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6 Integration 

6.1 Definition of Integral 

For a function, )(xF that its derivative is )(xf   

Or mathematically   )()(' xfxF =  

 

This function, )(xF , then can be called an ‘anti-derivative’ of )(xf .  For example, 

� If 1)( −= nnxxf , then nxxF =)( ; as long as 0≠n . 

� If CxCexf =)( , then CxexF =)( . 

� If 
x

xf
1

)( = , then xxF ln)( = . 

 

It should be noted that a function does not have a unique anti-derivative.   

 

For example, if  23)( xxf =    

then    3)( xxF =  is one anti-derivative 

or 1)( 3 += xxF , 8)( 3 += xxF , …… etc ……. (Infinite number of anti-derivatives) 

 

We may spot that any 3( )F x x C= += += += +  where C is a constant, can be anti-derivative of ( )f x . 

(You can try differentiate F(x) and you will see that this is true because 0)( =C
dx

d
.) 

 

Hence, for this fuction 23)( xxf = , 

CxxF += 3)(  where C is a constant and is called a constant of integration. 

 

This process of anti-differentiation is called INTEGRATION. 

 

In other words, to integrate a function, f(x) is to find F(x) such that )()(' xfxF = . 

 

A symbol for integrating a function f(x) is written as ( )f x dx∫∫∫∫  
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∫ += CxFdxxf )()(  if and only if  )()(' xfxF =  

 

where  ∫ is called the integral sign. 

 f(x) is called the integrand. 

 C is called the constant of integration. 

 dx is part of the integral notation and indicates the variable involved. 

 

REMEMBER that the integration is not unique; DON’T FORGET THE CONSTANT 

OF INTEGRATION! 

 

6.2 Indefinite Integral 

If we have to integrate a function, f(x) and values of x are not given, we said we have to 

integrate without a limit.  Hence, the integral will be a function of x. 

 

From some of the differentiation rules, the following integration formulas can be derived: 

 

1 Ckxkdx +=∫ , k is a constant 

2  ∫ +
+

=
+

C
n

x
dxx

n
n

1

1

, 1−≠n  

3  Cedxe xx +=∫  

4 Cxdx
x

+=∫ ln
1

 

5  ∫ ∫= dxxfkdxxkf )()( , k is a constant 

6  [ ]∫ ∫ ∫±=± dxxgdxxfdxxgxf )()()()(  

 

NOTE: we can always check the integration result by differentiating it! 

 

Ex.1 Find the following integrals. 

(i) ∫ dx5           [ANS: 5x + C] 

(ii) ∫ dxx 4          [ANS: C
x
+

5

5

] 
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(iii) dx
x

∫
1

                             [ANS: 

Cx +2 ] 

(iv) ( )dxexx x
∫ −+− 11072 35 4          [ANS: Cxexx

x +−+− 10
4

7

9

10 45

9

] 

 

 

(v) ∫ 






 +−
dx

xx

3

)72)(1(
              [ANS: Cxxx +




 −+ 7
2

5

3

2

3

1 23 ] 

 

 

Ex.2: Suppose a firm has a marginal cost 

MC = 2dQbQa ++  

Find the equation of its total cost curve. 

[Ans: e
dQbQ

aQQC +++=
32

)(
32

.  e is the constant of integration.  It is the value of C(Q) 

when Q = 0, i.e. the fixed cost of production.] 

 

If a value of )( ixf [initial boundary condition] is given,  

the constant of integration (C) can be evaluated to obtain a specific equation. 

 

Ex.3: If xxf 2)(' =  and 4)1( =f , find )(xf .      [ANS: 32 +x ] 

 

 

Ex.4: Find the function )(xf  whose tangent has slope xxx  for each value of x  and 

whose graph passes through the point (1,1).           [ANS: 

15

7

15

8
8

15

+x ] 
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Ex.5: For a firm, the marginal cost is 43 += QMC .  If the fixed cost are 40, find the total 

cost function C(Q).           [ANS: 404
2

3 2 ++= QQC ] 

 

If there are n numbers of constants of integration, n numbers of initial boundary conditions

)( ixf  are required to evaluate all constants of integration. 

