EE320 Lecture Note
Chapter 9: Optimization under Equality Constraint

1 Effect of constraint

ex. maxy = —2° + 10z + 4

& = 2p410 = 0
¢ = b
y* = 29

Zi—Z:—Z<O max

“unconstraint optimization”

EX. maxy = —2? +10x + 4 subject to x =0
“constraint optimization”

x=0=y=4

“equality constraint”

stx > 2

“inequality constraint”



Chapter 9 Panit Wattanakoon

ex. 3-dimension figure

Note maximum number of constraint = number of independent variable

ex.

y = —a?+10x +4 = 1 independent variable = 1 maximum constraint
y = f(x1,x2) = 2 independent variable = 2 maximum constraint
y = f(x1,x9,...,x,) = n independent variable = n maximum constraint
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2 Constraint Optimization
ex. U = z129 + 221 utility function
41 + 229 = 60 budget constraint
What will the optimal combination of goods x; and x5 that give the highest utility

subject to budget constraint be?

i) Substitution method

dx1 4+ 229 = 60 = x5 = 30 — 22, substitute into utility function U = x5 + 21,

=U = $1(30—2I1)+2$1

= 32z — 22%
FONC 40 = 32— 4ot =0= a2} =8and ;=14
1
S0SC  £Y = —4<0max.
1

ii) Lagrange - multiplier method
(convert a constraint optimization problem into an unconstraint optimization problem)
L = x1x9 4+ 221 + N(60 — 421 — 225) Or

L = xix9 + 207 — A(4wy + 229 — 60) = give the same answer

L= L()\, xy, 272)

FOC:% = 0:60—4z;,—215 = 0—

Fo= 0 mp+2-4X = 0-@

0L = 0 : a2y —2A = 0-0

Oxa

3 unknowns, 3 equations solve for \*, z}, =

@ : x2+2 = 4N ——@ [Note:wzy+2= MU

@ : m = 2\ ——® [Note:z; = MU,
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1

<é—l>j:’”2—+2:2 = x9+2 = 213

2[E2+4 = 41’1

Substitute in @(%; = I;“)
2

= 60— (2z9+4) — 225 = 0

56 —4xy = 0
3 = 14, 27=28
A= 4

3 Interpretation of lagrage multiplier

Consider the problem max f(x,y)stg(x,y) = ¢
w?y
Solutions are z*(c), y*(c), f*(c)
f*(c) is optimal value function ~AND L f*(c) = A(c)

Lagrage multiplier A is the rate at which the optimal value of the objective function
changes with respect to changes in the constraint constant c.

In economic application, ¢ denotes the available stock of some resources, f(x,y) de-
notes utility, profit, etc. df*(c) = A(c)dc is the change in utility or profit that can ve

obtained from dec units more of the resource.

Thus, ) is called a ”shadow price” of the resource

ex. for cost minimization problem , A = jTS’:) =MC
utility max. A= C‘ll—go = MUofincome
profit max. A= ngf)
output max. A= %
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ex.
Obj. z = xy
st. x+y =6

L=zy+ A6—12—1)

= =3,y =3\ =32"=9

ex.

Obj. f(z1,x2) = 2} + 23
st. g(.%l,ﬂfz) =+ 41’2 =2
L=zt+23+ N2 — 2 — 4x,)

8

17

* 2 *

4 Second-order conditions for constrained optimiza-

tion

<
8

Thus, d?z can be written as

d?z

f(z,y) + Ale — g(=,y)]

fy(xag) = Agy(z,y)
9o gz

T
Foy = Agyy = fyy — 9o Gyy
fxy - )‘gzy = fwy - ﬁg:py

Lypda® 4+ 2L,,dxdy + Ly, dy?

L L dx
d d zT Ty
[ ! y] {Lyr Lyy} [dy}
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SOSC conditions are:
Max of z : d?z is negative definite (d>2<0) , st. dg = 0
Min of z : d?z is positive definite (d?2>0) , st. dg =0

where dg = g,dx + g,dy = 0

Define the determinant of the Bordered Hessian matrix as

_ 0 g1 9
|H| = |1 Lu Lo
g2 Loi Lo

or SOSC conditions are
Max: d?z is negative definite st. g,dx + g,dy = 0 iff |H| > 0

Min: d*z is positive definite st. g,dx + g,dy = 0 iff |[H| < 0
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ex.

