
Multiple Linear Regression

Chapter 4



Flow of study in this chapter

› Multiple Linear Regression Model
Now we add more independent variables into our model. While the 
estimation method remains the same, the formulae to calculate the 
estimators are totally different.

› Individual Testing
Like what we studied in the previous chapter, can we still test each 
coefficients’ significance?

› Analysis of Variance (ANOVA)
When we try to jointly test multiple variables at the same time, the F-test is 
a lot more useful and easier, with some caveats in many situation. This part 
is to showcase concepts underlying F-test mainly and how we can apply on 
so many useful test. 

Further reading can be found in Gujarati and Porter, Chapter 7-8.
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(1) Estimation

4.1 The model

If we add more independent variable(s) into our model to increase fitness to 
the model, the specification of the stochastic form and the SRF become

› 𝑌௜ = 𝛽መଵ + 𝛽መଶ𝑋ଶ௜ + 𝛽መଷ𝑋ଷ௜ + 𝑢ො௜ : Stochastic form

› 𝑌෠௜ = 𝛽መଵ + 𝛽መଶ𝑋ଶ௜ + 𝛽መଷ𝑋ଷ௜ : SRF

Note that we are not going to use the notation 𝑋ଵ௜ to make our estimators 
number corresponded with the variable names.  

Now 𝛽መଶ and 𝛽መଷ are known as ‘partial slope coefficients’ since when we 
consider 

› 𝛽መଶ represents the change in 𝑌෠௜ when 𝑋ଶ௜ increases for 1 unit, holding 
everything else constant.

› 𝛽መଷ represents the change in 𝑌෠௜ when 𝑋ଷ௜ increases for 1 unit, holding 
everything else constant.

P. 188
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(1) Estimation

4.1 The model

If we add more independent variables into this model, the  specification 
becomes

› 𝑌௜ = 𝛽መଵ + 𝛽መଶ𝑋ଶ௜ + 𝛽መଷ𝑋ଷ௜ + ⋯ + 𝛽መ௞𝑋௞௜ + 𝑢ො௜
Let’s focus on 2 independent variables model first, we follow the same 
procedure as when we did, minimizing the term ∑ 𝑢ො௜ଶ
› minఉ෡భ,ఉ෡మ,ఉ෡య ∑ 𝑢ො௜ଶ = ∑ 𝑌௜ − 𝛽መଵ − 𝛽መଶ𝑋ଶ௜ − 𝛽መଷ𝑋ଷ௜ ଶ
Skipping all the prove because we utilize the same logic of minimization of 
a function with calculus, we get

P. 192
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(1) Estimation

4.1 The model

Coefficients

› 𝛽෠ଵ = 𝑌ത − 𝛽෠ଶ𝑋തଶ − 𝛽෠ଷ𝑋തଷ
› 𝛽෠ଶ = ∑ ௬೔௫మ೔ ∑ ௫య೔మ ି ∑ ௬೔௫య೔ ∑ ௫మ೔௫య೔(∑ ௫మ೔మ )(∑ ௫య೔మ )ି ∑ ௫మ೔௫య೔ మ
› 𝛽෠ଷ = ∑ ௬೔௫య೔ ∑ ௫మ೔మ ି ∑ ௬೔௫మ೔ ∑ ௫మ೔௫య೔(∑ ௫మ೔మ )(∑ ௫య೔మ )ି ∑ ௫మ೔௫య೔ మ
Variance

› var 𝛽෠ଵ = 𝜎ଶ ଵ௡ + ௑തమమ ∑ ௫య೔మ ା௑തయమ ∑ ௫మ೔మ ିଶ௑തమమ௑തయమ ∑ ௫మ೔௫య೔∑ ௫మ೔మ ∑ ௫య೔మ ି ∑ ௫మ೔௫య೔ మ
› var 𝛽෠ଶ = 𝜎ଶ ∑ ௫య೔మ∑ ௫మ೔మ ∑ ௫య೔మ ି ∑ ௫మ೔௫య೔ మ = ఙమ∑ ௫మ೔మ (ଵି௥మయమ )
› var 𝛽෠ଷ = 𝜎ଶ ∑ ௫మ೔మ∑ ௫మ೔మ ∑ ௫య೔మ ି ∑ ௫మ೔௫య೔ మ = ఙమ∑ ௫య೔మ (ଵି௥మయమ )
where 𝑟ଶଷ is the coefficient of correlation between 𝑋ଶ and 𝑋ଷ. 

The estimator of 𝜎ଶ is 𝜎ොଶ = ∑ ௨ෝ೔మ௡ିଷ

P. 193
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(2) Assumptions

4.1 The model

(1) Linear in parameters.

(2) All 𝑋௜ are independent of the error term 𝑢௜ .

(3) Zero mean of error term 𝐸 𝑢௜ 𝑋ଶ௜, 𝑋ଷ௜ = 0.

(4) Homoscedasticity or var 𝑢௜ = 𝜎ଶ.

(5) No autocorrelation or cov 𝑢௜, 𝑢௝ = 0.

(6) 𝑛 > 𝑘 and 𝑋௜ must not all be the same.

