Oct 23, 2015 TU152 Due: Oct 30, 2015

Solution: Assignment 4

1. Let a, b and ¢ be real numbers with a < ¢ and |c| < |a| < [b].

Determine whether each of the following inequalities is true or not. Explain your answer.

(a) Czibz < CQEaQ
22
(b) a > L

a—c

Solution: From |c| < |a| < |b|, we have ¢? < a? < b% and by subtracting c?,
= 0<a®—c?<b?—c?
(a) False. Since b?> —c? > a? — ¢® > 0, then 0 < ﬁ < ﬁ and by multiplying both sides
by —1 we have ,
—1 —1 1 1

O>bz_cz>a2_cz = 0>02—b2>62—a2

so we can see that this inequality may not be always true. Consider a counterexample
a = —3,b=4,c =1. Notice that a < ¢ gives —3 < 1, which is true and |c| < |a| < |b]

. . _ -3 _ 1 _ 1 _ 1 . .
becomes 1 < 3 < 4, which is true. However, »%7 = 1= = 5, zoqz = 729 = —5 and it is
obviously % £ —%. Hence this statement is not true. |

(b) True. From 0 < a? — ¢2 < b? — ¢? and a? — ¢? = (a — ¢)(a + ¢), we have
0<(a—c)at+ec)<b*—c?

and since a < ¢ or a — ¢ < 0, multiplying a — ¢ both sides will change the inequality from
< to > and this gives

b2 — 2 b2 — 2
a+c> = a> —c.
a—c a—c
Hence the inequality in (b) is true. [

2. Find the solution set for each of following inequalities.

(a)

1 x
r+3 x—3
(b) ,
—Z <822
T

|z + 3|
x

2
<3—]:1:—|—3\)>—.
X

—2? + |z| — 3
—ztta?—x+ 242t +1] ~
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(e)

2%(2 — sin(x))(z® — 1)

<
—dad —a22+4 0
Hint: |sin(z)| <1
(f) (Optional)
|2z + 5| c 1 2
lz| -1 — 1 — 3|z
Solution:
(a)
1 < T
r+3 x-—3
Solution:
1 < T
r+3 z—3
1 x
— < 0
r+3 x—3
—3_
x xz(x + 3) < 0
(x+3)(x —3)
—z2 -2 -3 < 0
(z+3)(x—3)

For —x? — 2z — 3, b — 4ac = (—2)? — 4(—1)(—3) < 0 which implies that —2? — 2z -3 < 0

for any real number z and the inequality ﬁ < 0 has the same solution set as

1
(x +3)(z —3)
By setting (z + 3)(x — 3) = 0, we have = £3 to divide the set of real numbers into 3
subintervals.

> 0.

x € (—00,—3) x € (—3,3) x € (3,00)
(+3)z-3) | D) =] HE) =) | (HH) =)
Hence, from the table, the solution set is (—oo, —3) U (3, 00). [ |
x

Solution:

1 1 41

leg? o om?rliso = Eitlsy

x x x
For the numerator 87° +1 = 0, 23 = —1/8 or # = —1/2. and the denominator is zero
when z = 0. So we consider z = —1/2 and = = 0 to divide the set of real numbers into 3
subintervals.
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x € (—00,—1/2) | x € (—=1/2,0) | x € (0,00
3 —
= 8= | =0l |d=u

Hence, from the table and by the fact that the denominator x # 0 and using the inequality

” >7 the solution set is [—1/2,0).
()
|z + 3| <

x

3—]m+3\) > —

Solution: The given inequality can be simplified as follow.

|z + 3| 2
T (lesl) > 2
3lr+3|— |z + 3\2 2
> 0
x x
|z + 3|2 — 3|z + 3| + 2
. < 0
-2 -1
(243 -2)(et3-1) _
x
N _f —(@+3), +3<0 <3 . .
From the definition: |z + 3| = { 43 24350 ca>-3 we will now consider
2 cases.
(I) For z < —3, | + 3| = —(x + 3) = —z — 3, the inequality becomes
2 —3-92)(—z-3-1 4
(—z—3-2)(—x—3 )<0 (:E—|—5)(m+)<0
x x
and we consider x = —5, —4, 0 to subdivide the intervals.
x € (—o0,—bH) € (—5,—4) € (—4,0) (0, 00)
(ac+5)$(x+4) (—()j—) =) HE)*()_) = (+) (-E)j;-) = (-) (-fzﬁ;—) (+)
That is, the solution set in this case is {(—o0, —=5)U(—4,0)} N (—o0, —3) = (—o0, —5) U
(—4,-3).
(II) For x > =3, |x + 3| = = + 3, the inequality becomes
(:c+3—2)(93+3—1)<0 (x+1)(x+2)<0
x x
and we consider x = —2, —1, 0 to subdivide the intervals.
x € (—00,—2) €(—2,-1) € (—1,0) (0, 00)
S =0 =0 [ O S =
That is, the solution set in this case is {(—o0, —2) U (—=1,0)} N (=3,00) = (—3,—-2) U
(—1,0).
From (I) and (II), the solution set is
{(_007 _5) ( 47 )} U {(_ ’» ) (_170)} = (—OO _5) (_47 2) ( 170) u
3
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(d)