opt. U = z119 + 221
st. 4x1 + 229 = 60
max or min 7

L = x1x9 + 217 + N(60 — 47 — 225)

,Cl = $2+2—4)\:0
21— 2A=0 =8, ;=14 = U =128
£)\ = 60—4331—21132:0

&
|

0 g e 0 +4 +2
|H| = |1 L11 Lio|=1|+4 +2 1| =16
g2 Loi Lo +2 1 0

S |H| = 16> 0 maximum

U*(8,14) = 128 is a maximum utility subject to budget contraint.

ex. f(z1,22) = a7 + ajst. g(z1,22) = z1 + 433 =2

max,min?
B 0 g1 go 01 4
SOSC |H| = |01 LH L12 =1 2 0]=34
g2 Loy Lo 4 0 2
|H| = —34<0 minimum
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5 Economic Applications of Constrained Optimiza-
tion
(Application: Utility maximization Problem)
Objective function: max U = U(z2, x2)

Subject to yo = p111 + pao

L =U(x1,22) + Myo — pro1 — pata)

FONC
Ly = w(x,22)—Ap1 = 0
Ly = wus(z1,22) —Apa = 0

Ly = yo—piry —pers = 0

D(x3,x3) is such that % = % and yo = p121 + P2a

from A=%
p1
wo_ vz oW P
pP1 p2 u2 p2
A=Y
P2
B 0 g1 ¢ 0 p1 p2
SOSC |H|=|g1 Lu Li|=|p un un|= —piuj; + 2pipauns — psud;
g2 Loy Lo D2 U21 U2
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ex. U = 50A4A+200B—-0.542—-2.5B?> = Find A,B that maximize the utility given

Py, = 10
Pg =5 490 = 10A + 5B
Y = 490

. max U = 504 + 200B — 0.5A% — 2.5B>

st. 10A + 5B = 490

A* = 30
B* = 38
U*(A*,B*) = 5,040

|H| =525 > 0 max.

(Application: Expenditure Minimization Problem)

Objective function min £ = pyx; + poxo

Z1,22

Subject to U = U(z1, z2)

L = p1x1 + poxg + AU — U(xq,22))

FONC

Ly = p1— )\U1(3€17372) = 0
Ly = py— /\U2($1,$2) = 0 Z—;
Ly, = u—u(xy,xo) = 0

SOSC || < 0 min.
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ex. U =50A+200B —0.5A% —2.5B?

and consumer would like to have a utility fixed at u = 5,040

Find A and B that minimize the expenditure given that P4 = 10 and Pg = 5
Min F = 10A + 5B

st. 5,040 = 50A + 200B — 0.5A4% — 2.5B?

= A* = 30
B* = 38
E* = 490
€X. U = X172 P1,DP2, Yo

maxu = T1T2
1,72

st. p1x1 + paxa = Yo

L =x129 4+ Myo — P11 — Paa)

Ly = 23— Ap1 =0 = Ty = Ap1
Ly = x1—Ap2=0 = T = A\D2
Ly = pi1x1+paa = Yo

= pre] +p2(Blat) = wo

2p1r] = Yo
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min £ = p1xq + paxa
1,2

st. 11 +20 =1

L = p1x1 + poxo + AU — z122)

£1 = pl—)\xgz() = plz)\.TQ
£2 = pQ—)\xle = pgz)\xl
E)\ = ZL’IJIQZE
'“—2:]’;—;:>x2:§—;xl

© oz

= u = zj(Bx])

(Application: Profit Maximization Problem)

Objective function maxIl = p1q; + pega — c(q1, G2)

q1,92

Subject to Qo = ¢1 + ¢
L=piqi+p20—c(q,)+(Q—aq — q)
FONC

Li=pi—ci(qi,q2) = A=0
Ly =ps—ca(q1,92) = A =0

Ly=Q—q —¢=0

}p1_01:p2_62 and Q = q1 + ¢

SOSC |H|>0 max.
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ex. Suppose that p; = 80 , py = 100 , TC' = 100 + 0.1¢? + 0.2¢3 and ¢ + ¢» = 325

Find ¢; and ¢, that maximize profit.

max = 80q; + 100g; — 100 — 0.1¢7 — 0.2¢3

q1,92

st. q1 +q2 = 325
= £ =80q + 100gs — 100 — 0.1¢> — 0.2¢ + A(325 — ¢1 — o)