(7) No specification bias.

(8) No exact collinearity between 𝑋௜.

P. 189
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(2) Assumptions

4.1 The model

The 8th assumption becomes more significant in this model. Imagine that 

› 𝑋ଶ௜ = 2𝑋ଷ௜
We then can turn this model into 

› 𝑌௜ = 𝛽መଵ + 𝛽መଶ2𝑋ଷ௜ + 𝛽መଷ𝑋ଷ௜ + 𝑢ො௜ and then 𝛽መଶ = 𝛽መଷ so

› 𝑌௜ = 𝛽መଵ + (𝛽መଶ + 2𝛽መଷ)𝑋ଷ௜ + 𝑢ො௜
which means that either 𝑋ଶ௜ or 𝑋ଷ௜ does not add any more information to 
this model.

P. 190
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(3) Adjusted Coefficient of Determination

4.1 The model

When we add more and more independent variables into the model, the 
coefficient of determination is likely to increase (at least it will not 
decrease) from decreasing ∑ 𝑢ො௜ଶ.

Recall that when we define 𝑅ଶ as

› 𝑅ଶ = 1 − ோௌௌ்ௌௌ = 1 − ∑ ௨ෝ೔మ∑ ௬೔మ where ∑ 𝑦௜ଶ = ∑ 𝑌௜ − 𝑌ത ଶ
Now we define adjusted 𝑹𝟐, denoted as

› 𝑅തଶ = 1 − ∑ ௨ෝ೔మ/(௡ି௞)∑ ௬೔మ/(௡ିଵ) = 1 − (1 − 𝑅ଶ) ௡ିଵ௡ି௞
The word adjusted means that the 𝑅ଶ is adjusted by the degrees of freedom 
associated with the sum of the squares entering the specification.

P. 197
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(3) Adjusted Coefficient of Determination

4.1 The model

Comparison between 𝑹𝟐 and 𝑹ഥ𝟐
(1) 0 ≤ 𝑅ଶ ≤ 1 but 𝑅തଶ can be negative (interpreted as 0).

(2) As 𝑘 increases, 𝑅ଶ is increasing but 𝑅തଶ may not.

(3) 𝑅തଶ < 𝑅ଶ

P. 201



148Chapter 4: Multiple Linear Regression

(4) Examples

4.1 The model

Cobb-Douglas Production Function

Usual form of the Cobb-Douglas function is

› 𝑌 = 𝐴𝐾ఈ𝐿ఉ
where 𝑌 is the value of output of an economy,𝐴 is total factor productivity 

(TFP or sometimes simplified as production technology),𝐾 is number of capital input,𝐿 in number of labor input,𝛼 and 𝛽 is the output elasticity.

The stochastic form can be expressed as

› 𝑌௜ =  𝐴𝐾௜ఈ𝐿௜ఉ𝑒௨೔
Taking natural logarithm to enable linear estimation yields 

› ln 𝑌௜ =  ln 𝐴 + 𝛼 ln 𝐾௜ + 𝛽 ln 𝐿௜ + 𝑢௜

P. 207
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(4) Examples

4.1 The model

Cobb-Douglas Production Function

The data obtained from manufacturing sector of all states in the US, 
represented for each observation 𝑖. The results of linear regression is as 
follows.

› ln 𝑌෠௜  = 3.8876   + 0.5213 ln 𝐾௜    + 0.4683 ln 𝐿௜𝑡 = 9.8115     5.3803               4.7342𝑛 = 51         𝑅ଶ = 0.9642       𝑅തଶ = 0.9627
We can test each estimator for its significance or we can also jointly test 𝛼 + 𝛽 to check returns to scale such as

› H଴:  𝛼 + 𝛽 = 1 or constant returns to scale 

› Hୟ: otherwise.

P. 209
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(4) Examples

4.1 The model

Polynomial models

There are multiple economic models incorporating polynomial form, such 
as total cost and marginal cost, an example here is the effect of age to wage 
in the quadratic form. Given that wage is a function of age as follows (in the 
stochastic form).

› 𝑤௜ = 𝛽መଵ + 𝛽መଶ𝑎𝑔𝑒௜ + 𝛽መଷ𝑎𝑔𝑒௜ଶ + 𝑢௜
where 𝑤௜is the value of output of an economy,𝑎𝑔𝑒௜ is straightforward.𝑎𝑔𝑒௜ଶ is the squares of age and𝛽መଵ, 𝛽መଶand 𝛽መଷare the estimators.

An example of the estimation is

› 𝑤௜ෞ = 3.73 + 0.298𝑎𝑔𝑒௜ − 0.0061𝑎𝑔𝑒௜ଶ

P. 210
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(4) Examples

4.1 The model

As 𝑎𝑔𝑒௜ଶ becomes higher, the square 
(negative) effect will be dominant. 
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(1) The t-test

4.2 Testing individual regression coefficients

With the normality assumption, we find that estimators are normally 
distributed with an unknown variance. Therefore, to test statistical 
significance, we need to rely on t statistics as follows.