 

Ex.6: If 1'' 2 ++= xxy , find )(xy for             [ANS: 21

234

2612
CxC

xxx
++++ ] 

 

 

 

 

(i) when 0)0( =y and
4

7
)1( =y               [ANS: 

x
xxx
+++

2612

234

] 

 

 

 

 

(ii) when 0)0( =y and 0)0(' =y          [ANS: 
2612

234
xxx

++ ] 

 

 

 

 

NOTE that if )(' ay and )(' by are given, these are not enough because 2C cannot be 

determined. 
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Ex.7: Given the marginal-revenue function 23202000 QQMR −−= .  Find the demand 

function.       [ANS: 2102000 QQ −− ] 

Hint: If there is no product sold )0( =Q then the revenue is zero. 

6.3 Power Rule for Integration and Integration by Substitution. 

 

)(')]([
1

)]([ 1

xuxu
n

xu

dx

d n
n

⋅=








+

+

 

[ ] [ ]
C

n

xu
dxuxu

n
n +

+
=⋅∫∴

+

1

)(
')(

1

 

But dudxxu
dx

du
xu =⇒= )(')('  

∫ +
+

=∴
+

C
n

u
duxu

n
n

1
)]([

1

 

 

If u is differentiable and a function of x, then ∫ +
+

=
+

C
n

u
duu

n
n

1

1

if 1−≠n . 

 

Ex.8: Find ∫ + dxx 5)5( . 

 

Integration by substitution, try  dxduxu ⋅=⇒+= 15  

∫ +==∫ + C
u

duudxx
6

)5(
6

55
 

Substitute u gives    C
x

dxx +
+

=∫ +
6

)5(
)5(

6
5

 

Note that you MUST give the answer explicitly in term or x NOT u. 

 

Ex.9: Find ∫ dxx3 6 . (Hint: u=6x)     [ANS: C
x

+
8

)6( 3

4

] 

 

 

Power Rule 



Integration 

6 

 

Ex.10: Show that ( ) C
x

dxxx +∫
+

=+
36

)73(
73

43
332

   [Hint: 73 3 += xu ] 

 

 

6.4 More Integration by Substitution 

Let u be a function of x, 

 

    Cedue uu +=∫  

    Cudu
u

+=∫ ln
1

 

 

Ex.11: Show that ∫ += Ce
a

dxe axax 1
.         [Hint: axu = ] 

 

 

 

Ex.12: Show that ∫ += Ca
a

dxa xx

ln

1
. 

Ex.13: Show that ( )∫ +=+ ++
Cedtet

tttt 22

)12( .              [Hint: ttu += 2 ] 

Ex.14: Show that ∫ +−=
−

Ctdt
t

t
65ln

10

7

65

7 2

2
. 

 

 

Fill in the table by specifying the substitution you may choose for each integral. 

Integral Substitution u 

1. ( )∫ + dxx 2

5

43  
 

2. ∫ 







−

dx
x3

4
 

 

3. ∫ −
dtte

t 22
  

4. ( )∫ + dttt
322   
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5. 
( )∫ −

dx
x

4
52

3
 

 

6. ∫ −
dxex

x32
  

7.  
 

8. ∫
++

+
dt

tt

t

3 2 56

3
 

 

 

6.4.1 Integration Hints 

� Try to arrange the integrand into a familiar integration forms (seen formulas).  If you 

can’t find the right form, try some more!  There is no shortcut!  ONLY PRACTICE!  

 

� When integrating fraction forms, sometimes a preliminary long division is needed to 

get familiar integration forms. 
 

Ex.15: Show that ∫ ++−=







+
+

Cxxdx
x

x
6ln3

6

3
. 

 

 

 

 

 

Ex.16: Show that ∫ +−++=








−
−−+

Cxx
x

dx
x

xxx
3ln

23

3 2
2

2

23

. 

 

Ex.17: Show that ∫ ++=






 +
Cxxdx

x

x
ln

3

5

2

3

3

59 2
2

. 

 

Ex.18: Show that ∫ +−+−=








−
+−

Cxxxdx
x

xx
13ln

3

2
3

13

5116 2
2

. 

 

Ex.19: Show that ( ) ( )
∫ +

+
=+ C

x
dxxx

6

3
32

62
52

. 

 

∫ +
dt

e

e
t

t

1
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Ex.20: Show that ∫ += Cedxex xx
44 443

16

1
. 

