Macroeconomics

[ecture 3
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Bellman’s Equations

* Define the (T+1)-period value function

VVT+1 (xO )

Subject to X, =g, (xt,ut), t=0,1,...,; x, given.

mal)é |:I"0 (xo,uo)—i—r1 (xl,u1)+...—|-rT (xT,uT)+WO (xm)] (1)

Uy ees

Problem (1) is the same as

WTH(xO):n}leolx[ro(xo,uo)Jrn}?X[rl(xl,ul)+....nlll'§1x[rT(xT,uT)JrWO(xTH)}ﬂ (2)
Subject to  x,,=g(x.u,), X, given.
(1) Solving for ur=h;(x;) to optimize W,(x+),
(2) Solving for ur_=h{_4(X7.4) to optimize W,(x1.4),
Continue to repeat this process until t=0.
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Self-enforcing property

* The optimal policies u=h(x,), t=0,1,2...,T,
from problem (1) will have the same
values of

us=hy(x,), t=s,s+1,s+2...,T,
as those optimal policies obtained from
the following problem: for s>0
e | 7 (2,2, ) 4750 (%ot )+t T (ot 477 () | ()

Subject to  x,=g(x.u), t=$5+L...; x gen

* Then, these optimal policies are said to
be “time consistent”.
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Policy function that does not vary over time

e Assume that:  r(x,u,) = Bt.r(x,u,), 0<p<1

° Fe(XpUp) = 9(X,Uy), (4)
« Bellman’s equation becomes

() =max [ 7 (e )+, (57,0
,Bj_TWm (Xr—j ) B I{}Ta;( [r (xT—j Ur_j ) T 'B"BJ_T_IWJ (XT—J'“ )]

Vi ¥r) = max [’”(XT—/"”T—J' )+ BY, (% )] (5)
 where |

]+1(xT— ) IB]_TVKJrl(xT—j)
If j=T, then VT+1<xo):VVT+1(x0)
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Policy function that does not vary

over time
V/*l(xT_f):u:_I.l?ﬁT [r(xT—j’uT—j)+ﬁr(xT—j+1’uT—j 1)+°--+:Bj’”(xTa”T)+ﬂj+lVo (xT+1)]
* The Bellman's equation becomes

Vil - [’” (xrpotr )+ Y, (XT—JH)] (6)

Subject to Xr_jy = g(xT_ j,uT_j), X, ; given

* Inthe case that V=lim.__ V., then
V(x)sztx[r(x,u)+ﬂV()~cﬂ (7)

Subject to X= g(x,u), X given.
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Policy function that does not vary over time
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Discounted Dynamic
Programming Problem

* The limiting value function V that solves (7) is the
optimal value function for the infinite horizon
problem

o0

V(XO):m%XZIBtr(Xt’Ut) (8)

{ut }t=0 =0

Subject to  x,,, = g(xt,ut), X, given

 There is a unique and time-invariant optimal
policy
. u=h(x,), t=0,1,2...,T
* Where h(.) is chosen to maximize the right hand
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Discounted Dynamic
Programming Problem

the limiting value function V is
differentiable with respect to x. (This
Is the same as the marginal condition
(1.4b) in Lecture #1). Hence,

V(x)= ar[x;:(x)] - p% [x(;f(x)] V(g[eh(x)]) O
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max iﬂtU(Ct), 0<p<1
t=0

Subject to

« State variables are A, , y;, R.;.
« Control variables is u, = A; + v, - ¢

 Transition function A, = Ru; does not
iInvolve state variable. (Or in this case, we
have x..,=g(u,), instead of x;,,=g(x; u,))
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Av+1 :Rr(Ar +yt_ct) (a)

AI+2 = Rt+1 (AHI +y t+1 _Ct+l) (b)

At+3 — Rr+2 (Ar+2 T Vi _Ct+2) (C)

Put (a) mto (b)

At+2 :R/+1 (Rr [A/ TV _Ct] TV _Ct+1) (d)

Put (d) into (¢)

At+3 :Rr+2 (Rr+1 (R‘ [Ar +Y, _Ct] +Vu _Ct+1) V0 _Ct+2)
A5=R,R.R [Az Y, _Cz] +R R, [yt+1 _Cz+1] +R., [yz+2 _Ct+2]

At+3 — HRr+k [Ar +Y, _Ct] + ]k:[RHk [yt+1 _Ct+1] +Rr+2 [yt+2 _Ct+2]

| k=0

At+ j = ﬁR+k

=

+....+|: ﬁ R+k:||:yt+j2 _Cz+j—2]+Rt+j—1 |:yt+j—1 _Ct+j—l] (e)

k=j-2
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Let j— oo, lim4,, =0, and eq.(e) becomes
Jj—>®©
:|:HRt+ A +yt_c |:HR :|[yt+l_ct+1]
k=0 k=1
Tt k—AZ[ :||:yl‘+] 2 t+] 2:| t+j— 1|:y1+j—1_ct+j—1:|9 (f)
|:f[ Rt+k :| Ct + ﬁRt+k Ct+1 + |:ﬁRt+k :| Ct+2 LIRS
k=0 | k=1 k=2
:|:HRt+k:|yt+ HRt+k:|yt+1+ '''' |:HRt+k:|At’ (g)
k=0 k=1 k=0
-1
Then, multiplying both sides of eq ( ) by {H RHk} ,
k=0
¢+ (R) oy +(RR.,) ooy oo
=y, +(R) 3y +(RR ) iy v + 4,
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Saving under certainty