› 𝑡௖௔௟(𝛽௜) = ఉ෡೔ିఉ೔ୱୣ෡ഁ೔ ~𝑡௡ିଷ
where 𝛽መ௜ is the value of estimator, 𝛽௜ is the value that we would test against andseఉ෡೔ is the standard error of the estimator. 

Now that the d.f. is 𝑛 − 3 if we have two independent variables in our 
estimation (3 estimators or 3 unknown). Testing procedures are the same.

P. 234
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(2) Example

4.2 Testing individual regression coefficients

Given the data collected at the beginning of this class, we hypothesize that 
shoe size (𝑌௜) is determined by both height (𝑋ଶ௜) and weight (𝑋ଷ௜). 

First, we estimate the simple linear regression without including weight. 
The result is displayed here.

Source |       SS           df       MS      Number of obs =        66
-------------+---------------------------------- F(1, 64)        =    202.47

Model |  254.563322         1  254.563322   Prob > F        =    0.0000
Residual |  80.4669811        64  1.25729658   R-squared       =    0.7598

-------------+---------------------------------- Adj R-squared   =    0.7561
Total |  335.030303        65  5.15431235   Root MSE        =    1.1213

------------------------------------------------------------------------------
ss |      Coef.   Std. Err.      t    P>|t|     [95% Conf. Interval]

-------------+----------------------------------------------------------------
hei |   .2369768   .0166543    14.23   0.000      .203706    .2702476

_cons |   .3862496   2.778896     0.14   0.890    -5.165234    5.937733
------------------------------------------------------------------------------
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(2) Example

4.2 Testing individual regression coefficients

Source |       SS           df       MS      Number of obs =        66
-------------+---------------------------------- F(2, 63)        =    114.95

Model |  262.967055         2  131.483527   Prob > F        =    0.0000
Residual |  72.0632484        63  1.14386109   R-squared       =    0.7849

-------------+---------------------------------- Adj R-squared   =    0.7781
Total |  335.030303        65  5.15431235   Root MSE        =    1.0695

------------------------------------------------------------------------------
ss |      Coef.   Std. Err.      t    P>|t|     [95% Conf. Interval]

-------------+----------------------------------------------------------------
hei |   .2051871   .0197458    ______  ______    .1657283    .2446459
wei |   .0384022   .0141679    ______  ______    .0100898    .0667145

_cons |   3.384344    2.87211    ______  ______   -2.355109    9.123797
------------------------------------------------------------------------------

Now we add the additional variable, weight, into the model. Here is the 
result.

Let’s perform the individual tests. We are going to test all the coefficients, 
one by one.
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(2) Example

4.2 Testing individual regression coefficients

(1) State your hypothesis

Stating three hypotheses separately, which are

› For 𝛽ଵ 𝐻଴: 𝛽ଵ = 0𝐻ୟ: 𝛽ଵ ≠ 0
› For 𝛽ଶ 𝐻଴: 𝛽ଶ = 0𝐻ୟ: 𝛽ଶ ≠ 0
› For 𝛽ଷ 𝐻଴: 𝛽ଷ = 0𝐻ୟ: 𝛽ଷ ≠ 0
In this case, we are testing if each coefficient is significantly different from 
zero or not.
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(2) Example

4.2 Testing individual regression coefficients

(2) Calculate test statistics

› For 𝛽ଵ 𝑡௖௔௟ 𝛽ଵ = ఉ෡భିఉభୱୣ෡ഁభ =
› For 𝛽ଶ 𝑡௖௔௟ 𝛽ଶ = ఉ෡మିఉమୱୣ෡ഁమ =
› For 𝛽ଷ 𝑡௖௔௟ 𝛽ଷ = ఉ෡యିఉయୱୣ෡ഁయ =
(3) Pick an 𝜶 and state decision rules

Supposed that we pick 𝛼 = 0.05, now we are testing against zero, we can 
directly at the t-table for the critical values which are 

› 𝑡௟௢௪௘௥ =
› 𝑡௨௣௣௘௥ =
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(2) Example

4.2 Testing individual regression coefficients

(4) Concluding the test results

› For 𝛽ଵ

› For 𝛽ଶ

› For 𝛽ଷ
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(1) Introduction

4.3 Analysis of variance

Now consider if we want to test parameters jointly under the same 
hypothesis, for instance,

› 𝐻଴: 𝛽ଶ = 𝛽ଷ = 0
› 𝐻ୟ: Not all the slope coefficients are simultaneously zero (otherwise).

This hypothesis sates that “𝛽ଶ and 𝛽ଷ are jointly or simultaneously equal to 
zero”. We cannot utilize ordinary t-test anymore, but rely on specific joint 
test or the Analysis of Variance (ANOVA)

The ANOVA test is a different approach. The focus is on dispersion of each 
part, namely the ESS and RSS. According to the study of variation from the 
mean in the coefficient of determination, we have 

› ∑ 𝑦ො௜ଶ = 𝛽መଶ ∑ 𝑦௜ 𝑥ଶ௜ + 𝛽መଷ ∑ 𝑦௜ 𝑥ଷ௜ + ∑ 𝑢ො௜ଶTSS =                     ESS                  + RSS

P. 237
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(1) Introduction

4.3 Analysis of variance

From the estimation of shoe size, we now look at another information 
printed from regression table to make use of our joint test.