 

Ex.21: ( ) ?)(,1)0(,23'
2 ==−= xyyxy .            [ANS: ( )

2

11
23

6

1 3 +−− x ] 

 

Ex.22: ?)(,0)1(,1)1(',
1

''
2

===−= xyyy
x

y .                   [ANS: xln− ] 

 

6.5 Summation (Revisions) 

 

∑=∑ ++++=
==

n

k

n

i

kni
00

.....210  

 

∑  = notation for summation called ‘sigma’. 

i, k  = index of summation (a ‘dummy’ symbol) 

0, n = limits of summation 

 

If n = 5, ∑ +++++=
=

5

0

543210
i

i   

 

Ex.23: Show that ∑∑
==

=
5

0

2
5

1

2 33
ii

ii . 

ANS:   ∑
=

5

1

2
3

i

i  = 22222 )5(3)4(3)3(3)2(3)1(3 ++++  

   = ( )22222 543213 ++++  

   = ∑
=

5

0

23
i

i  

 

∑∑ =
==

n

i
i

n

i
i xCCx

00
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Ex.24: If ∑ ++++=
=

n

k

nk
1

....321 , show that  
2

)1(

1

+
∑ =
=

nn
k

n

k

is the general form in term of n.

    

ANS: Let  nkS
n

k

+++=∑=
=

...321
1

   (1) 

Reverse 1)...2()1( +−+−+= nnnS    (2) 

(1)+(2)  )1(...)32()21()1(2 ++++−++−++= nnnnS  

  )1(...)1()1()1(2 ++++++++= nnnnS  

  )1(2 +⋅= nnS  

  ∑=
+⋅

=
=

n

k

k
nn

S
12

)1(
 

Ex.25:  Find∑
=

5

1i

i and ∑
=

100

1i

i .                 [ANS: 15, 5050] 

 

6.6 Definite Integral as an Area under a Curve 

 

Area under a curve can be expressed as a limit of a sum of terms called a definite integral. 

 

∫=
b

a

dxxfA )( =Area under a curve between x = [a, b] 

 

 

 

 

 

 

 

 

 

 

 

 

 

y 

x 

f(x) 

A 

b a 

y 

f(x2) 

f(x3) 

f(x4) 

f(x5) 

y 

Better 

Over 

estimation 
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∑
=

+ ∆=∆+∆+∆+∆=
4

1

145342312

* )()()()()(
i

ii xxfxxfxxfxxfxxfA  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

∑
=

∆=∆+∆+∆+∆=
4

1

44332211

* )()()()()(
i

ii xxfxxfxxfxxfxxfA  

 

 

 

 

y 

x 

f(x2) 

b a 
x1                 x2                 x3                 x4                x5 

f(x3) 

f(x4) 

f(x1) 

y 

x b a 

Better 

Under 

estimation 

4321 xxxx ∆∆∆∆  

f(x5) 
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xxf 2)( =  

121
2

1
=⋅⋅=A  

 

 

 

8

1

2

1

4

1
1 =×=A  

4

1
1

4

1
2 =×=A  

8

3

2

3

4

1
3 =×=A  

2

1
2

4

1
4 =×=A  

Estimated area (Over estimate) 

4

5

8

4321
43214 =







 +++
=+++= AAAAS  

Over estimate by 
4

1
1

4

5
=−=  

 

 

01 =A  

8

1

2

1

4

1
2 =×=A  

y 

x 

A 

2
4

4
=







f  

0 

2

3

4

3
=







f  

1
4

2
=







f

2

1

4

1
=







f  

4

4
 

4

3
 

4

2
 

4

1
 

A1 

A2 

A3 

A4 

 

x 

2
4

4
=







f  

0 

2

3

4

3
=







f  

1
4

2
=







f

2

1

4

1
=







f  

4

4
 

4

3
 

4

1
 

A2        A3       A4 

 

y 

4

2
 

 

x 
1 

y 

A 

2 

0 
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x 

A 

0 

6

6

6

5

6

4

6

3

6

2

6

1
 

y 

4

1
1

4

1
3 =×=A  

8

3

2

3

4

1
4 =×=A  

Estimated area (Under estimate) 