FONC

Ly = 100—-04¢—A=0 @1+ g2 =100

Ly =325—-¢—q=0

0
SOSC |H|=1|1 -2 0 |=6>0max.
1

(Application: Output Maximization Problem)
Objective function r%z}LXQ =Q(K,L)
Subject to C' = wL 4+ rK
L=Q(K,L)+\C—-wL-rK)
FONC

LK = QK—/\T:O }QK

=T
w

L, = Qr— w=0 QL
Ly=Cy—wL—-—rK =0
Q*(K*,L*),K*, L*

B 0 r W
SOSC ’H’ =|r Qrx @ik
w Qkr QL
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ex. Suppose Q =KL ,w=6,r =10, C = 60. Find K and L that maximize output.
I%?LXQ =KL

st. 60 = 6L4+10K

L =KL + X (60-6L-10K) = L*=5K*"=3

|H| =120 > 0 max.

(Application: Cost Minimization Problem)
Objective function %12 C=wL+rK
Subject to Q@ = f(K,L)

L=wL+rK+ Q- f(K,L))
FONC

LK:T—/\fK:O f_K:L
LL:’U)—)\fL:O fr w
) 0 fx JL
fL LKL LLL

=  C*(K* L"), K*, L
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ex. Suppose Q@ = KL. A firm will produce 15 units of goods.
Find K and L that minimize total cost given that w = 6 , r = 10.
Min C(w,r) 6L +10K

st. 15 = KL

L =6L+10K + \(15 — KL)

= K* = 3
L* =5
|H| = —60<0

6 n-choice Variable and Multi-Constraint Cases

6.1 One Constraint

Objective function z = f(x1, z2, ..., T,)

Subject to g(x1,x2,...,2,) = ¢ (one constraint)

L(x1, X9, .y Tp) = f(21, 20, ..., 2,) + A — g(x1, 22, ..., T,)]
FONC

Ly = fi=Xa=0 )
Ly = fa—Ag2=0

: (n+1) conditions
L, = fo—Xg,=0
Ly = c—g(z1,29,....,0,) =0

/

0 g1 9 - 6
g1 L Ly -+ Ly,
SOSC |H| =192 Lan Lo - Loy
gn Lmi Luz -+ Lan (n+1)x (n+1)
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d?z is positive definite st. dg = 0 iff |Hy|, |Hs), ..., |H,| < 0 always negative Min
negative definite st. dg = 0 iff [Hy| > 0, Max

|H3| <0

(=1)*|H,| > 0 alternate signs

ex. min C = wL +iK + 1T find K, L and T that minimize cost
st. Q = f(K,L,T)

L=wL+iK+rT+XQ— f(K,L,T))
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6.2 k Equality Constraints

Objective function z = f(z1,xg, ..., ,)

Subject to constraints

g (z1, 20, ..,2,) = @
G (x1,29,...,0,) = co
g (x1, 29, ..., 2,) =

L= f(z1, 22, x0) + Mler = g ()] + Aalez = ¢° ()] + -+ + +eler — g°(-)]

k

n equations

L= f(z1,20,....xn) + > Nlej — ¢ (21, 22, ..., )]
j=1
FONC
L _ ag* 99 ag* _
ey = 1= Mgay — Mgy — o~ Mgy, =0
oL dg* og® dg*
. R

oL __ 1 —
o 1 —4g (Ilax% an) =0

k equations

oL _ k —
e k49 (@1, @2, ..., @) =0

SOSC
0 0 0 | g g 9
0 0 0 | ¢ & 92
: | :
|00 0 | ¢ 4 g
H=|- - — — — - - _ _
9 9 gy | Lin Lo Ly,
9 95 g5 | Lu Lo Loy,
: | :

(n+k)x(n+k)
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Consider (n-k) bordered leading principal minors:

|Hl;+1|a |H’;+2|7 BRI |fjn|

k+1

Max of z, sign |Hy, 1| = (—1)*! alternate sign for |Hj 5| and so on.