P. 240

Source |       SS           df       MS
-------------+----------------------------------

Model |  262.967055         2  131.483527
Residual |  72.0632484        63  1.14386109

-------------+----------------------------------
Total |  335.030303        65  5.15431235

When we perform the ANOVA, we are comparing between a part that the 
model can explain (ESS) versus a part it cannot (RSS), therefore the 
comparison is 

› ୉ୗୗ/ௗ௙ୖୗୗ/ௗ௙ = ఉ෡మ ∑ ௬೔௫మ೔ାఉ෡య ∑ ௬೔௫య೔/(௞ିଵ)∑ ௨ෝ೔మ/(௡ି௞) ~
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(1) Introduction

4.3 Analysis of variance

Consider the ratio, from the assumption of 𝑢௜~𝑁(0, 𝜎ଶ),

› 𝐸 ∑௨ෝ೔మ௡ି௞ = 𝜎ଶ
and if we assume that our stated hypothesis 𝐻଴: 𝛽ଶ = 𝛽ଷ = 0 is true, then

› ∑ 𝑦ො௜ଶ = ∑ 𝑢ො௜ଶ or

› 𝛽መଶ ∑ 𝑦௜ 𝑥ଶ௜ + 𝛽መଷ ∑ 𝑦௜ 𝑥ଷ௜ = 0
or the effect of 𝑋ଶ௜ and 𝑋ଷ௜ is trivial to the variation in 𝒀𝒊, the only 
source of variation in 𝒀𝒊 is the error term 𝒖𝒊.
Therefore, the ratio becomes smaller if 𝛽ଶ = 𝛽ଷ = 0. The decision rule for 
this test is  

› 𝐹௖௔௟ > 𝐹ఈ(𝑘 − 1, 𝑛 − 𝑘) then we can reject 𝐻଴

P. 240
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(1) Introduction

4.3 Analysis of variance

Source |       SS           df       MS
-------------+----------------------------------

Model |  262.967055         2  131.483527
Residual |  72.0632484        63  1.14386109

-------------+----------------------------------
Total |  335.030303        65  5.15431235

(1) State your hypothesis

› 𝐻଴: 𝛽ଶ = 𝛽ଷ = 0
› 𝐻ୟ: otherwise.

(2) Calculate test statistics

› 𝐹௖௔௟ = ୉ୗୗ/ௗ௙ୖୗୗ/ௗ௙ = ୉ୗୗ/௞ିଵୖୗୗ/௡ି௞ =
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(1) Introduction

4.3 Analysis of variance

(3) Pick an 𝜶 and state decision rules

› 𝛼 =
› 𝐹௨௣௣௘௥,ఈ(2,63) =
(4) Conclude the test result
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(1) Introduction

4.3 Analysis of variance

We then can compute the F statistics directly from 𝑅ଶ.

Given that our model has the 𝑅ଶ = 0.7849
› 𝐹௖௔௟ = ಶೄೄ೅ೄೄ/(௞ିଵ)ೃೄೄ೅ೄೄ/(௡ି௞) = ோమ/(௞ିଵ)ଵିோమ/(௡ି௞) =
which yields the same result compared to computing from the mean 
squares.
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(2) The marginal contribution

4.3 Analysis of variance

If we estimate SRF with the same context, but we are not sure if we should 
add 𝑋ଷ௜ into the model or not, we have two different models.

› Excluding: 𝑌෠௜ = 𝛽መଵ + 𝛽መଶ𝑋ଶ௜
› Including: 𝑌෠௜ = 𝛽መଵ + 𝛽መଶ𝑋ଶ௜ + 𝛽መଷ𝑋ଷ௜
The following test is to measure increment or contribution of added 
independent variable(s), in this case 𝑋ଷ௜. Hence, the test highlights a 
comparison of whole models, instead of just a particular variable’s 
significance.

The answer we are looking for from this test is that “should the 
incremental variable(s) be added into the model?”

P. 243
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(2) The marginal contribution

4.3 Analysis of variance

The F-statistics becomes

› 𝐹௖௔௟ = ாௌௌ೙೐ೢିாௌௌ೚೗೏/(௡௨௠௕௘௥ ௢௙ ௡௘௪ ௥௘௚௥௘௦௦௢௥௦)ோௌௌ೙೐ೢ/(௡ି௞೙೐ೢ)
or if we measure from the 𝑅ଶ, it would be

› 𝐹௖௔௟ = ோ೙೐ೢమ ିோ೚೗೏మ /(௡௨௠௕௘௥ ௢௙ ௡௘௪ ௥௘௚௥௘௦௦௢௥௦)ଵିோ೙೐ೢమ /(௡ି௞೙೐ೢ)
Note that the 𝑅ଶ method is applicable only when both models have the 
same 𝑌௜, while the mean squares method can apply to other types of test, 
more on that later. 