4

3

8

3210
43214 =







 +++
=+++= AAAAS  

Under estimate by 
4

1

4

3
1 =−=  

 

4

1
],1,0[,2)( =∆=== xxxxfy  








+






+






+






=
4

4

4

1

4

3

4

1

4

2

4

1

4

1

4

1
4 ffffS  ( ) 







+






+






+=
4

3

4

1

4

2

4

1

4

1

4

1
0

4

1
4 ffffS  
















+






+






+






=
4

4
2

4

3
2

4

2
2

4

1
2

4

1
4S   

)1areaExact (1
4

5
4 =>=S    )1areaExact (1

4

3
4 =<=S  

∑ ∆=
=

4

1

4 )(
i

i xxfS    

 ∑ ∆=
=

3

1
4 )(

i
i xxfS  

xxf 2)( =  

]1,0[=x  

6

1
=∆x  

∑ ∆=
=

6

1

6 )(
i

i xxfS  

∑ ∆=
=

5

1
6 )(

i
i xxfS  

 








+






+






+






+






+






=
6

6

6

1

6

5

6

1

6

4

6

1

6

3

6

1

6

2

6

1

6

1

6

1
6 ffffffS  
















+






+






+






+






+






=
6

6
2

6

5
2

6

4
2

6

3
2

6

2
2

6

1
2

6

1
6S  

( ) 














+






+






+=
4

3
2

4

2
2

4

1
202

4

1
4S
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[ ]
6

7

18

21
654321

18

1
6 ==+++++=S   Over estimate by 

6

1
1

6

7
=−=  

 

( ) 






+






+






+






+






+=
6

5

6

1

6

4

6

1

6

3

6

1

6

2

6

1

6

1

6

1
0

6

1
6 ffffffS  

( ) 














+






+






+






+






+=
6

5
2

6

4
2

6

3
2

6

2
2

6

1
202

6

1
6S  

[ ]
6

5

18

15
543210

18

1
6 ==+++++=S   Under estimate by 

6

1

6

5
1 =−=  

The estimated result is getting closer as the interval )( x∆ gets SMALLER! 

General Term xxf 2)( =   Divide ]1,0[=x into n subintervals.  Hence, 
n

x
1

=∆  

∑ ∆=
=

n

i
in xxfS

1

)(  

 








++






+






+






=
n

n
f

nn
f

nn
f

nn
f

n
S n

1
...

312111
 
















++






+






+






=
n

n

nnnn
S n 2...

3
2

2
2

1
2

1
  

[ ]n
n

S n ++++⋅= ...321
2

2
 

n

nnn

n
S n

1

2

)1(2
2

+
=




 +
⋅=     Note: 

2

)1(

1

+
∑ =
=

nn
k

n

k

 

∑ ∆=
−

=

1

1

)(
n

i
in xxfS  








 −
++







+






+






=
n

n
f

nn
f

nn
f

nn
f

n
S n

11
...

211101
 
















 −
++







+






+






=
n

n

nnnn
S n

1
2...

2
2

1
2

0
2

1
  

[ ])1(...210
2

2
−++++⋅= n

n
S n  

n

nnn

n
S n

1

2

)1(2
2

−
=




 −
⋅=     Note: 

2

)1(

1

+
∑ =
=

nn
k

n

k
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As subinterval is getting smaller ( 0→∆x ) � n is larger  � nS , nS closer to the exact area 

A. 

 
n

n
S n

1+
=   

n

n
S n

1−
=  

 

 

 

 

 

Question: For 
n

n
S n

1+
= and 

n

n
S n

1−
= , what happen if ∞→n ? 

1
1

1lim
1

limlim =






 +=
+

=
∞→∞→∞→ nn

n
S

nn
n

n
 

 

1
1

1lim
1

limlim =






 −=
−

=
∞→∞→∞→ nn

n
S

nn
n

n
 

1limlim ==∴
∞→∞→

n
n

n
n

SS  

 

As ∞→n ,  AS n →  and  AS n →  (A = 1, exact area) 

 

nn SAS ≤≤  

 

Common limit of nS and nS  � Definite integral of )(xf  

12
1

0

=∫=∴ xdxA  

 

The common limit of nS and nS as ∞→n , if it exists, is called the definite integral of 

)(xf  over ),( ba . 

