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Question 1: IS-LM model (Matrix Algebra)
Consider the following IS-LM model:
Commodity market:

Y =C+I+G,, (G,>0)

C=a+bY,, 0<b<1)
Y,=Y-T,

T=T,+1tY, (Ty>0,0<r<1)
I1=1,~kr, (I,> 0, k> 0)

Money market:
MSZMO
Mp=mY —hr, (m>0,h>0)

a. (2 points) Write a matrix form of the IS-LM equations with Y and r as

the endogenous variables.
Ans.
[1 -b(1—-t) k [}’] i la — bl + Ip+ Go
m —hilr M,



b. (2 points) State the condition for the existence of the equilibrium

national income and interest rate.

Ans.
L= ] 1) k 20
m —h
= —_l}~ 81—} —km 2 1,
Or —h + hb — hbt — km = 0

O Bl =—b(1=—t)]+km=x0

c. (4 points) Solve for the equilibrium level of national income and

interest rate by using Cramer’s rule.

Ans.
‘a—bﬂjﬂﬂﬂ;o k ‘
v = My —h L h(a—bTy+Iy+Gy)+kMy
1-b(1-t) k | h[1-b(1-t)]+km

m —h

l_b(l_t) ﬂ_bTo+f0+Go
s m M, _ m(a—bTy+Iy+Gy)—[1-b(1-1)]M,

1-b(1-t) k ‘ = h[1-b(1-t)]+km
m —h

d. (2 points) Determine the rate of change of equilibrium national
income with respect to the government expenditure (G) , assuming

that everything else remains constant.
Ans.

dy™* h

dG, ~ h[1-b(1—-t)]+km




Question 2: Market equilibrium (Matrix Algebra)
Given the following supply and demand functions:
Q,=100—-3P
0,=80+2P

a. (2 points) Write the equilibrium condition for this market, and
translate the system of equations into matrix notation.
Eq’m condition: Q,=0; .

System of equations:

Qd_Qs = O

0, +3P=100
0,—2P = 80
1 =1 ©

> [1 0 3 100
0 1 80

b. (2 points) Use matrix inversion to solve for the equilibrium quantity

and equilibrium price.

T3 2 8
A—1=§[—2 2 3]
“derk X ol
Q] [3 2 88
< > foff-2l-2 2 3] 100]-|as
2 -1 1 —1 80 4

c. (6 points) Suppose that the government subsidizes the consumption of

this good by giving the consumer $5 per unit of the goods consumed.
Write the new equilibrium condition for this market in the matrix

form, and use Cramer’s rule to solve for (i) the equilibrium price paid

by the consumer, (ii) the price received by the producer, and (iii) the
amount of money the government needs for this subsidization.



() Py=P' —5=9$7—9$5=%2
(i) P = $7
(i) 0" = 94; §* = 94x$5 = $470

Question 3: Simple calculus

Suppose that ¥ = x> —5x>+7x—5
a. (2 points) Show the domain of X where the function exhibits the
property of an increasing function.

y'=3x>—10x+7
3x2=10x+7=CBx—7)(x—1)
¥'>0 only when x € (— oo, 1)U (7/3,0)

b. (2 points) Define the domain set of X. Is the function concave for all
over the domain?

y' = 6x — 10
Concave when y” < 0. That is when x < %O.

c. (3 points) Find all the relative extreme points/values.

As in “a”, two possible extreme points are 1 and 7/3. As you can see from “b”,
when x is less than 10/6, the function is concave. Since “1” is less than 10/6, the
function is concave at x = 1. Thus, x=1 is the relative maximum point. Meanwhile,
x = 7/3 is the relative minimum point because the function is convex at that value
of x.

To find the maximum/minimum value, substitute x = 7/3 (y =-86/27) and x =1 (y
= -2) into the equation.



d. (3 points) Find global extreme points/values if domain of X is
restricted to be in interval of (-7,10].