P. 243
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(2) The marginal contribution

4.3 Analysis of variance

Comparing between two models that we estimated, the first one with only 
height variable. 

Source |       SS           df       MS
-------------+----------------------------------

Model |  254.563322         1  254.563322
Residual |  80.4669811        64  1.25729658

-------------+----------------------------------
Total |  335.030303        65  5.15431235

The second model, weight is added.

Source |       SS           df       MS
-------------+----------------------------------

Model |  262.967055         2  131.483527
Residual |  72.0632484        63  1.14386109

-------------+----------------------------------
Total |  335.030303        65  5.15431235

Perform the test to check that weight variable has any contribution.
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(2) The marginal contribution

4.3 Analysis of variance

(1) State your hypothesis

› 𝐻଴: weight has no marginal contribution to the model.

› 𝐻ୟ: otherwise.

(2) Calculate the test statistics

› 𝐹௖௔௟ = ாௌௌ೙೐ೢିாௌௌ೚೗೏/(௡௨௠௕௘௥ ௢௙ ௡௘௪ ௥௘௚௥௘௦௦௢௥௦)ோௌௌ೙೐ೢ/(௡ି௞೙೐ೢ) =
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(2) The marginal contribution

4.3 Analysis of variance

(3) Pick an 𝜶 and state decision rules

› 𝛼 =
› 𝐹௨௣௣௘௥,ఈ(1,63) =
(4) Conclude the test result

The addition of variable 𝑋ଷ௜ or 
weight

Note that the F-test for the 
contribution is most of the time in 
line with the individual t-test of 
those added variable(s) since 𝑡ଶ~𝐹(1, 𝑛).
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(2) The marginal contribution

4.3 Analysis of variance

Selecting the most fitted model 

› Choose a model with the highest F value, leading to highest 𝑅തଶ.

› Absolute term of t value of added variable(s) is more than 1, which will 
also eventually lead to higher 𝑅തଶ.
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(3) Equality of two regression coefficients

4.3 Analysis of variance

Since the collected data provide interesting insight to this topic, let’s shift 
to another data provided in the book. We have an ordinary demand model 
represented here.

› 𝑌௜ = 𝛽ଵ + 𝛽ଶ𝑋ଶ௜ + 𝛽ଷ𝑋ଷ௜ + 𝛽ସ𝑋ସ௜ + 𝑢௜
where 𝑌௜ is quantity demanded for a commodity𝑋ଶ௜ is its price𝑋ଷ௜ is consumer income𝑋ସ௜ is consumer wealth

A question arises if 𝑿𝟑𝒊 and 𝑿𝟒𝒊, income and wealth, both are 
representing affordability in the same way or not. We can answer this 
question with two methods

› Using t-test 

› Using F-test with Restricted and Unrestricted models

P. 246



171Chapter 4: Multiple Linear Regression

(3) Equality of two regression coefficients

4.3 Analysis of variance

(3.1) Using t-test 

› 𝑡௖௔௟ = ఉ෡యିఉ෡ర ି(ఉయିఉర)ୱୣ ෡ഁయష෡ഁర ~𝑡௡ି௞ where

› se ఉ෡యିఉ෡ర = var 𝛽መଷ + var 𝛽መସ − 2cov(𝛽መଷ, 𝛽መସ)
Example: Given an estimated of cubic cost function below,

• 𝑌෠௜ = 141.7667 + 63.4777𝑋௜ − 12.9615𝑋௜ଶ + 0.9396𝑋௜ଷ6.3753       4.7789         0.9857          (0.0591)𝑐𝑜𝑣 𝛽መଷ, 𝛽መସ = −0.0576     𝑅ଶ = 0.9983  𝑛 = 10
where 𝑌௜ is total cost and 𝑋௜ is output.
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(3) Equality of two regression coefficients

4.3 Analysis of variance

(1) State your hypothesis

› 𝐻଴: 𝛽ଷ = 𝛽ସ or 𝛽ଷ − 𝛽ସ = 0
› 𝐻ୟ: 𝛽ଷ ≠  𝛽ସ or 𝛽ଷ − 𝛽ସ ≠ 0
(2) Calculate test statistics

› 𝑡௖௔௟ = ఉ෡యିఉ෡ర ି(ఉయିఉర)ୱୣ ෡ഁయష෡ഁర =
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(3) Equality of two regression coefficients

4.3 Analysis of variance

(3) Pick an 𝜶 and state decision rules

› 𝛼 =
› 𝑡௟௢௪௘௥ =
› 𝑡௨௣௣௘௥ =
(4) Conclude the test result
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(3) Equality of two regression coefficients

4.3 Analysis of variance

(3.2) Using F-test with Restricted and Unrestricted models  

There are some certain models that economic theory suggest that the 
coefficients in a regression satisfy some linear equality restrictions. 
Consider a Cobb-Douglas here, where some notations are altered, which is 
already linearized

› ln 𝑌௜ = ln 𝛽ଵ + 𝛽௄ ln 𝐾௜ + 𝛽௅ ln 𝐿௜ + 𝑢௜𝛽௄ and 𝛽௅ are the elasticity of capital and labor input respectively. We also 
know that addition of these two parameters reveals returns to scale.