∫=
b

a

dxxfA )(  

For example,  

x a 

y 

A1 

A2 
f(x) 

b 
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[ ] n
n

n
n

SSxxdx
∞→∞→

===−==∫ limlim1012 221

0

2
1

0

 

 

 

 

 

 

 

NOTE: Definite integral DOES NOT always represents an area. 

21)( AAdxxf
b

a

−=∫ = NEGATIVE.  Area can’t be negative! 

6.7 Fundamental Theorem of Integration Calculus 

� To informally develop the fundamental theorem of integral calculus and to use it to 

complete definite integrals. 

� To obtain a change in function values when the rate of change of the function is 

known. 

 

A = Area between the curve y = f(x), x = a, x = b,  

and the x axis. 

 

 

 

 

 

A = Area function 

A(x) = Area between the curve y = f(x), x = x, x = b,  

and the x axis. 

 

 

 

 

Increase x by h unit 

A(x+h) = Area between y = f(x), x = (x+h), x = b,  

and the x axis. 

x 

a 

y ∫=
b

a

dxxfA )(

y = f(x) 

b 

x 

a 

y ∫=
x

a

dxxfxA )()(  

y = f(x) 

b x 

x 

a 

y ∫=+
+hx

a

dxxfhxA )()(

y = f(x) 

b x 

x+h 
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The different in area 

)()( xAhxAA −+=∆  

 

 

 

 

 

As 0→h , area                 is approximately rectangle. 

Estimate to rectangle with height y   

hyxAhxAA ⋅=−+=∆ )()(  

 

 

h

xAhxA
y

)()( −+
=  

0→h  and )(xfy →  

)(
)()(

lim
0

xf
h

xAhxA

h
=




 −+
∴

→
 

This is the definition of a derivative of A. 

)()(' xfxA =∴  

 

A derivative of an area A is f(x) the function itself. 

A is an anti-derivative of f(x).   

1
)()(∫ +=∴ CxAdxxf     (1) 

 

The integral of a function f(x) is the area function A(x).  Anti-derivative of f(x) is F(x). 

2
)()(∫ +=∴ CxFdxxf     (2) 

 

(1) = (2),    21 )()( CxFCxA +=+  

x 

a 

y 

y = f(x) 

b x 

x+h 

x 

y y = f(x) 

x        x+h 

y(x+h) 

y(x) 

y

y

h

xAhxA
y

)()( −+
=
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    CxFxA += )()(     (3) 

)()(0)0( aFCCaFA −=⇒+==  

(3) becomes   )()()( aFxFxA −=     (4) 

If bx = , (4) becomes 

    ∫=−=
b

a

dxxfaFbFxA )()()()(  

 

Hence, if f is continuous on interval ],[ ba , )(xF is any anti-derivative of f(x) on the interval 

then 

    )()()( aFbFdxxf
b

a

−=∫  

6.7.1 Area between Curves 

Find area bounded by f(x), g(x), x = a, and x = b. 

    21 AAA −=  

    ∫−∫=
b

a

b

a

dxxgdxxfA )()(  

    [ ]∫ −=
b

a

dxxgxfA )()(  

    [ ] ∫±∫=∫ ±∴
b

a

b

a

b

a

dxxgdxxfdxxgxf )()()()(  

Similarly others properties of definite integral can be derived from area between curves. 

 

6.7.2 Properties of Definite Integral 

 

x 

y 

 f(x) 

a                         b 

A                      

x 

y y = f(x) 

a                         b 

A1                      

x 

y y = f(x) 

a                         b 

A2                      
-                      =                      

 g(x) 

 f(x) 

 g(x) 

 f(x) 

 g(x) 
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1) ∫−=∫
a

b

b

a

dxxfdxxf )()(  

2) 0)( =∫
a

a

dxxf  

3) ∫=∫
b

a

b

a

dxxfkdxxkf )()(   (k is a constant) 

4) [ ] ∫±∫=∫ ±
b

a

b

a

b

a

dxxgdxxfdxxgxf )()()()(  

5) ∫−=∫
a

b

b

a

dttfdxxf )()(   Any variable will give the same result. 