—2? + |z| — 3
<
—ztta?—x+ 242t 4+ 1] ~

Solution:
- For the numerator —z2 + |z| — 3, notice that 22 = |z|> and consider —|z|> + |z| — 3 by
checking that b? — 4ac = 1 — 4(—1)(—3) < 0 and a = —1 < 0. This implies that

()| —|z|* +|z| — 3 < 0 for any |z| or any x|.
-For the denominator, since z¢ > 0= %+ 1 > 0, then |2* + 1| = 2* + 1 and
()| -zt + 22—z +2+ |2t +1| = -2t +22 — 2z +2+2* +1 =22 — 2 + 3 > 0, | which fol-

lows from the fact that ‘ 22 —rx+3>0forallz eR ‘ since b? — dac =1 —4(1)(3) < 0 and
a =1>0. That is, from (i) and (ii),

2
—z° 4 |z| -3
<0<0,
—zt a2 —x+ 2+ |2t + 1 -

is always true for any real number z and the solution set is the set of all real numbers R.
|

?@—gm@xﬁ—4)<0
2 —4xd — 22 +4
Hint: |sin(z)| <1
Solution:
We first simplify the inequality by trying to factor the denominator first

2 —dad —2? +4 =232 —4) - 1(2® —4) = (2% - 1)(2? — 4)

and

2%(2 — sin(x)) (2% — 1) _ 2%(2 — sin(x)) (2% — 1) _ 2%(2 — sin(z)) _ 2%(2 — sin(z))
x® —4ad — 2244 (23 —1)(22 —4) (22 —4) (x —2)(z+2)

with 23 — 1 # 0 = x # 1. So, the original inequality is reduced to

2%(2 — sin(x))
m <0 and x # 1.

- For the numerator 2*(2 — sin(x)), notice that 2* > 0 and consider —2 — sin(z) from
|sin(z)| <1 or —1 <sin(z) < 1,

1> —sin(z)>-1 = 2-1> 2-sin(z) >2—-(-1) = 1< 2-—sin(z) <3

whkhinqﬂks‘?—snmx)>>0‘braﬂ¢r€]R.Thatﬁ,

2%(2 —sin(z)) >0 VreR
and we can divide both sides of the original inequality to obtain another equivalent problem

2%(2 — sin(x))(z® — 1) 1
T-ei@-1) =" ¢ Gooery =0 wmdrAlL
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x € (—2,2)

€ (2,00)

(x 4+ 2)(x — 2)

(H(-) =

(=)

(+)(+)

(+)

Hence, from the table, the solution set is (—2,2) —

(Optional)

{1} =

(=2,1)U

(1,2).

Px+s| _ 2
3lz| —1 1 — 3|z

[2z45|—2
3lz|—1 <1

Solution: We will first simplify this in the form

—(2z+5), 2x+5<0 ©z<-5/2

By using definition of absolute value, we have |22+5| = { 2w+5, 2530 @x>_5/2"

and |z| = { —%, z<0 , we will consider 3 cases:
z, >0
Case I: z € (—o0,—-5/2), CaseIl:xz € [-5/2,0), Case III: z € [0, c0).
Case I: z € (—00, —5/2).
|2z + 5] — 2 ]
3lx| — 1 -
—(2z+5) —2 < 1 2¢ + 7 < 2x+7_1§0 (2x4+7)— Bz +1)
-3z —1 3z +1 3z +1 3r+1
—x+6 . r—6 >0
3z +1 3z +1

We consider the intervals divided by z = —1/3,6 as follows.