Supposed that we want to test if there are constants returns to scale or not, 
we can hypothesize

› 𝐻଴: 𝛽௄ + 𝛽௅ = 1
› 𝐻ୟ: 𝛽௄ + 𝛽௅ ≠ 1
This is a test to see if we can make sure that the result of addition of 
two parameters is 1 or not.
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(3) Equality of two regression coefficients

4.3 Analysis of variance

However, we can “restrict” the regression or force that returns to scale 
into the regression directly that either

› 𝛽௄ + 𝛽௅ = 1 / 𝛽௄ = 1 − 𝛽௅ / 𝛽௅ = 1 − 𝛽௄
If we rewrite the Cobb-Douglas function with the restriction here, it 
becomes 

› ln 𝑌௜ = ln 𝛽ଵ + 𝛽௄ ln 𝐾௜ + (1 − 𝛽௄) ln 𝐿௜ + 𝑢௜

where ௒೔௅೔ is output per labor and ௄೔௅೔ is capital per labor.

You may notice that there is one less coefficient to estimate. This is known 
as “Restricted Least Square” (RLS).

P. 249



176Chapter 4: Multiple Linear Regression

(3) Equality of two regression coefficients

4.3 Analysis of variance

Therefore, the test we are about to perform is a comparison between

› Unrestricted model: ln 𝑌௜ = ln 𝛽ଵ + 𝛽௄ ln 𝐾௜ + 𝛽௅ ln 𝐿௜ + 𝑢௜
› Restricted model:ln (௒೔௅೔) = ln 𝛽ଵ + 𝛽௄ ln(௄೔௅೔ ) + 𝑢௜
which is a test to see if the restriction imposed is valid or not. We can set 
up the same hypothesis.

› 𝐻଴: 𝛽௄ + 𝛽௅ = 1 or the restriction is valid

› 𝐻ୟ: 𝛽௄ + 𝛽௅ ≠ 1 or the restriction is not valid
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(3) Equality of two regression coefficients

4.3 Analysis of variance

After that we can compute the F statistics, which is

› 𝐹௖௔௟ = ோௌௌೃିோௌௌೆೃ/௠ோௌௌೆೃ/(௡ି௞ೆೃ) ~𝐹(௠, ௡ି௞ೆೃ)
where 𝑅 and 𝑈𝑅 indicates the value from restricted and unrestricted model 
respectively, 𝑚 is the number of linear restriction (1 for this case). We can 
also derive 𝐹௖௔௟ from 𝑅ଶ as well.

› 𝐹௖௔௟ = (ோೆೃమ ିோೃమ )/௠(ଵିோೆೃమ )/(௡ି௞ೆೃ) ~𝐹(௠, ௡ି௞ೆೃ)
Note that 𝑅௎ோଶ ≥ 𝑅ோଶ and the variable on the left-hand side in both models is 
not the same so they are not comparable. In this case, need to rely on 
calculating F statistics from 𝑅𝑆𝑆 instead.
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(3) Equality of two regression coefficients

4.3 Analysis of variance

Example: Supposed we have a result of

› Unrestricted model: ln 𝑌෠௜ = −1.6524 + 0.8460 ln 𝐾௜ + 0.3397 ln 𝐿௜𝑅௎ோଶ = 0.9951        𝑅𝑆𝑆௎ோ = 0.0136
› Restricted model:ln (௒೔௅೔)෢ = −0.4947 + 1.0153 ln(௄೔௅೔ )𝑅ோଶ = 0.9777           𝑅𝑆𝑆ோ = 0.0166
Both models has 20 observations. Perform the test from both 𝑅𝑆𝑆 and 𝑅ଶ
with the hypothesis here.
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(3) Equality of two regression coefficients

4.3 Analysis of variance

(1) State your hypothesis

› 𝐻଴: 𝛽௄ + 𝛽௅ = 1 or the restriction is valid

› 𝐻ୟ: 𝛽௄ + 𝛽௅ ≠ 1 or the restriction is not valid

(2) Calculate test statistics

› 𝐹௖௔௟ = ோௌௌೃିோௌௌೆೃ/௠ோௌௌೆೃ/(௡ି௞ೆೃ) ~𝐹(௠, ௡ି௞ೆೃ) =
Just to prove that 𝑅ଶ is not comparable, we can also try to calculate the test 
statistics as follows.