6) ∫+∫=∫
c

b

b

a

c

a

dxxfdxxfdxxf )()()(  

 

Ex.26: Use a definite integral to find the area of the region bounded by the given curve, the 

x axis, and the given lines.  

 

(Note: We need to sketch the curve to make sure that there will be no negative area!) 

 

(i) 5+= xy , x = 2, and x = 4 

( ) ( )

161228

25
2

2
45

2

4

5
2

)5(

22

4

2

24

2

=−=









+−








+=









+=∫ +=

A

A

x
x

dxxA

 

 

 

 

(ii) xey = , x = 1, and x = 3           [Ans: ee −3 ] 

 

(iii) xxy 22 −= , x = 1, and x = 3                   [Ans: 2] 

 

(iv) 3xy = , x = -2, and x = 4               [ANS: 68] 

 

y 

2                         4 

A                      5 

x 
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(v) 
x

y
1

= , x = 1, and x = e                 [ANS: 1] 

 

(vi) 
x

y
1

= , x = 1, and x = 2e                  [ANS: 2] 
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Ex.27: Express the area in terms of integrals  

Find intersection points 

xxx =− 2)2(  

 

 

 

 

 

 

A = 

 

 

 

Ex.28: Find the area of the region bounded by the graphs of the given equations.  Be sure 

to find any needed points of intersection. 

 

(i) 28 xy −= , 2xy = , x = -1, and x = 1             [Ans: 44/3] 

Intersection: 228 xx =−  

  282 2 ±=⇒= xx  

( )[ ]∫ =−−=
−

1

1

22

3

44
8 dxxxA  

 

 

 

 

(ii) 22 xy −= , xy =          [Ans: ( )[ ]∫
−

=−−
1

2

2

2

9
2 dxxx ] 

(iii) 22 += xy , 8=y                [Ans: ( )[ ]∫
−

=−−
6

6

2 6828 dxx ]  

 

x 

A1                      
A2                      

y 

0            x1                       x2 

y1 = x 

2

2 )2( −= xxy  

x 

y 

-2 -1                1  2 
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6.7.3 The Average Value of a Function 

Let )(xf  be a function that is continuous on the interval bxa ≤≤ .  Then the average 

value V of )(xf  over bxa ≤≤  is given by the definite intergral 

 

∫−
=

b

a

dxxf
ab

V )(
1

 

 

Ex.29: A manufacture determines that t moths after introducing a new product, the 

company’s sales will be )(tS  thousand dollars, where 

 

254

750
)(

2 +
=

t

t
tS  

What are the average monthly sales of the company over the first 6 months after the 

introduction of the new product?       [Ans: 

250] 

 

 

 

 

 

 

 

 

 

6.8 Definite Integral (With numerical limit, the answer is real number.) 

If )(xF is any anti-derivative of the function )(xf , the ‘definite’ integral of )(xf between 

a and b, ( )bxa ≤≤ , is 

[ ] baxFaFbFdxxf
b

a

b

a

<=−=∫ )()()()(  

a is the lower limit of integration and b is the upper limit of integration.  Definite integral 

will give a definite numerical value, NO x or C.  C will cancel itself out during the 

calculation. 
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Ex.30:  Show that 1243
5

1

2 =∫ dxx  and ( )
3

16
4

2

0

2 =∫ − dxx . 

 

 

 

 

 

When using integration by substitution for a definite integral, we need to substitute the 

limit as well or substitute before taking limits. 

 

Ex. 31: Show that ( ) ( )
3

3374
612

2

1

223 =∫ − dxxx . 

 

Ex. 32: Show that
3

76164

9

=∫ 











 +
dx

x

x
. 

 

 

6.9 Consumers’ and Producers’ Surplus 

Economists are interested in studying how consumers’ and producers’ welfare are 

influenced by changes in the economic parameters.   A common measure of such welfare 

changes is the consumers’ and producers’ surplus. 

 

p = price per unit (example of unit is bahts/unit) Q = Quntity buy or sell 

� Supply curve [ ])(Qg  indicates the price p per unit at which the producers will sell (or 

supply) Q units. 

� Demand curve [ ])(Qf  indicates the price p per unit at which the consumers will 

purchase (or demand) Q units. 