Min of z, sign |H| = (—1)¥+! take the same sign

ex.

z = f(x1, 29, 23)
st. g(x1,x9,x3) = c and h(xy, x9,23) = d

L= f(z1,22,23) + Mc— g] + Xo[d — h]

FONC:

SOSC: n =3,k=2 = n-k =1 only one bordered Hessian matrix
|H,| = |H| or [Hyy| = [Hapa| = |H,]

0 0 g1 g 9s
o0 e b
SHs| =g b Lu Lig Lag

g2 ha Loy Loy Log
g3 hs Ls1 Lsy Lss

5%5
max if | Hy, 1] = |Hs| < 0 because sign of |Hs| = (—1)*"! = —1 < 0 should be negative

max if |Hy, 1| = |Hs| > 0 because sign of |Hz| = (—1)2 = 1 > 0 should be positive
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exX. 2 = f<x17x27x37'r4)
st. g(z1, 29, 23, 14) = C
h<x17x27x3,$4) - d

FONC:

SOSC n=4,k=2 = n-k=2bordered Hessian matrix.

0 0 o 92 g3

~ B ~ 0 0 hy hy hs

Consider ’Hk+1‘ = ’H2+1’ = |H3| = |01 h1 Lll L12 L13

g2 ha Loy Loy Log

g3 hs L3 L3y L3
0 0 o1 92 93 o
0 0 hy he hs hy
7 3 i g1 hi Ly Lia Lz Lig
sl = [Hoo] = |Hil g2 ha Loy Loy Log Lo
g3 hs Lsi Lsy Lz Lsa

91 ha Ly Lip Lag Lua|g,

max if sign of |Hy,1| = |Hop1| = |Hs| = (—=1)>1 = —1 negative

or |Hs| < 0 and |Hyo| = |Hy| > 0

min if sign of |H3| = (—=1)% = 1 or |H3|>0 and |Hy 2| = |Hy| > 0

ex. Given objective function y = f(z1, .

.., x35) and 22 constraints

1. What is the dimension of H? =(n+k)x (n+k) = (22+35)x(22+35) = (57x 57)

2. What is the dimension of zero matrix inside H? = k x k = 22 x 22

3. Write SOCs for max. = |Hoz| < 0, |Hay| > 0, |Has| < 0, keep alternating signs
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7 Other Economic Application

7.1 Homogeneous function

F(Ax, \y) = XN'F(z,y)

where 1 is a degree of homogeneous function.

indicates 3 types of return to scales(IRTS, CRTS, DRTS)
ex. Q = KL

Ko, Ly = Qo= KoL

AKo, ALy = Q1 = AKo\Lg = N2 KLy = A\?Qq

If r = 2, then if we increase both L and K by 2 times,

then the level of output would be rising by A\* = 22 = 4 times = IRTS

ex. Q =K+L

Q(AK,AL) = AKo + ALg = A(K + L) = AQo(K, L) = CRTS

ex. Q= K*LP
What should the value of o abd 8 be such that QQ has a property of CRTS?
Q(K,L) = K°L?

QAK,A\L) = (AK)*(AL)?

— NHROLS
= ANHPQ(K, L)

a+ 6 <1 DRTS
a+ =1 CRTS
a+5>1 IRTS
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Recall
_ TC
AC = o
at IRTS, T+ TC by 2,bit T Q >2 = AC|

DRTS, + TC by 2, bit + Q <2 = AC*

ex TC =2/Q

AC =18 =22 = 2 IRTS -.Q1= AC|

S FQx  y) =NF(z,y) if r=1 , CRTS = AC constant
r>1 , IRTS = AC |
r<1 , DRTS = AC 1

7.2 Types of Goods

ex. U = z+y
P, = 2
P o_ 1 (1st approach) £ =z +y + A(100 — 2z — y)
=
I = 100
FONC
Ly = 100-2x—y = 0
L, = 1-=2\ =0 Lagragian cannot solve the corner solution.
L, = 1-2X =0
(2nd approach) MU, = 1
MU, =1
MRS =1

.. should buy more Y - it is cheaper and give same MU

= Demand for x = 0 and Demand for y = 100
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This case %:%:1>|MRS|

How about | % | <|MRS]

| & | = MRS

ex. U = min [x,y]

DO DO | M
W N <
N = = =

“perfect complement”

ex. U = min [2x,y]

kink point is 2x =y

ex. U = min[xy]
P, = 2
P, =1
I = 100

= buy only y since y is cheaper
= buy only x since x is cheaper

= choose any bundles on BC

(1st approach) £ = min[z,y] + A(100 — 2z — y), does not work.

*

Solve for z*, y
(2nd approach)
kink point x =y

and BC:  100-2x-y =0

Solve for x and y = 100 -x -2x =0

* __ 100
=5y
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