Check the two boundary points, x=-7 and x = 10. When x =10, y = 565. When x =
-7,y = -642. If one ranks all the four numbers, we will find that the largest number
i1s 565. This means that x =10 is the global maximum point, with y = 565 as its
associated global maximum value. For the global minimum, there would be no
answer for this case. It would have been that X = -7 1s the global maximum point if
X = -7 were included in the interval of number under consideration. This is not the
case because the problem state that you have to consider the value of X in an
interval that does not include -7.

Question 4: Profit vs revenue function

Suppose that C(Q) = 10’ —70* +1110+50 and Q = 100—P . Answer the
following questions.
a. (2 points) Find the expression for the total revenue function in terms
of Q.
R(Q) = PO—-C(Q) =(100-0)0
b. (2 points) Find the expression for the total profit function in terms of
Q.
n(Q) =PQO—C(Q) =(100- )0~ (30°~ 70" + 1110+ 50)
c. (4 points) What is the level of profit-maximizing output?
MR =100 - 2Q
MC= 0°—140 +111
Setting MR equal to MC, this yields us two values of Q,1.e Q=11 and Q = 1.
When Q = 11, the profit function is concave.
So this Q 1s the level of profit-maximizing output.

d. (2 points) What is the level of maximized profit?
When Q = 11, profit is equal to 334/3.



Question 5: Tax and revenue.

Let the demand function be P = 14 —3Q and the supply function be P =4 +20.
Suppose that the government imposes tax by $t per unit of output. This tax is
assumed to impose on consumer. Answer the following questions.
a. (1 points) Find the equilibrium under pre-tax situation. That is, when “t” is
set to equal to zero.
14-30=4+20 => Q=2 => P = 8.
b. (1 points) State the condition that links between consumer’s and producer’s
price.
PY=P'+1
c. (2 points) Find the equilibrium after tax. (Hint: your solution should be
written in terms of “t”.)
Distinguish between the two prices by using different notation for price in
each equation.
That 1s, the model is written by using the following two equations.
P'=14-30% and P*=4+20'
Plugging in the condition in “b” to the demand equation, and impose the
equilibrium condition that Qd = (', we yield that
P'+t=14-30Q and P'=4+20

Solve for Q, the answer is that O = 1%

Given Q, the answer for producers’ price is P* = 407*” :

In the equilibrium, consumers’ price would be Pi=pS+t = ‘%

d. (2 points) Calculate the consumers’ and producers’ burden. Which group is
paying more for the tax under the equilibrium?
Consumers are paying more. Their burden is % of the total tax cost.



The remaining % are borne by producers.

e. (2 points) Find the expression of the revenue that the government can collect
from the market under the equilibrium.
TR=t*Q = ¢* (1)

f. (2 points) If the government were to collect tax so that total revenue is
maximized, what is the appropriate level of unit tax, “t”, that it should
impose to the market?

TR=t*xQ = t* (%) = % ==> " =$5. Maximized revenue is $25.

Question 6: Production function.

Suppose that a firm's short-run production function is given by
olL)=6L*-1L’

where Q(L) is the output level, and L is the number of workers

a. (2 points) Derive the average product of labor (4P,) and the marginal
product of labor (MP,).

AP, =6L—L*; MP,=12L-3L*
b. (2 points) What size of the work force (L) maximizes the average output
per labor, Q(L)/L?
Max AP, =6L—L*
FOC:6-2L =0
= L*=3

c. (2 points) Use calculus to show that the MP, curve must cross the AP, curve

at its maximum point.



d(ap) _d@Q(L)/L) _L.Q'(L) = Q()(1) _ MP,— AP,

dL dL L# L
Atmax; AP, d(‘;ff‘) =0
5 Mk,

= MP; = AP; at the maximum of AP(L).

d. (4 points) Given that the firm faces the demand function
Q=100-2P

derive the marginal revenue product (MRP) function.
Q=100-2P= P=50-0.5Q

TR(Q)=P(Q)xQ = 50Q-0.5Q°= MR(Q)=50-Q

d(TR) _ d(50-¢?) _ dTR dQ _ (50 - Q) d(6L2-L%)

MRP = dL dL dQ dL dL

MRP = (50 — 61% + L3)(12L — 3L%) = 3(200L — 5012 — 2413 + 10L* - L°)