z € (—00,—1/3) [z € (—1/3,6) | z € (6,00
g | =) %%() M=t

Note that we consider >, so {6} has to be included in the solution set, but not the points

that give zero denominator. Hence, from the table, (—oo,—1/3) U [6,00). That is, in this
case, the solution set is (—oo0, —=5/2) N {(—o0, —1/3) U [6,00)} = (—o0, —5/2).
Case II:z € [-5/2,0),
|2z + 5] — 2 )
3lz| —1 -
(2z +5) —2 <1 2z +3 > 2$+3+1ZO 2z +3)+ Bz +1)
—3r —1 3z +1 3r+1 3r +1
S5t +4 > 0
3r+1 —
We consider the intervals divided by x = —4/5,—1/3 as follows.
x € (—o0,—4/5) € (—4/5,-1/3) | x € (—1/3,00)
544 — — +
| 5= @=0 | &=
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Note that we consider <, so {—4/5} has to be included in the solution set, but not the
points that give zero denominator. Hence, from the table, (—1/3,2]. That is, in this case,
the solution set is [—5/2,0) N {(—o0, —4/5] U (=1/3,00)} = [-5/2,—4/5] U (—1/3,0).
Case III: = € [0, 00).

|22 + 5| — 2 <1
3lz| —1 -
(2 4+5) —2 2z +3 2r +3 (2x4+3)— 3z —1)
~ 7 = < 1 & <1 < -1< 0 &
3z —1 - 3r—1 — 3z —1 - 3z —1
—x+4 r—4
< >
w1 = 0 g0

We consider the intervals divided by z = 1/3,4 as follows.

x € (—00,1/3) | z € (1/3,4) | z € (4,00)
S=13] | H=0 184w

A
L

z—4
3rx—1

—

Note that we consider >, so {4} has to be included in the solution set, but not the points
that give zero denominator. Hence, from the table, (—00,1/3) U [4,00). That is, in this
case, the solution set is [0, 00) N {(—00,1/3) U [4,00)} =[0,1/3) U [4, c0).

From cases (I)-(III), we have that the solution set is given by (—oo0, —5/2)U{[-5/2, —4/5]U

3. (Optional) Find the solution set for each of the following inequities.
(a) 537 <0
Ans: (—1,1]
(b) 5=5=>0

Ans: [—1,0] U (2, 00)

() # -5 <1

Ans: (—00,2) U (4, 00)
222 +4x47)(z—1
() Bt el <o
Ans: [1,5)
372
() Fts 20
Ans: (—o0, 00)
(f) L5724 > g

Ans: (=00, —2) U [1 —/5,3) U (1 ++/5,00)
(8) 25t <1
Ans: (—o0, —2] U [1,00)
7:E2 X — X
(h) ( +5$4_71)(2 +1) >0

Ans: (—oo0,—1)U[-1/2,1)
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. 2_
(1) 2f3x+1:p2 > %
Ans: (—00,0) U (2, 00)
() g <o
Ans: {0} U (1/2,00)
(k) o5 + 321 — 2323 — 5122 + 94z + 120 > 0

In(z2+x+4)
( ) | sin(x)—cos(z)|—3 <0

Ans: R (Hint: 22 + 2 +4 > 1)
4. (Optional) Find the solution set for each of the following inequities.
(a) [z —1| <7
Ans: (—6,8)
(b) 3< |z +2|<4
Ans: (—6,—-5)U(1,2)
(c) 2z +3] <2
Ans: [-5/2,—1/2]
(d) Bx—1]>1
Ans: (—o00,0]U[2/3,00)
(&) 52 > Jaf
Ans: (—2/3,2)
) lz+1] -2z -1 <0
Ans: (—00,0) U (2,00)
(8) 2—2|-2<0
Ans: [1,00)
(h) |z + 1| > 3 — |z]
Ans: (—o0,—2) U (1, 00)
(i) 22 —2> S|z — 1|
Ans: (—o0, 71%@) U (3/2,00)
G) lz+3|>2—=
Ans: [—1/2,00)
k) 222 +2—1|>2
Ans: (—o0,—3/2] U1, c0)
1) 243> 42
Ans: (-2,2)
(m) Jal > 525
Ans: (—o0, —2) U (1, 00)
() 5 < el
Ans: (—oo0,—1)U (—1/2,0) U (0, 00)
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(©) a1 <

|z]
Ans:
(p) |22 +1] <]z +1]
Ans: (0,1)
(@) @+ 1)(Jz+2]—[z]) >0
Ans: [—1,00)
() Frprszes < 0
Ans: (—oo, —1) U {1} (Hint: for f(z) = 2% + 222 + 52+ 4, f(-1)=0)
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