« Bellman’s equation

V(4,y,R.) :muax[U(At +y,—u,)+ BV (Ru, 9., R) |

where  u =R'A,,

* Note that c¢=A+y—u,, or u=A+y—c,. Hence
by recalling (9), which is the same marginal
condition as (1.4b), and suppose that the
optimal choice u=h(A,y,R.) then we have

aV(Atay;aRt_1) aU(Ct)a(At+yt_h(At9ytﬂRt—l))

6At 85} 6At
aV(Rth(AzaytﬂRt—l)’yHl’R ) R ah(At’yt’Rt—l)
ORN( A4,y R ) o 0A ’




Saving under certainty

oV (4,y,,R,) 8U(ct){l_8h(At,yt,R”)}

04, oc, 04,
@V(R,h(ApymRt—l)ﬂyHl’Rt)R ah(Aﬁyt’Rt—l)
@Rth(Aﬁyt’Rt—l) t aAt ’
Oh At’ t’Rt— v v
:U'(ct)_ ( @Z 1)[U (Ct)_ﬂV (At+l’yt+1’Rt)Rt]’

t

=U'(¢c,), (' First—order condition wrt.u,)

The above result also valid for t+1, hence,

OV (A> Vs R) _0U(c,1) _U'(e.,), (11)

t
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Next, by differentiating Bellman equation w.r.t.u,, one has

aU(A¢+yz_ut)a(Az+yz_ut) aV(uRzﬂyHl’ t)GuR

=0
a(At T, —th) éut * ﬂ auth aut ’
U( )+ﬂV( t+19yt+19Rz)Rz:Oa
~U'(c,)+BRU(c..1)=0, [+ Eq.11] (12)

Eq.12 is the Euler equation for u,,

Arayah Preechametta 2/18/2022




If U(c,)=Inc,, then from (12)

Ct+j :ﬂj I:Rt‘Rt+1“"Rt+j—1:|Ct
Substituing this into the left hand side of (10), which is

C, +i(“ R =, +iK /] R’ij(ﬂj [Rt,RHI....RH].l]Ct)}
=c, _l+i{[ /1 Rf+lkj(ﬂj [Rt R, RHJI])H
:ctf1+{,8+ﬂ2+ ........... }]
:ct(l—ﬂ)_l

Hence, (10) and (12) imply that

¢ =(I- ,B){yt +Z(HR] V.. +At} (13)
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Exercise

max iﬂ’U(ct), 0<p<l1
t=0

Subject to

j=1 \_k=0 j=1 \_k=0
A, given,
c1-6
* Given that U(c;) = 1t—9 , 0<o6<l1

® and R =R, Vt.
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Exercise

® The Euler equation is,

° +,BRCt+1 =

® OI' Ct+j — ﬁ 9[Rt.Rt+1 ....Rt+j_1]

® From (10), one has life-time consumption expenditure as,
o 1 , Y
°* Cpt Zj:l[l_[{( R ] [ﬁ /G[Rt Req - Reqjo1) 9]

° = [1+,6’1/¢9R1 +,[)’2/9R;:11 ]
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Exercise

- 1
e =c |1+ ﬁl/eRf 2/epf+1 ]

1 1-60

e =g _1+,85RT[1+,8+,82+,83+---]]
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Optimal Growth under certainty

max iﬂ’U(ct), 0< <1
t=0

s.t. ¢, +k.,=f(k), k,>0 given, ¢, 20
U'(0)=+x, U'>0, U"<O0,

f(0)=00, f'(0)=0, f'>0,f"<0.
(.. one may write k,,, = f(k,)—c,=g(c,k,))
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Optimal Growth under certainty

Bellman's equation,
(k) =max {U [£(k) =k ]+ BV (k.,)}

Euler equation for k,, ,

OU [ f (k) =k ] d[f(k)- +1] oV (k..)

ju— O,
5[f(k )_ +1] d[ r+1] akm
oU (c,) oV (k...)
=0

act ( ) i ﬂ kt+1 ,
oU(c,) _oVi(k,)
e 14

oc, p ok, (14)
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AU (e )+ BU (c,) f (k)

Optimal Growth

From (9), (The marginal condition), and the optimal choice k,_, :h(kt)

Yk ) = oU| f(k)—h(k,)] {df(kt) ) dh(kt)}rﬂ ov (h(k,)) dh(k,)

a[f(k)—h )] L dk, dk, on(k,)  dk,

_SUe)r oy ]ah]ikf){algg’)—ﬂV'(kﬁl)}
“gﬁ w5 eai9)

The above result is also valid at t+1, hence

8U t+1
V'(ktﬂ) a I:f t+1 :I (15)

C,,

Hence, substitute (15) into (14), one has
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Optimal Growth

U'(c)
AU (€.)
_ U (k)=

BU (S (k) =Ko )
. Optimal policy function k,,, =h(k

t+1

From (16), f'(km):

b

) must be a non decreasing function

of k.. This is becasue

£ (k)=
A0 e[ 0)-0 )] A e 1 (kHl)—”;(k’f“))Lo
[ﬂU' (Ct+1 ):|2

<0, then the RHS of the above equation will be

oh (k...

t+1

= S'up pose that

greater than zero, which is contradicted to f"(k,,)<0. Hence, it must be

that w > 0.
aktﬂ
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Yt+1
________________ Slope =B f’(ky1)
) i / Yi
\ |
Ct kt+1
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