› 𝐹௖௔௟ = (ோೆೃమ ିோೃమ )/௠(ଵିோೆೃమ )/(௡ି௞ೆೃ) =
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(3) Equality of two regression coefficients

4.3 Analysis of variance

(3) Pick an 𝜶 and state decision rules

› 𝛼 =
› 𝐹௨௣௣௘௥,ఈ(1,17) =
(4) Conclude the test result
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(4) General F-testing

4.3 Analysis of variance

As we can see that the F test can be utilize in multiple ways of comparing 
two competing models, we can also set up the test for “constrained” and 
“unconstrained” models as seen in the example below. First, we start from 
the “unconstrained” model 

› ln 𝑌௜ = ln 𝛽ଵ + 𝛽ଶ ln 𝑋ଶ௜ + 𝛽ଷ ln 𝑋ଷ௜ + 𝛽ସ ln 𝑋ସ௜ + 𝛽ହ ln 𝑋ହ௜ + 𝑢௜
where 𝑌௜ is per capita consumption of chicken𝑋ଶ௜ is real disposable per capita income𝑋ଷ௜ is real retail price of chicken𝑋ସ௜ is real retail price of pork𝑋ହ௜ is real retail price of beef𝛽ସ and 𝛽ହ refer to cross-price elasticity of chicken and pork and chicken 
and beef. 
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(4) General F-testing

4.3 Analysis of variance

Thus,

› If 𝛽ସ / 𝛽ହ > 0 ,  chicken and pork / beef are substitutable products.

› If 𝛽ସ / 𝛽ହ < 0 ,  chicken and pork / beef are complementary products.

› If 𝛽ସ / 𝛽ହ = 0 ,  chicken and pork / beef are unrelated  products.

If we want to test that how chicken and pork / beef are related, we can set 
up a hypothesis as such. 

› 𝐻଴: 𝛽ସ = 𝛽ହ = 0
› 𝐻ୟ: otherwise
If we cannot reject the null hypothesis, the model become “constrained” as

› ln 𝑌௜ = ln 𝛽ଵ + 𝛽ଶ ln 𝑋ଶ௜ + 𝛽ଷ ln 𝑋ଷ௜ + 𝑢௜
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(4) General F-testing

4.3 Analysis of variance

The test is similar to the restricted and unrestricted model. Moreover, we 
can use the 𝑅ଶ approach here since the 𝑌௜ is the same for both the 
constrained and unconstrained model. Test statistics can be calculated as 
follows.

› 𝐹௖௔௟ = ோௌௌೃିோௌௌೆೃ/௠ோௌௌೆೃ/(௡ି௞ೆೃ) ~𝐹(௠, ௡ି௞ೆೃ)
› 𝐹௖௔௟ = (ோೆೃమ ିோೃమ )/௠(ଵିோೆೃమ )/(௡ି௞ೆೃ) ~𝐹(௠, ௡ି௞ೆೃ)
Note that we use the same notations compared to the restricted model 
testing so that we don’t have to create another complication. 

Hence, 𝑚 is number of coefficient constrained. 𝑅 and 𝑈𝑅 denote values 
from constrained and unconstrained model respectively.  

P. 252



184Chapter 4: Multiple Linear Regression

(4) General F-testing

4.3 Analysis of variance

Example: Given the regression results are as follows (n=23), 

› Unconstrained model: ln 𝑌෠௜ = 2.19 + 0.34 ln 𝑋ଶ௜ − 0.50 ln 𝑋ଷ௜ + 0.15 ln 𝑋ସ௜ + 0.09 ln 𝑋ହ௜𝑅௎ோଶ = 0.9823
› Constrained model:ln 𝑌෠௜ = 2.03 + 0.45 ln 𝑋ଶ௜ − 0.38 ln 𝑋ଷ௜𝑅ோଶ = 0.9801
(1) State your hypothesis

› 𝐻଴: 𝛽ସ = 𝛽ହ = 0
› 𝐻ୟ: otherwise
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(4) General F-testing

4.3 Analysis of variance

(2) Calculate test statistics

› 𝐹௖௔௟ = (ோೆೃమ ିோೃమ )/௠(ଵିோೆೃమ )/(௡ି௞ೆೃ) =
(3) Pick an 𝜶 and state decision rules

› 𝛼 =
› 𝐹௨௣௣௘௥,ఈ(2,18) =
(4) Conclude the test result
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(5) Structural change: Chow Test

4.3 Analysis of variance

Many event in our history, we had sometimes faced with “structural 
change” , a major shift in the basic how market works and how agents 
interact. The shift can be both internal or external.

In Thailand, we may consider opposing party getting elected and alter 
policy set. Or major flood in 2011 may alter how business decision of 
location established.

In econometrics term, it refers to a change in parameter, either the 
intercept or slopes, due to socio-political shift. 

Consider when there is a pool of data, ranging a long periods of time, 
estimation the whole data can be misleading as it reveals the average 
values of estimator within that range.
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(5) Structural change: Chow Test

4.3 Analysis of variance

The Chow Test attempts tackling this problem, to test that if there is any 
structural shift sometime in our data or not. 

For this example, we consider saving-income relationship between the 
second oil shock in the 1980s. Data cover 1970-1995. It is assumed that we 
can separate between pre and post 1982, when the unemployment rate is at 
the highest. The setup is as follows.