Q 

p 

Q1        Qo 

p1  

po  

p2  

E 

Point of equilibrium 

000 )()( PQfQg ==  
Supply 

curve g(Q) 

Demand 

curve f(Q) 

Q 

p 

Q Q+∆Q    Qo 

p  

po  E 

Total amount 

consumers would pay 

f(Q) 

∫=
0

0

)(
Q

dQQf   
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� Point of equilibrium (E) indicates the consumers to purchase precisely the same 

amount ( )0Q that the producers are willing to offer at the price per unit ( )0p . 

Demand and supply curves are intercepted.    )()( 000 QfQqp ==  

� If the market is at equilibrium ( )0pp = , there are consumers who are willing to pay 

more than 0p .  For example, at the price of 1p , consumers would buy 1Q unit.  These 

consumers benefiting from the lower price 2p . 

� Qp∆ is the total amount of money that customers would spend by buying Q∆ unit if the 

price per unit was p.  In fact, the price is at the equilibrium 0p so the customers only 

buy Qp ∆0 .  Thus, the customers save or benefit ( ) Qpp ∆− 0 . 

� Area under the curve is the amount of money to sell or buy the product. 

 

∫
0

0

)(
Q

dQQf   - ∫
0

0
0

Q

dQP   = [ ] CSdQPQf
Q

=∫ −
0

0
0)(  

 

� For those who are willing to pay for commodity at price 0p or higher, the total amount 

they are willing to pay is the total area ∫
0

0

)(
Q

dQQf .  In fact, consumers only pay ∫
0

0
0

Q

dQP .  

Thus, the customers save  

[ ]∫ −=
0

0

0)(

Q

dQPQfCS . 

 

� Consumers’ Surplus [CS] is the total amount save by all the customers buying he 

commodity at a price lower than what they are maximally are willing to pay. 

� Some producers are also benefiting from the equilibrium price, since they are willing to 

supply at prices lower than 0p .  Similarly,  

[ ]∫ −=
0

0

0 )(

Q

dQQfPPS  

 

� Producers’ Surplus [PS] is the total benefit of all the producers who obtain a price 

higher than the price they are willing to sell it for. 

 

Q 

p 

 Qo 

po  E 

g(Q) 

f(Q) 

p 

po  E 

g(Q) 

f(Q) 

Q   Qo 

p 

po  E 

g(Q) 

f(Q) 

Q   Qo 

_ = 

CS 

PS 



Integration 

24 

Ex.33: A demand function is peq 02.010000 −=  unit.  At what price will revenue be 

maximised?             [Ans: 50 units] 

 

 

 

 

 

 

Ex.34: A demand function is qqfp 05.0100)( −==  unit.  A supply function is 

qqgp 1.010)( +==  bahts/unit.  Determine consumers’ and producers’ surplus under 

market equilibrium.      

        [Ans: 600 units, 70 bahts/unit, 9000 bahts, 18000 bahts] 

 

Solution: At equilibrium point ),( 00 pq , the demand and supply functions are 

intercepted. 

9015.0

1.01005.0100

=

+=−

q

qq
 

6000 =q  units 

)600(1.0101.010 00 +=+= qp  

700 =p  bahts/unit 

CS [ ]dqpqf
q

∫ −=
0

0
0)(     PS [ ]dqqfp

q

∫ −=
0

0
0 )(  

      

{ }[ ]

0
2

)600(05.0
)600(30

2

05.0
30

7005.0100

2

600

0

2

600

0

−







−=









−=

−−= ∫

q
q

dqq

        

{ }[ ]

0
2

)600(1.0
)600(60

2

1.0
60

1.01070

2

600

0

2

600

0

−







−=









−=

+−= ∫

q
q

dqq

 

      000,9=  bahts 000,18=  bahts 
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Ex.35: A demand function is
5

50

+
=

q
p  unit.  A supply function is 5.4

10
+=

q
p  bahts/unit.  

Determine consumers’ and producers’ surplus under market equilibrium.        

[Ans: 5 units, 5 bahts/unit, 50ln2-25 bahts, 1.25 bahts] 

 

Ex.36: A demand function is qp −= 112 .  A supply function is 12 += qp .  Determine 

consumers’ surplus under market equilibrium.             

[Ans: 5 unit, 64 bahts/unit, 







−− 320

2ln

64

2ln

211

 bahts] 

 


