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max iﬂtu(ct), 0<p<1
t=0

Subject to
A\+1:Rt(p\+yt_c)

or, C+Z(HRH|(}I+J yt+Z(HRt+kjyt+]+A (20)

=1 \_k=0 =1

A, given,

e State variables are A, y,, R
« Control variables is savings, s, = A; + Y, - C;

e Transition function A, ; = R..(A+Yy,-c,) does not
Involve state variable. (in this case, we have
X+1=9(Cy), Instead of x..,=g(X; Cy))
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 Bellman’s equation

V(A YR ) =max[U (A +Y -s)+ A (Rs.¥1R) |
where s, =R7A.,,

 Note that c=A+y—s;, or s=A+y—C, Hence
by recalling (9), which is the same marginal
condition as (1.4b), and suppose that the
optimal choice s=h(A,y,R,;) then we have

OV (A Yo R) 03U () 8(A+Y ~h(A. ¥ R))

OA oc, OA
N (Rh(A. ¥ RL) YuaR) o ah(A, Y, R)
+IB Rt )
oRh(A. YR, oA
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(A YoR.) dU(c) 1_ah(A&’yt R.1)
OA oc, oA
L p Y (RA(A YR YeaR) p N(A YR
ORN(A. Y Rt 1) OA |
oh
_U'(c)- “*” [0 (6)- AV (A v RIR
=U'(c,), (- Flrst—order condition w.rt. u, )

The above result also valid for t+1, hence,

aV('A\+1’yt+1’Rt):aU (Ct+1):U'(C ) (11)
oA éc... o
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Next, by differentiating Bellman equation w.rt.s,, one has

oU (A +Y,—5)8(A+Y.-5) +ﬂ8V(StRﬂyt+1,Rt) SR _,

O(A+Y, —5) 0s, os,R, 0s,
_U l(C'f)—i_ﬂ\/'('A\+1’yt+1’Rt)F\)t :O’
-U'(c)+BRU(c.1)=0, [+ Eq.11] (12)

Eq.12 is the Euler equation for s,
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If U(c )—Inc then from (12)

t+J

B’ R R

1
|-(t+j—1JCt

Substituing this into the left hand side of (10), which is

c+y

j=1

c,+ Z(ﬁ R

=L

(H Rt_+1k jCHj =

k=0

]CH ;» then

i

=c (1-p)"

Hence, (10) and (12) imply that

p) {yﬁZl(HRHk)yHﬁ/\}

 =(1-

k=0

R j(ﬂ’ RR. RH,-l]ct)}
' th-Rm----RW])H

(13)
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Optimal Growth under certainty

max iﬂtU(Ct), 0< B<1

s.t. c,+k.,,="f(k), k,>0 given, ¢, >0
U'(0)=+o0, U'>0, U"<0,

f'(0)=o00, f'(0)=0, f'>0,f"<0.

(.. one may write k., = f (k. )—c,=g(c.k))
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Optimal Growth under certainty

Bellman's equation,

V (k)= ngix{u [ (k) =Ko ]+ BV (Key)f
Euler equation for k., ,

oU [f (k) k] d[F (k) —ku] 0V (k)

=0,
8[ f (k) - kt+1] d [kt+1] 0K,
U (e) gy, 5 (Ka) g
8Ct akt+1 |
v (e) oV (k) 14)
oc, oK,
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Optimal Growt

From (9), (The marginal condition), and the optimal choice

k.. =h(k,)

vi(k)= au[f(kt)—h(kt)]{df (kt)_dh(kt)}rﬂav(h(kt)) dh(k,)

a[f(k)—h( )]

dk dk,

[f ]ah(k){ﬁu(ct)_ﬂw(km)}

oC,

t

—Ttt[f (k). (- eq.(14))

The above resuit is also valid at t+1, hence

VI( t+1 t+1 [f t+l :l

t+l

Hence, substitute (15) into (14), one has

U'(c)+ AU (Cu) F'(kt) =0 (16)

dk,
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Optimal Growth

From (16), f'(ky.)= ,BtJJ Ezt“)l)
U (f( Hl)
A (F (k) =k

-.Optimal policy function k., = (kt+l) must be a non decreasing function

of k,,,. This is becasue
f II(kt+1) -

LAV () JTU () (-1)]-[U '(ct)]{ﬂU | (ct+1).[f (ks) - aha(kk)ﬂ
(A0 ()]

oh(k
= S up pose that ( ”1) <0, then the RHS of the above equation will be

t+1
greater than zero, which is contradicted to f "(k,,,)<0. Hence, it must be

ah ( kt+1 )
6kt+1

that > 0.
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Appendix

A+1:Rt(A+yt_Ct) (a)
A+2 — R[+1(A+1+yt+1_ct+1) (b)

As=R., (A+2 Yo _Ct+2) (C)
Put (a) into (b)

A+2:R[+1<Rt[A+yt_Ct]+yt+l_Ct+l) (d)
Put (d) into (c)

A+3 — R[+2(R[+1(R[ [A + yt _Ct] +yt+1 _Ct+1)+yt+2 _Ct+2)
A+3 = R[+2R[+1R[ [A + yt _Ct]+ R[+2R[+1[_y[+1 _Ct+1] + I:\)[+2 [yt+2 _Ct+2]

A+3 — HRt+k [A +yt _Ct]+ ](;[Rt+k [yt+1_ct+1]+Rt+2[yt+2 _Ct+2]

A+j - :!:[RHK [A +Y, _Ct] + :ll(:i[RHk [yt+1 _Ct+1] +|::II(:2[Rt+k:|[yt+2 _Ct+2]

—I—....—{ - RHk}[ijz _Ct+j—2:|+R[+j—1|:yt+j—1 _Ct+j—1:| (6)
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/Let j— o, limA,, =0, and eq.(e) becomes
joo
o=[T1x sy —ct+l TRy
‘} +kJ[ t tJ LLl +kJ|_ t+1 t+1J

_I_
+
1
s
J’_
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Or, :
|:f! :|Ct+|:]th :| t+1 |:HRt+k:| t+2 """ +|:kﬁ[1Rt k:|Ct+J +

100 T O R
Then, multiplying both sides of eq.(g) by {ﬁ RHK}

Ct +(Rt) t+1 (Rt Rt+1) t+2 +"'+(RI'RI+1"'Rt+j—1)_1Ct+j +..
=Y+ (R) Yo+ (ReRi) Yooz ot (ReReanR ) Yo+t A,

Hence,
o j-1 o j-1
-1 1
C, +Z[HRt+k}:t+j =Y +Z[H Rt+kjyt+j + A, (1.10) Q.E.D.
j=1\ k=0 j=1\_k=0
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