
1
X:L C, Gy G, :
1
Cln CZn Cnn !
1
M(C”al1 +Cyd, +---+C,d,)
1
v M(Cl2dl+czzd2+---+cn2dn) _
|114|(C d+C,d,++C,d,)

n (expansion by i"row)

.., (expansion by j"column)

2o
|A|Z “

|A|Z “
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Cd +C,d,+---+C, d, is the determinant of matrix A when replacing column 1 of
matrix A by vector d. That is,

d a, - q

d a cee an
C|1d1+C21d2+"'+Cn1dn: ;2 ;22 .. 2 :|A1|

n n2 ann
Likewise,
ap dl 4y,
U a, d, - a
21 2 2n
zcﬂdi_ : oo, : _|A2|
i=1 . . . .
anl dn nn
a, ap d,
n a, a d
21 22 2
Cindi - . - |An
i=1
anl anZ dn
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Example,
Eq.1 5x+3y=30
Eq2 6x-2y=8

Find the solution to this system of equations by (1.) Inverse matrix (2.) Cramer’s rule