SRF from 1970-1981 (Eq. 1)

› 𝑌௧ = 𝜆ଵ + 𝜆ଶ𝑋௧ + 𝑢ଵ௧ 𝑛ଵ = 12
SRF from 1982-1995 (Eq. 2)

› 𝑌௧ = 𝛾ଵ + 𝛾ଶ𝑋௧ + 𝑢ଶ௧ 𝑛ଶ = 14
SRF from pooled data 1970-1995 (Eq. 3)

› 𝑌௧ = 𝛽ଵ + 𝛽ଶ𝑋௧ + 𝑢௧ 𝑛 = (𝑛ଵ + 𝑛ଶ) = 26
where 𝑌 is savings and 𝑋 is income. The slope parameter represents
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(5) Structural change: Chow Test

4.3 Analysis of variance

Assumptions

(1) 𝑢ଵ௧~𝑁(0, 𝜎ଶ) and 𝑢ଶ௧~𝑁(0, 𝜎ଶ)
(2) 𝑢ଵ௧ and 𝑢ଶ௧ are independently distributed.

The Chow Test still relies on ANOVA, comparing a restricted model with an 
unrestricted model.

In this case, the restricted one assumes 𝜆ଵ = 𝛾ଵ and 𝜆ଶ = 𝛾ଶ, or the Eq.3, 
while the unrestricted one allows different values of 𝜆 and 𝛾.
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(5) Structural change: Chow Test

4.3 Analysis of variance

Plotting the graphs above seems to suggest that there is a structural change 
in people saving behavior, due to the slope change.
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(5) Structural change: Chow Test

4.3 Analysis of variance

Procedures

(1) State a hypothesis

› 𝐻଴: 𝜆ଵ = 𝛾ଵ and 𝜆ଶ = 𝛾ଶ
› 𝐻ୟ: otherwise
(2) Estimate Eq. 3 or the restricted model. Retrieve

› 𝑅𝑆𝑆ோ = 𝑅𝑆𝑆ଷ or restricted sum of squares.

› D.f. is straightforwardly 𝑛ଵ + 𝑛ଶ − 𝑘
(3) Estimate Eq. 1 and Eq.2. Retrieve 

› 𝑅𝑆𝑆௎ோ = 𝑅𝑆𝑆ଵ + 𝑅𝑆𝑆ଶ or unrestricted sum of squares. 

› D.f. for this model is 𝑛ଵ + 𝑛ଶ − 2𝑘
Note that 𝑘 is the number of parameter estimated.
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(5) Structural change: Chow Test

4.3 Analysis of variance

(4) Calculate F statistics by

› 𝐹௖௔௟ = ோௌௌೃିோௌௌೆೃ/௞ோௌௌೆೃ/(௡భା௡మିଶ௞) ~𝐹(௞, ௡భା௡మିଶ௞)
(5) Concluding the results, 

› We can reject the null hypothesis if 𝐹௖௔௟ > 𝐹௨௣௣௘௥, meaning that it is 
either 𝜆ଵ ≠ 𝛾ଵ or 𝜆ଶ ≠ 𝛾ଶ or both. Therefore, it implies a structural change 
within these two periods.

› We cannot reject the null hypothesis if 𝐹௖௔௟ < 𝐹௨௣௣௘௥, meaning that 𝜆ଵ =𝛾ଵ and 𝜆ଶ = 𝛾ଶ. So, we cannot make sure that there is a structural change 
within this period.
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(5) Structural change: Chow Test

4.3 Analysis of variance

Example Given the regression results are,

› Eq. 1: 𝑌෠௧ = 1.0161 + 0.0803𝑋௧𝑅ଵଶ = 0.9021 𝑅𝑆𝑆ଵ = 1,785.032 𝑛ଵ = 12
› Eq. 2: 𝑌෠௧ = 153.4947 + 0.0148𝑋௧𝑅ଶଶ = 0.2971 𝑅𝑆𝑆ଶ = 10,005.22 𝑛ଶ = 14
› Eq. 3: 𝑌෠௧ = 62.4226 + 0.0376𝑋௧𝑅ଷଶ = 0.7672 𝑅𝑆𝑆ଷ = 23,248.30 𝑛ଷ = 26
(1) State a hypothesis

› 𝐻଴: 𝜆ଵ = 𝛾ଵ and 𝜆ଶ = 𝛾ଶ
› 𝐻ୟ: otherwise
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(5) Structural change: Chow Test

4.3 Analysis of variance

(2) Calculate the test statistics

› 𝑅𝑆𝑆ோ =
› 𝑅𝑆𝑆௎ோ =
Then, the F statistics,

› 𝐹௖௔௟ = ோௌௌೃିோௌௌೆೃ/௞ோௌௌೆೃ/(௡భା௡మିଶ௞) =
(3) Pick an 𝜶 and state decision rules

› 𝛼 =
› 𝐹௨௣௣௘௥,ఈ(2,22) =
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(5) Structural change: Chow Test

4.3 Analysis of variance

(4) Conclude the test result
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(5) Structural change: Chow Test

4.3 Analysis of variance

Limitations of The Chow Test

› The assumption of 𝑢ଵ௧ and 𝑢ଶ௧ being independently distributed should (or 
must) be tested, see the further explanation on the test on page 258.

› We need to assume that we know exactly where or when is the structural 
break point. If the speculation is not completely correct, the result of the 
test maybe controversial.

› The Chow Test only reveals difference between two models, which means 
that there might be a difference either in the intercept, slope or both. (The 
next topic of dummy variables will address this issue)
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